AHOTAIIISA

Camapyx H.M. Kaszi-moromiaabHi MHOTOUIEHN APy abiHHOT TPy, —
KpaJiidbikariiiina HayKoBa Ipallsd Ha IpaBaX PyKOIIKCY.

Hucepranis Ha 3,100y TTsi cTyieHs JoKTopa (gpisocodil 3a cremniajibhicTio 111
Maremarnka. — Kapnarchknit mamonanpuuii yHiBepcurer imeni Bacwuias Cre-
danuka, IBano-@pankischbk, MinicTrepcTBO OCBITH 1 HaykKu YKpaiHnu, M. IBano-
Dpankisebk, 2026.

Hucepranisg mpucBgdeHa JOCTIJXKEHHIO KBa3i-MOHOMIB BiJIHOCHO IAIPYII
apiHHUX I'PYIL HEPETBOPEHD IJIOIIMHU Ta [IPOCTOPY.

st po3mniznaBants Ta Kjacudikaiiil 300parkeHb 3a, JJOIOMOT0I0 aJITOPUTMIB
MAIIMHHOTO HaBUYAHHS HEOOX1THO MOOY/IyBaTH TaKi O3HAKH, K1 3aJTUITAIOTHC 1H-
BaplaHTHUMU BIJIHOCHO M€OMETPUYHUX MEPETBOPEHD IMJIONMHU, 1110 He 3MIHIOIOThH
CTPYKTYPH CIICHH. Y BHUIIAQJKY JBOBUMIPHUX 300pakKeHb JIO TAKHX [1€PETBOPEHDb
HaJIeXKaTh 00epTaHHs, TapaJjebHi TTepeHeceHHs, MaCIITadyBaHH Ta iXHI KOMITO-
3ullii. BijinoBijiHi iHBapiaHTHI XapaKTEePUCTUKKA HA3WBAIOTh MOMEHTHUMHU iHBapi-
aHTaMU. 3aJI€XKHO Bij BHOOpY Oasucy B mpocrtopi muorowiexis {m, ,(z,y)}, ae
m,n — uiai HeBi'emui uncia (TyT 1 Hajaul B TeKeri), po3riisIaroThest pi3Hi cucre-
MI MOMEHTIB. Y HAfMPOCTIIIIOMY BUIIAJIKY, KOJIH Ty (2, y) = 2y", OTPUMYIOTHCH
reoMeTpuuni MomeHTH. L1 KjacuuHi MOMeHTH OyJIM BIepIiie 3allpOIOHOBaHI aBTO-
pom M.-K. Xy (Hu M.-K.) ra crasu ocnosoro nobynosu 2D-inBapianTHIX 03HAK
BIJIHOCHO IapaJieJIbHUX IIepeHeceHb, MACIITadyBaHb 1 obepranb. Ajredpa Bimo-
BIJIHMX MOMEHTHHX 1HBaplaHTIB JIeTaJbHO BUBYEHA, 30KpeMa B poborax . Droc-
cepa (Flusser J.) Ta JI. Begparioka, jie 6ys10 HABEJEHO SIBHUI OMUC TTOPOJRKYIOUNX
eJIEMEHTIB.

[Tpore npakTuuHe BUKOPUCTAHHS I'€OMETPUUYHUX MOMEHTIB CTUKAETHCH 3
npobJieMaMi YUCEJbHOI HeCTabLILHOCTI MPU ODYMCIEHHSX Y JIMCKPETHUX 0bJia-
CTSIX, OCOOJIUBO JIJIsT BEJIMKUX 300paxkeHb. [le cmonyKaJso JOCIiTHUKIB /IO MTEPexo-

Jly Ha 1HIM1, 00YMC/IIOBAJIbLHO CTifiKil 0as3ucu — OpTOoroHaJsbHi abo MCeBI00PTO-



ronajbii. OHAK IPU I[LOMY BHHHUKJIA HOBa MIPOOJIEMa: K 3PYyIHO BUParKATH Ta
obuunc/oBaTu iHBapianTu 3a 3MinHoro Oasucy. Hocaignuku Y.-B. Yownr, II. Pa-
sengipat, P. Mykyngan (Chong C.-W., Raveendran P., Mukundan R.) snaiirim
pPO3B’sI3aHHS III€] 3a/1a491 JINIIIE B OKPEMUX BUTIAJIKAX — HAIPHUKJIAI, JJIsi MOMEH-
tiB Jlexxanapa 6e3 ypaxyBanHs obepranns. [IpoTe 3arajbHuii miaxia 3aauIIaBcs
CKJIQJIHUM 1 HEJJOCTATHBO PO3POOJICHHM.

