AHOTAIIIA

Ionomapvos P.B. Anredpn cuMeTpuIHNX aHaITHIHUX (DYHKII Ha J1e-
KapTOBUX JJOOYTKax OaHaXoBUX MpocTopiB. — KpaJsidikaliiitHa HAyKOBa Mpalis
Ha TIpaBaxX PYKOIIUCY.

Hucepranis Ha 3100yTTd CTyleHd JOKTOpa (isocodil 3a clemiaJ bHICTIO
111 — Maremarnka (3 raaysi suanb 11 — Martemaruka ta crarncruka). — Kap-
naTchbKuil HarioHa/bHUi yHiBepcuTeT iMeni Bacuiist Credannka, MinicrepcTBo
ocBiTH 1 Haykn YKpalnu, IBano-@pankiBebk, 2026.

MeToro jtocijizKeHHs € BUBYEHHS ajreOp HellepepBHUX CUMETPUIHUX T10-
JIIHOMIB Ta IIJINX CUMETPUIHUX PYHKITIH 00MezKeHOTO TUITYy Ha JIeKapTOBUX JI0-
OyTKax 0aHAXOBUX ITPOCTOPIB.

Jucepraltiss cKJIaJaeThed 31 BCTYIy, YOTUPHOX O3B, 3arajJbHIX BU-
CHOBKIB, CIIMCKY BUKOPUCTAHUX JIZKEpeJ Ta JOJAATKY, AKUIl MICTUTH CIUCOK ITy-
OJriKalliii aBTopa Ta BIJIOMOCTI PO alpodalliio Pe3y/IbTaTiB JucepTallil.

Y BCTymi oOIpyHTOBAHO aKTyaJbHICTH TeMW JIOCTIPKeHHs, BKa3aHo Ha
3B’s130K pOOOTH 3 HAYKOBUMU IporpaMaMy, IJIaHaAMK 1 TeMaM#, CPOPMYITho-
BaHO MeETy, 00’€KT, IIPeJIMET, 3aBJIaHHs Ta METOJM JOC/IIJIKEHH, 30CePeKEHO
yBary Ha HAyKOBIil HOBU3HI OJlepXKaHUX Pe3YJbTATIB, BIJI3HAYEHO TEOPeTUYHE
3HAYCHHST OTPUMAHUX PE3YJIbTATIB Ta 0COOMCTUI BHECOK 3/100yBada, HABEJICHO
JlaHi 111010 arpodaliil Ta myOJIiKaliil pe3yabTaTiB podoTH.

B mepmomy po3jiiii po3T/IAHYTO JITEpaTypy, TPOBEIeHO 11 icTOpUIHUIi
aHaJli3, BUMMCAHO ByKe BijjoMmi pedysabTaTu. llepmmit migpos3mia meprioro pos-
JIJTY TPUCBSTYEHUI ICTOPUYHOMY PO3BUTKY JIOCTIJIZKEHb aaredp CUMETPUIHUX
aHaJITHIHUX (PYHKIH Ha O6aHAXOBUX IMPOCTOPAX MOYMHAIOYN BiJ KJIACUIHUX
JIOCJTIJIZKEHD, $Ki € TMOYaTKOM (DYHKITIOHAJLHOTO aHa I3y 1 3aKIHIYIOUN Cyda-
CHUMU TijixogamMu. JIpyruit miipos/1ij nepioro posairy MicTUTh hopMaJIi3aliiio
OCHOBHUX TTOHATH, TYT BUKJIAJEHO KJIIOYOBI O3HAYEHHS, TEOPEMU 1 T IXOIH, SIKi

GOPMYIOTH CTPYKTYPY HOJAIBIINX JOCIIIHIIIBKIX KPOKIB.



Jpyruit po3jiijn TpucBAveHo JOC/IiJIXKEHHIO aJredprn KOMIIJIEKCHOZHATHIX
HellepePBHUX CUMETPUYHUX IIOJIIHOMIB Ha JeKapTOBOMY HOOYTKY L, X ... X
L, KoMILIeKCHIX 0aHaXOBHUX IPOCTOPIB (PyHKIiN, abCOJIOTHO IHTEIDOBHUX Y
BIJIIOBITHUX CTeIeHsIX 3a Jleberom.