Bupimansaum crano Bigkpurts B. fAma, X. Ykana ta M. ag (Yang B.,

Zhang H., Dai M.), siki BusiBusiu, 10 upu Bubopi 6asucy

7T-m,n(xy y) = Hm(x)Hn(y)a

ne {Hy,(x)} — kuacuuni muorowienn Epmira, hopma MmomeHTHUX IHBapiaHTiB BijI-
HocHO rpyru SO(2) 36iraerbest 3 hopmoro reomerpuannx MoMenTi. Lle mecrosi-
BaHe CIIBIAJIHHS JI03BOJUIO e(MEeKTUBHO OOUMCIIOBATH €PMITOBI OPTOrOHAJbHI
MOMEHTH, IHBapiaHTHI 10 0ODepTaHHS.

[Tomanpimmit po3BuTok i€l ijel OyB 3jiiicHenuii y poborax JI. Bempario-
ka, 7. Quoccepa, T. Caka, 9. Kocrkosoi ta 4. Kaympkoro (Flusser J., Suk T.,
Kostkova J., Kautsky J.). V cBolit npaii Bonu 3aporonyBaJiy MOBHUI OIUC yCixX
MHOT'OUJIEHIB, sIKi MalOTh BJIACTUBICTHL 30epiratu (popMy MOMEHTHUX IHBapiaHTIB
npu 3mini 6azucy. s BiaactusicTs jicraja Ha3By KBa3i-MOHOMIAJbHOCTL. SHAHHS
TaKWX KBa3i-MOHOMIAJIBHUX MHOTOWICHIB (da.ai — K6a31-MONOMIG) JITIsi OCHOBHUX
I'PYI IEePETBOPEHD IJIOIIMHU i IPOCTOPY € BaXKJUBHUM JIJisl TOOYIOBH IIBUJIKKX 1
cTablJIbHUX aJrOPUTMIB OOUYMC/IEHHST MOMEHTHUX 1HBAPIaHTIB.

3alnporoHoBaHuU 1iJIX1J1 IPUPOJIHO y3araJbHIOETHCS Ha TPUBUMIPHUI BUIIa-
JIOK, Jie 3aMiCTh (DYHKIMN JBOX 3MIHHUX PO3TJIANAITHCS (DYHKINT TPhOX 3MIHHUX,
110 JIa€ 3MOTI'Yy 3aCTOCOBYBATH aHAJIOTIYHI 11el st anaJizy 3D-300parkeHb.

Y 3B’SI3KY 3 UM aKTYyaJbHUM € JIOCJTIJP)KeHHSI KBa3l-MOHOMIB JIJIsi PI3HUX
uigrpyn aiHHEX I'PYI HEPETBOPEHbD IJIOIIMHK il IPOCTOPY Ta BCTAHOBJIEHHS TXHIX

BJIACTUBOCTEMA. OTpI/IMaHi pPeE3yJIbTAaTN MalOTh SHAYEHHA HE JINTIE JIJIA ITPUKJIAJIHNX



3a/a4 po3IizHaBaHHs 00pa3iB 1 aHaJIi3y 300parkeHb, aJie i JJisi CyMi>KHIUX TaJjiy3eit
— KOMOIHATOPHUKH, TE€OPil IpyIl 1 Teopil crerniajbHux (PyHKIIIA.

Jucepralisi CKJIaJIa€ThCsI 3 aHOTAIIN YKPATHChKOIO Ta aHIVIHCHKOI MOBa-
MU, TIEPEJIIKY YMOBHUX MO3HAYEHb, BCTYIY, YOTUPHOX PO3JILJIIB OCHOBHOI YaCTUHH,
BHCHOBKIB, CIIICKY BUKOPHCTAHUX JPKEpeJ Ta JOIaTKIiB.