B migposiii 2.1 nobymoBaHO MHOYKUHU €JIeMEHTaAPHUX CUMETPUIHIX I10-

(R) (R)

. . (Lpy XX Ly,) (L,g1 ><...><Lpn) .

JIITHOMI1B {Ra e A Npl,,pn} Ta Ra OIS Npl;”~;pn
Ha npocropax Ly, X Ly, X ... X L, — JjekapToBoMy JI00yTKY KOMIIJIEKCHIX

OaHaxOBUX IPOCTOPIB (PYHKIIIi, aOCOJIOTHO 1HTEIPOBHUX Y BIIIOBIIHUX CTeE-
nensix 3a Jleberom, ta LI x x LB §)

: D1 pn, —JEKapTOBOMY JIOOYTKY IPOCTO-
piB JificHnx OaHAXOBUX MPOCTOPIB (PYHKINIH, abCOTIOTHO IHTEIPOBHUX Y BiJI-
HOBIIHUX cTeneHdax 3a Jleberom, je N, . ., 1€ MHOKHHA BCIX MYJIbTHIHIEKCIB

k.
(Kiy ooy kn) € ZE\A{(0;...50)}, ny1st AKHX BUKOHYETBCS yMOBA %) w <1

(L,(,Hf) X... xL,(,HfL)) (K) (K)

a mosinomMu Rg : Ly’ x o X Ly
(Lgf)x...ngfl)) 1 k k
(@1 520) = [fy (@@)™ - (2a(t)™ dt,

rofo piBHOCTI Ry
g K € {R,C}, ze LZ(,(Z.C) e npoctip Ly,. Joc/ipKeHo BIacTHBOCTI MHOMKH-

— K Buszaueni 3a J0IIOMO-

Ly, x..xLy,)

(
HI/I {Ra : a 6 Npl;“';pn}.

B migposmiai 2.2 poBejeHo, 10 ajaredpaldHuM 0a3mcoM ajireOpu KOM-
IIJIEKCHO3HAYHIX HEIEPEePBHUX CUMETPUIHHUX IOJIHOMIB Ha JIEKAPTOBOMY JI0-

oyTrky L, X L, X ... X L, KOMILUIEKCHUX OaHaXOBUX LIPOCTOPIB (DyHKIIii,

abCOJIIOTHO IHTEIPOBHUX Y BIAMOBIIHUX cTenendax 3a Jleberom, y BHIajKy

pP1L = P2 = ... 2 pp = 1 € MHOXKUHA eJleMeHTApHUX CUMETPUYHUX I10JIIHO-
. (Lpy x...XLyp,)
MiB {Ra o E Npl;...;pn}~

Haperri, B migposaiai 2.3 BcTaBieHo i30MOpPdisM MixK ajiredpaMu KOM-
IIJIEKCHO3HAYHIX HEIEPEPBHUX CHMETPUIHUX IOJIHOMIB Ha JIEKAPTOBOMY JI0-
Oyrky Ly, X Ly, X ... X L, jauga pr > p2 > ... > p, > 1 Ta anredpoio
KOMIIJIEKCHOBHAUHUX HEIEPEPBHUX CUMETPUUYHUX IOJIHOMIB Ha JIEKapTOBOMY
100yTKY Ly X Ly X ... X Ly #naa QoBinbuux ph,ps,...,p, > 1. Ckopu-

CTaBIINCS 130MOPQHICTIO ajaredp JI0BelIeHO, 10 ajaredpaldHuii basuc ajaredpu



KOMILJIEKCHO3BHAYHIX HENEPEPBHUX CUMETPUUHUX ITOJIHOMIB Ha JEKapTOBOMY
H00yTKY Ly, X Ly, X ... X L, KOMILUIEKCHUX OaHaxOBUX IIPOCTOPIB QPyHKIIii,
abCOJIIOTHO 1HTErPOBHUX Yy BIJNMOBIIHUX cTeleHsix 3a Jleberom, st JIOBiIb-