Y BeTyIi 0OIPYHTOBAHO aKTyaJIbHICTH OOPaHOl TeMu, ChOPMYJILOBAHO METY,
00’eKT, IIpeJIMET, 3aBJIaHHs Ta METOJIU JIOC/Ii2KeHHsI. Bu3HaueHo HayKOBY HOBU3HY
OTPUMAHUX PE3YJIbTATIB, X lPpaKTUUYHE 3HAUYEHHS, 3B 30K Jiucepraniiinol podboru
3 HAYKOBUMHU TEMaMU, 3a3HAUEHO OCOOMCTHI BHECOK 3J100yBava, a TaK0XK MOJIaHO
iH(OopMalliio Ipo anpodallio Ta myoJiKaliio pe3yJabTaTiB JTOCPKEHHSI.

OcHoBHA YacTUHA JUCEpPTAlil CKJIAJIAEThCS 3 YOTUPHOX PO3JILIIB, KOXKEH 13
SAKHX IOJIJICHUH Ha, mijipo3ijan. Hanpukinii KoXKHOro posjiny chopMyJsibOBaHO
y3arajbHIOI0Yl BUCHOBKHU.

Iepwuti posdia Mae MmMArOTOBYIMI XapakTep 1 NMPUCBSYEHNN aHaIi3y JiTe-
paTypHu 3a TEeMOI JIOC/IJIKEeHHs. ¥ HbOMY 3JiiiicHeHO BuOIp MeTomoJiorii, cdop-
MYJIbOBAHO I1JIX0O/A1 JO 1100Y10BU Teopil KBa3i-MOHOMIB Ta HABEJEHO JIOIOMIXKHI
pe3yJsibTaTi, HeOOX1HI JIJIsT MOAAJIBINTNAX JIOCIXKEHb.

pyeuti po3dia NPUCBSIIECHO O3HAUEHHIO Ta JIOCII>KEHHI0O OCHOBHUX BJIACTH-
BOCTEN KBa3i-MOHOMIB BIJIHOCHO MiIIPYIl adiHHOI I'PYIU TJIONIUHHA.

Y migposgiiai 2.1 posriisgHyTO (GOpMyBaHHS OCHOBHMX MaTeMaTHIHUX
MOHSATH, IO TEPEeayI0Th BBEACHHIO KBa3i-MOHOMIB, Ta IOJAHO O3HAUCHHS
kBazi-moromianbHocTi. Cim'st muorowienis { By, ,(x,y)} HasuBaeThcs KBasi-
MOHOMIaJIbHOTO BifiHOCHO Tiarpymu H adinnol rpymnu Aff(2), akio Bora yrBopioe
TaKuit 0a3uc 1POCTOPY MHOI'OUJIEHIB BiJI JIBOX 3MIHHUX, Y AKOMY Jis rpynu H 3a-
JIAETHCA MaTPHUIEIMK, TOTOXKHUMHU TUM, 0 BIIOBLAAIOTE il H B cTanjgapTHOMY
MoHOMiaJIbHOMY 6azuci xy". Taki MHOTOUJIEHN HA3UBAIOTHCS KBa3i-MOHOMAaMHU.

Y nigposiii 2.2 HaBeJIeHO OCHOBHI O3HAYEHHsI Ta TEOPEMHU II0JI0 KBa3i-

MOHOMIB BijiHOCHO Tpymu obepranb o SO(2). ChopmyaboBaHo Kpure-



piit KBa3i-MOHOMIAJILHOCT1 Yy TE€PMiHAX €KCIIOHEHIIaJIbHOI MOPOJXKYI0UO0T (DYHKIILIT.

3okpeMa, pyHKIIiA

o

G = Z Bm,n(l‘?y)ﬂﬁ

ot m! n!
€ TIOPOJRKYI0U0I0 (DYHKIE KBasi-MoHOMiaNbHOT ciM'T Muorowtenis { By, »(x, y)}
signocno SO(2) roni it mmme Toxi, ko G = G(uz + vy, 2° + y?, u? +v?). Oxpe-
MO PO3IJIAHYTO JiudpepeHIliafbHl PIBHAHHS, SKUM 3aJ0BOJIbHAIOTH KBa3i-MOHOMU
SO(2).

Y migposiai 2.3 JaeThCsi CXOXKUE OIKC KBa3i-MOHOMIB I110JI0 HeElepeps-
HUX IAIPYI HeperBopeHb adiHHOI I'PylU ILJIOMIMHM, & CaMe IPyId MAaclITa-
oyBatb. ChopMysibOBAHO KpHUTEPiii KBa3l-MOHOMIAJBHOCTI: CIM’ST MHOIOYJICHIB
{Bmn(x,y)}, BU3HAUEHA eKCHOHEHIIAILHOIO MOPOJKYy0OUo0 bynkiielo G, €
KBa3l-MOHOMIaJIbHOO BIJJHOCHO I'PYIIU MAacIITabyBaHb ILJIOMMHKA TOJI 1 TIILKHU TOJI,
ko G € dynkiiero jBox sminnux G = G (xu, yv) .

Y migposaiii 2.4 po3rasgHyTo KBa3i-MOHOMH OO T'PYIN PIBHOMIPpHHX Mac-
nrTabyBann mwromunn. Beranosieno, mo civ’s muorowtenis { By, »(x, y)}, Busma-
YeHa eKCIIOHEHIIaJIHHOIO ITOPOKYI049010 (PYHKIE (G, € KBa3l-MOHOMIAJILHOIO 110~
JIO TPYIH PIBHOMIPHUX MacIITaOyBaHb IJIOIMIMHU TOJ1 1 TiibKu TOJl, Kou G €
dyukiieo Tprox 3minaux: G = G (%, ux, vx) :

Y nigposii 2.5 onrcaHo KBa3i-MOHOMHK MO0 I'PYIN NapaJjebHuX Tepe-
HeCeHb IJIONIMHU Ta HaBeJeHO KPHUTEepiii KBa3i-MOHOMIAJJILHOCTI CiM’'T MHOrOUJIE-
HIB BIJIHOCHO I[i€] I'PYIIHM y TepMiHaxX 1T eKCIIOHEHI1aJIbHOI MOPOJIXKYI0U0l (PYHKIILIT.
3okpema, J0BeieHo, 1Mo ciM’s MuorowteHiB { By, ,(z,y)} € KBasi-MoHOMIaILHOIO
BIJIHOCHO I'PYIM IapaJieJIbHUX IepeHeceHb IIOMMHA TOJAl 1 TIIbKKW TOMl, KOJIK
i1 ekcrioHeHia bHa MopojRKytoUa GyHkiis mae surisy G = C(u,v)e™ V" e
C'(u,v) — MOBIJIbHUIL CTEIEHEBHI Psifl 38 SMIHHUME U, V.

Kpim Toro, BCTaHOBJIEHO sIKMil BHJI HOpMaJizaliil 30epirae BJIACTUBICTD

KBazi-MoHOMIaJibHOCTI. TakoXK HaBeJeHO PEKYpPEHTHI CIIBBIJIHOIICHHS JJis CiM'1



vuorousieHiB { By, . (z,y)}.

Y mizpo3iai 2.6 JaeThea CXOXKHUI OIUC KBa3i-MOHOMIB ITIOJI0 TPYIN PiBHO-
MIpHUX IapaJie/ibHUX [IepeHecetb IJI0UHU. BeranoBjieHo, 110 ciM’ss MHOIOYJIeHIB
{Bnn(x,y)} O6yne kBazi-monoMoMiaibHOIO CIM'€I0 BIIHOCHO TPyNH PIBHOMIPHUX
napaJieJIbHIX MepPeHeceHb IJIOMUHNA TOI 1 TIABKKA TOJI1, KON 11 eKCIIOHEHITIaIbHa,

ety e C' — joBlIbHMI

nopojikytoua dyukiis mae surisy G = C(x — y, u,v)
CTeleHeBUil P 38 3MIHHUMHA T — ¥, U, V.

Tpemiti po3dia NPUCBSTICHO OMKMCY KBa3l-MOHOMIB BlJI TPbOX 3MIHHMX BijI-
HOCHO Tirpyn adginnoi rpymu npocropy Aff(3).

Y nijgpo3aiai 3.2 po3riissHyTO KBa3i-MOHOMH IIOJI0 I'PYIH MAacCIITadyBaHb

npocropy. Hdosejeno, mo cim’'st { By, nk(2,y,2)} € kBasi-monomianbHO0 TOJI i

TIJIbKW TOJI1, KOJIU BUKOHYETHCS:
man_k
Bnik(sz, ty,rz) = s"t"r" By n k(2. y, 2),

Juid Beix s,t,r € R ra m,n, k € N.