HUX P1,P2,...,Pp = 1 Ile MHOXKMHA eJIEeMEHTapHUX CUMETPUYHUX ITOJIIHOMIB

(Lpyx...xLy,)

{Ra Co € Npl;...;pn}~

Tperiit po3ia NPUCBAIEHO JOCIIZKEHHIO 3B’ sI3KIB MiXK ajredOpaMu J1iii-
CHO3HAYHUX HEIEePEePBHUX IOJIIHOMIB Ha JIHCHUX OaHAXOBUX IPOCTOPAX Ta, aJl-
rebpaMn KOMIIJIEKCHOBHATHUX HElepEepPBHUX MOJIHOMIB Ha KOMILIEKCH(IKAIIAX
IIIX TTPOCTOPIB, IO MICTATH KOMILJIEKCHI ITPOJIOBYKEHHS eJIeMEHTIB 1UX ajareop.
Takoxk oTpuMaHi pe3y/JbTaTH BUKOPUCTAHO JIJIsI JOCJIJIKEeHHS areOpu CruMe-
TPUYHUX HEllePEPBHUX IOJIHOMIB Ha ITPOCTOPI L](gﬂf{) X ... X L](gﬂf) —JIEKapTOBOMY
JIOOYTKY IIPOCTOPIB JiilficHIX 6aHAXOBUX HPOCTOPIB (DYHKIIiH, aDCOJIFOTHO iHTe-
I'POBHUX Y BIJIOBIJIHUX cTeleHsx 3a Jleberom.

B migpozaiii 3.1 mobdymoBano ajrebpaiununii 6a3uc mijgaaredpu ajaredpun
JICHO3HAUYHNX HENEPEPBHUX MOJIHOMIB Ha JIiicHOMY OaHaxXxOBOMY IpocTopi K,
JUT KOl ICHY€ JesKa Iijgajaredpa ajredOpn KOMILIEKCHO3ZHAUHUX HelepepBHIX
IIOJIIHOMIB Ha [IPOCTOPI E-— KoMILIekcudikallil npocropy F, sdka Mae Jiesikuii
aJiredpaiunuil 6a3uc Ta MICTUTH KOMILIEKCHI IIPOJIOBYKEHHSI BCIX eJIeMEeHTIB I10-
JaTKOBOI IIi/1a/1re0pu.

Peszynbratn migposzsainy 3.1 BUKopucTano B Hipo3jui 3.2, je y poJi
pocTopy F BUKOpPHCTAHO JI€KApPTIB J100yTOK Lglf) X ... X Lglj) Jilicanx Oa-
HAXOBUX IPOCTOPIB (PYHKIIIH, aDCOJIOTHO IHTErPOBHUX Y BIJIIIOBLIHUX CTeIre-
Hngax 3a Jleberom, a B posi mijaaredpm — ajaredbpy CUMETPUYHUX HelepepB-
HUX [OJIIHOMIB Ha IIPOCTOPI Lg&) X ... X L;,(Jﬂf). Beranosiieno, mo aJjredopai-
JHuit 6a3mc aareOpn HemepepBHUX CUMETPUIHUX TOJJIHOMIB Ha JEKAPTOBOMY

R R L
OOy TKY Lél) X ... X L]()n) 1[e MHOXKIHA eJIeMeHTapHUX CUMETPUYHUX II0JIIHOMIB

(Lgf)x...ngf;)) .
Ra P E Ry 0
YeTBepTuit po3ia MpUCBIICHO, MO-TIEpIIe, JTOCTKEHHIO aJredpn MiInx