TakoxK onmcaHo BCl ciM’I MHOIOUJIEHIB, AKi € KBa3i-MOHOMIAJIbLHUMH BiTHO-
CHO I'pynu MaciirabyBaHb [IPOCTOPY B T€PMiHAX MOPOJRKYI0Uol pyukiiil. Jose/ie-
HO, MO CiM'st MHOTOWIeHIB { By (T,Y, 2)} , BU3HAUEHA €KCIOHEHIIHHOIO TTOPO-

JIDKYIOUO0I0 (PYHKIIEIO

G- i B ( )um " wh
- m,n,k x? yD z m' n' k' )
m,n, k=0

OyJie KBa3i-MOHOMIaJILHOTIO BIJIHOCHO I'PYIIM MAaCIITadyBaHb IPOCTOPY TOJIL 1 T1JbKK
Toii, koo G € GyHKIieo B Tphox 3Minaux: G = G (xu, yv, zw) .

Y migposair 3.3 Ja€ThCd OMMC KBa3i-MOHOMIB ITOJI0 TPYIH PIBHOMIDHHUX
MaciiTadyBaHb IIPOCTOPY Ta BCTAHOBJIOETHCH TON (pakT, 10 CiM’'si MHOI'OUJICHIB
{Bmni(x,y, 2)}, Bu3Hatdena eKCIOHEHIIAILHOIO TOPO/RKYI0U0I0 dhyHKIieo G, Oy-

Jle KBa3i-MOHOMIAJbHOI BIJIHOCHO I'PYIU PIBHOMIPDHUX MAacCIITa0yBaHb IMPOCTOPY



Toi 1 TibKY ToAl Koy G € (PyHKIE BiJl 3MIHHUX:

G=G (y, E,u:c,va:,wa:) .
x

X

Y nigposiai 3.4 onrcaHo KBa3i-MOHOMHU MO0 I'PYIN HapaJejbHUuX Iepe-
HECeHb IIPOCTOPY Ta HABEJEHO KUTepiil KBa3l-MOHOMIaJbHOCTI CiM'T MHOIOYJICHIB
y TepMiHax 11 eKCIOHEeHIIaJIbHOT MOPORKYI0U0l DYHKIL. 30KpeMa, HOKA3aHO, 110
cim’st muorotwtenis { By, (2, y, 2)} € KBa3i-MOHOMIAIBHOIO CIM'€10 BIIHOCHO TPy-
1 apaJjenbHuX IepeHeceHb MPOCTOPY TOJ 1 TIILKK TOJ1, KOJIN 11 eKCITOHeHT 1 b-
Ha nopojpKyioua dyukiis mae surssiy G = C(u, v, w)e™ T ne C'(u, v, w) —
JIOBIJIbHU# cTeleHeBuil psij| 38 3MIHHUMU U, U, W.

Kpim Toro, BCTAHOBJIEHO sIKMiIl THUIl HOpMaJizalil 30epira€ BJACTUBICTb
KBa31-MOHOMIaJILHOCTI.

Y migposnini 3.5 JAaEThCA CXOXKHUH OIMMC KBa3i-MOHOMIB IIOJI0 IPYIH PiB-
HOMIPHUX [apaJIeJIbHUX [EPEHECEHb IPOCTOPY. 30KPeMa, BCTaAHOBJICHO, 110 CiM st
MuorowietiB { By, n (%, y, 2)} Oy/1e KBa3i-MOHOMIATIBLHOIO BIIHOCHO IPYIH PIBHO-
MIPHUX TapaJeJbHUX TepeHecedHb TOJl 1 TIAbKK TOJl KOJU 11 eKCIIOHEeHIaJIbHa

emu—&—yv—l—zw, e C — J10-

nopo/pKytoda Gyukiis Mae suris C(r — y, x — z,u, v, w)
BIJIbHUM cTerneHeBuil psji 3a 3MIHHUMUA & — Y, T — 2, U, U, W.

Yemeepmudi po3dia € NPOCTOPOBUM aHAJIOTOM JIPYTOrO PO3JILILY # NPUCBS-
JeHWi OMUCY KBa3i-MOHOMIB BIJIHOCHO rpymiu obepraib mpocropy SO(3).

Y migposninai 4.2 HaBeJleHO BU3HAUEHHS Jiil CIeIiajJbHOl OPTOrOHAJLHOL
rpusnmiprol rpynu SO(3) wa muorounenu {Bp,,x(T,y,2)} depes poskiajia-
HHsI 3a II€BHUM KOMOIHATODHMM 3aKOHOM, IO 3a0e3ledye 30eperKeHHs KBasi-
MoHOMIiasbHOT hopmu. Beranosmeno, 1mo civ'’s muorotwtenis { By, .k (2, v, 2) }, Bu-

3HAYEHa, KCIOHEHIIAJIHLHOIO MOPOJIKYI090i0 GyHKIE (G, € KBa3i-MOHOMIaJIHHOTO

TOMI 1 TIIbKK TOJ, KoJin G € PYHKIEID TPhOX 3MIHHUX:

G = Gur + vy + wz, 2> + y* + 22, u* + v° + w?).