CUMETPUYIHUX HeIlePEePBHUX KOMILIEKCHO3HAYHUX (DPYHKIH 0OMEXKEHOro THILY



Ha JIeKapToBOMYy J0OyTKY L, X ... X L, KOMILICKCHUX OaHaXOBUX ILIPOCTO-
piB QYHKIII, BIIMOBIIHI CTeNeni sKuxX abcoII0THO inTerposHi 3a Jleberom. Ilo-
Jipyre, MOOYIOBI Ha JIOBLILHOMY JificHOMY 6aHAXOBOMY TPOCTOPI AETKOTO JTiii-
CHOTI'O aHaJI0ra ajaredpu IiInxX (PyHKIII 0OMeKeHOIro THITY Ha KOMILIeKcudikaliil
IIbOI'O IIPOCTOPY, Ta JOCJIIXKEHHIO iioro BiacTBuBocTeii. [lo-Tpere, modymoBi Jiii-
CHOT'O aHAJIOTa aJIredbpu MUINX CUMETPIUIHIX HElTePEPBHIX KOMILJIEKCHO3HATHITX
bynkuiilt obmezKeHoro Tuily Ha JeKapToBoMmy J0OYTKY L, X ... X L, KowmILIe-
KCHUX OAaHaXOBHUX IPOCTOPIB (DYHKIIIH, abCOTIOTHO IHTErPOBHUX Y BiAOBITHUX
crerensdx 3a Jleberom.

B nigposmiii 4.1 jpociipKeHo ajaredpy IinX CUMETPUIHUX HelepepB-
HUX KOMIIJIEKCHO3HATHUX (DYHKITIH 0OMEXKEeHOro TUITY Ha JeKapTOBOMY JIOOYTKY
L, x ...x L, KoMIuleKCHUX OaHaxoBux IpocTopis dyHKIL, BiAnOBiIHI cTe-
IeHl AKX abCOJIIOTHO iHTErpoBHi 3a Jleberom, 3HaliIeHO 1T CIIEKTpP Ta JI0BEICHO
130MOPQHICTH MiXK III€I0 aJIredPoro Ta aJredporo MianxX (MYHKINH Ha JIeTKOMY
nekaproBomy crererio mnpoctopy C.

B nigposaini 4.2 Ha AoBiIbHOMY JificHOMY OaHaxXOBOMY IpocTopi X IIo-
OymioBaHo Jesikuii gificuuit anagor A(X) aaredpu minx GyHKIiil 06MeKeHOro
THUITY Ha KOMILIeKcudikalil mpoctopy X, HOPOJXKEHOT JIesIKOI0 CKIHYEeHHOI0 MHO-
JKIHOIO ajirebpaliHo He3aJIeyKHUX OJHOPIIHUX IOJIIHOMIB. Jloc/iizkeHo cTpy-
KTYypy eeMenTiB ajrebpn A(X).

B migposaiii 4.3 3acTocoBaHO KOHCTPYKINIO 3 Mipo3iay 4.2 g 1mo0y-
JIOBH aJiredpu A(Lgi&) X ... X Lgf)) — JificHOro aHaJjora ajaredpu IiInX CuMe-
TpUYHUX (PYHKIII 0OMEKEHOIo TUILYy Ha JeKapTOBOMY JOOYTKY L, X ... X L,
KOMIIJIEKCHIX OaHAXOBUX MPOCTOPIB (DYHKIIIH, BIAMOBLIHI cTereni skux abco-
JIIOTHO iHTerpoBHi 3a Jleberom 1mo0y/10BaHOIO Ha IIPOCTOPI Lg}) X ... X L}(,IS)
— JIeKapTOBOMY JIOOYTKY JificHUX O6aHAXOBUX IPOCTOPIB (DYHKIIIH, aOCOTIOTHO
IHTEIPOBHUX Y BIJIMTOBIIHUX CTeleHsax 3a Jleberom Ta OyJ0 ONMMcaHo CIeKTp aJi-
reGpi A(LS;“ XX L}}?).

Hapemri, B nmigposmiii 4.4 BcTaHOBJIEHO i30MOPdI3M MixK aJiredporo



A(LS?) X ... X Lg?) Ha IIPOCTOPI LS;R) X ... X Lgf) —IEKApTOBOMY JIOOYTKY

JIiiCHIX 6aHAXOBUX IIPOCTOPIB (PYHKILI, aOCOTIOTHO IHTEIPOBHUX Y BiIIIOBIIHIX

crerieneM 1poctopy R.

KuowoBi ciioBa: nostinom, tijia yHkIiist, anagitnana/ rogoMopdHa (yH-
KIlisi, aHATITHIHA/ TOJIOMOPGhHA (DYHKITIST JIEKIITBKOX KOMILIEKCHIX 3MIHHIX, CH-
MEeTPHUYHI MTOJIIHOMU, CUMeTpuuHi (DyHKII, ajaredbpaidnnii Oasuc ajaredpu ImoJii-
HOMIB, (DYHKIIHIIT ITpocTip, baHaxXiB MPOCTip, 6aHaXIB IPOCTIP IHTEIPOBHUX 34

Jleberom dyuKIiil, ajredpa Ppere, CIeKTp aaredpu.

ANNOTATION

Algebras of symmetric analytical functions on the Cartesian products of Banach
spaces — Qualifying scientific work on rights of manuscript.

A Thesis for a Philosophy Doctor Degree in Mathematics, speciality 111 —
Mathematics (field of knowledge 11 — Mathematics and statistics). — Vasyl
Stefanyk Carpathian National University of the Ministry of Education and Sci-
ence of Ukraine, Ivano-Frankivsk, 2026.

The dissertation consists of an abstract, introduction, four sections and
general conclusions, bibliography, and an appendix that contains the list of
the author’s publications and information on the approval of the dissertation’s
results.

The introduction justifies the relevance of the research topic, highlights
the connection of the work with scientific programs, plans, and topics, and
formulates the aim, object, subject, tasks, and research methods. It emphasises
the scientific novelty of the obtained results, notes the theoretical significance of
the results, and outlines the author’s contribution. Additionally, the introducti-

on provides information on the approval and publication of the results.



In the first chapter the literature is reviewed, a historical analysis is carri-
ed out, and already known results are stated. The first subsection of the fi-
rst chapter is devoted to the historical development of research on algebras
of symmetric analytic functions on Banach spaces, beginning with the classi-
cal studies that mark the origins of functional analysis and concluding with
contemporary approaches. The second subsection of the first chapter contains
the formalization of the basic notions; here the key definitions, theorems, and
methods that shape the structure of subsequent research steps are presented.

The second chapter is devoted to the study of the algebra of complex-
valued continuous symmetric polynomials on the Cartesian product L, X ... X
L, of complex Banach spaces of functions whose corresponding powers are
absolutely Lebesgue integrable.

In Subsection 2.1 the sets of elementary symmetric polynomials

Ly %..xL Ly x.ox Ly,
{Rf(l ) a € Npu--.;pn} and {ng S ) Pac Nm;---;pn} are
constructed on the spaces L, X L,, x ... x L, — the Cartesian product

of complex Banach spaces of functions whose corresponding powers are

(R) R)

absolutely Lebesgue integrable — and Lp,~ x ... X L](gn — the Cartesian

product of real Banach spaces of functions whose corresponding powers are
absolutely Lebesgue integrable, where R, . ., is the set of all multi-indices

(K1, k) € 27\ {(0;...50)}, for which the condition 7%, K <1 holds,

Dj
() ()
and polynomials R(ng i) LS x o ox LYY 5 K are defined by

PRI () = @ 0) - (a0, for K € (BT,

Ra
where L](f) is the space L,. The properties of the set { R&Ll’lx"'XLm)

NS
Npl;...;pn} are investigated.

In Subsection 2.2 it is proved that, in the case p; > py > ... > p, > 1
the set of elementary symmetric polynomials {R&L” Ve g e N
is an algebraic basis of the algebra of complex-valued continuous symmetric

polynomials on the Cartesian product L, x L, X ... x L, of complex



Banach spaces of functions whose corresponding powers are absolutely Lebesgue
integrable.

Finally, in Subsection 2.3 an isomorphism is established between the
algebras of complex-valued continuous symmetric polynomials on the Cartesian
product L, X L,, X ...x L, for p; > py > ... > p, > 1 and the algebra
of complex-valued continuous symmetric polynomials on the Cartesian product
Ly X Ly, x ... x Ly for arbitraty p,p,...,p, > 1. Using the isomorphism
of these algebras, it is shown that for arbitrary pi, ps,...,p, > 1 the algebraic
basis of the algebra of complex-valued continuous symmetric polynomials on
the Cartesian product L,, x L,, X ... x L, of complex Banach spaces of functi-
ons whose corresponding powers are absolutely Lebesgue integrable is the set
of elementary symmetric polynomials {R&me...me) Lo € Npl;...;pn}~

The third chapter is devoted to the study of relations between the
algebras of real-valued continuous polynomials on real Banach spaces and the
algebras of complex-valued continuous polynomials on the complexifications of
those spaces, which contain the complex extensions of the elements of the real
algebras. The obtained results are also used to study the algebra of symmetric
continuous polynomials on the space Lg?) X ... X LSS) — the Cartesian product
of real Banach spaces of functions whose corresponding powers are absolutely
Lebesgue integrable.

In Subsection 3.1 an algebraic basis of a subalgebra of the algebra of
real-valued continuous polynomials on a real Banach space E is constructed,
under the assumption that there exists a certain subalgebra of the algebra of
complex-valued continuous polynomials on the space E — the complexification
of E — which possesses an algebraic basis and contains the complex extensions
of all elements of the original subalgebra.

The results of Subsection 3.1 are applied in Subsection 3.2, where the
space E is taken to be the Cartesian product Lg&) X ..o X Lglf) of real

Banach spaces of functions whose corresponding powers are absolutely Lebesgue



integrable, and the subalgebra is the algebra of symmetric continuous polynomi-
als on Ll()ﬂf) X ... X Lgf). It is established that the algebraic basis of the algebra of

continuous symmetric polynomials on the Cartesian product LS?) X ... X Ll()ﬂf) is

_ ) (L,(,“f)x...xL;“f;)) .
the set of elementary symmetric polynomials {Ra o€ Npl;.__;pn}.

The fourth chapter is devoted, firstly, to the study of the algebra of enti-
re symmetric continuous complex-valued functions of bounded type on the
Cartesian product L, X ... x L, of complex Banach spaces of functions
whose corresponding powers are absolutely Lebesgue integrable. Secondly, to
the construction on an arbitrary real Banach space of a certain real analogue
of the algebra of entire functions of bounded type on the complexification of
that space and the investigation of its properties. Thirdly, to the construction
of a real analogue of the algebra of entire symmetric continuous complex-valued
functions of bounded type on the Cartesian product L, x ...x L, of complex
Banach spaces of functions whose corresponding powers are absolutely Lebesgue
integrable.

In Subsection 4.1 the algebra of entire symmetric continuous complex-
valued functions of bounded type on the Cartesian product L, x ... x L, of
complex Banach spaces of functions whose corresponding powers are absolutely
Lebesgue is investigated, its spectrum is determined and an isomorphism
between this algebra and the algebra of entire functions on a certain Cartesian
power of the space C is proved.

In Subsection 4.2, on an arbitrary real Banach space X a real analogue
A(X) of the algebra of entire functions of bounded type on the complexification
of X that is s generated by a finite set of algebraically independent homogeneous
polynomials is constructed. The structure of the elements of the algebra A(X)
is investigated.

In Subsection 4.3 the construction from Subsection 4.2 is applied to
construct the algebra A(Lgf) X ... X Lg?) — a real analogue of the algebra

of entire symmetric functions of bounded type on the Cartesian product L, X
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... x L, of complex Banach spaces of functions whose corresponding powers

are absolutely Lebesgue integrable, constructed on the space LI()E&) X ... X L;

R)
n

the Cartesian product of real Banach spaces of functions whose corresponding

powers are absolutely Lebesgue integrable — and the spectrum of the algebra

LS@ X .o X Lg?) is described.

Finally, in Subsection 4.4 an isomorphism is established between the
(R)

algebra A(Lz(,ﬂf) X ... X Ll(,ﬂf)) on the space Ly, X ... X Lgf) —the Cartesi-

an product of real Banach spaces of functions whose corresponding powers are

absolutely Lebesgue integrable studied in the previous subsection — and the

Cartesian power of R.

Keywords: polynomial; entire function; analytic/holomorphic functi-

on; analytic/holomorphic functions of several complex variables; symmetric

polynomials; symmetric functions; algebraic basis of an algebra of polynomials;

function space; Banach space; Banach space of Lebesgue integrable functions;

Fréchet algebra; spectrum of algebra.
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