Kpim TOT0, HaBEIEHO NPUKJIA, Y SKOMY JOBEJIEHO, 1110 MHOTOWIeH EpmiTa
BIJl TPHOX 3MIHHEX € KBadi-Monomamu Bignocno SO(3), a TakoXK BCTAHOBICHO
yMOBHM HOpMaJiizaliil, siki 30epiraloTb KBa3i-MOHOMIaJIbHICTD.

VY nigpos i 4.3 HaBegeHo MPUKJIaI 010PTOroHaaILbHIUX MHOTOUWIEeHIB Are-
s, siKi € kBazi-moHoMamu SO(3), a TaKOXK MOJAHO PEKYPEHTHI CITiBBiTHOIIECHHSI,
110 3a06e31e4yiorTh ePeKTUBHICTD X 00UMCIEHHSI.

Kmouwosr crosa: £6a31-MOHOMIGABHT MHO20UAEHU, KBA3T-MOHOMU, NONIHO-
MU, 2PYNU, MAMPUYHI 2pYynu, nidepyna, a@inmna 2pyna, adinmni nepemeopeHH.s
naowury ma npocmopy, epynu obepmans SO(2) ma SO(3), epyna macumady-
6aHD, 2PYNA NAPUIAEALHULT MEPEHECEHD, MHO20MACHU Anneis, mampuus, excno-

HEHULAADHA NOPOIAHCYOUA DYHKUIA.



ABSTRACT

Samaruk N.M. Quasi-monomial polynomials of subgroups of an affine group.
— Qualifying scientific work as a manuscript.

Dissertation for obtaining the degree of Doctor of Philosophy in specialty
111 Mathematics. — Vasyl Stefanyk Carpathian National University, Ministry of
Education and Science of Ukraine, Ivano-Frankivsk, 2026.

The dissertation is devoted to the study of quasi-monomial polynomials
with respect to subgroups of affine transformation groups of plane and space.

For recognition and classification of images using machine learning algori-
thms, it is necessary to construct features that remain invariant with respect
to geometric transformations of the plane that do not change the structure of
the scene. In the case of two-dimensional images, such transformations include
rotations, parallel translations, scaling, and their compositions. The correspondi-
ng invariant characteristics are called moment invariants. Depending on the choice
of basis in the polynomial space {7, »(x, y) }, where m, n are non-negative integers
(here and further in the text), different moment systems are considered. In the
simplest case, when m,, ,(z,y) = 2™y", geometric moments are obtained. In the
simplest case, when 7, ,(z,y) = 2™y", geometric moments are obtained. These
classical moments were first proposed by M.-K. Hu and became the basis for
constructing 2D-invariant features with respect to parallel translations, scaling,
and rotations. The algebra of corresponding moment invariants has been studied
in detail, particularly in the works of J. Flusser and L. Bedratyuk , where an
explicit description of generating elements was provided.

However, practical use of geometric moments faces problems of numeri-
cal instability in calculations in discrete domains, especially for large images.
This prompted researchers to switch to other, computationally more stable bases
— orthogonal or pseudo-orthogonal. However, this created a new problem: how

to conveniently express and calculate invariants when the basis is changed.
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Researchers C.-W. Chong, P. Raveendran, and R. Mukundan found solutions
to this problem only in special cases — for example, for Legendre moments wi-
thout considering rotation. However, the general approach remained complex and
insufficiently developed.

The breakthrough came with the discovery by B. Yang, G. Li , H. Zhang,

and M. Dai, who found that when choosing the basis

T (T, Y) = Hy () Hy(y),

where { H,(x)} are the classical Hermite polynomials, the form of moment invari-
ants with respect to the group SO(2) coincides with the form of geometric
moments. This unexpected coincidence allowed for efficient computation of Hermi-
te orthogonal moments invariant to rotation.

Further development of this idea was carried out in the works of J. Flusser,
L. Bedratyuk, T. Suk, J. Kostkova, and J. Kautsky. In their work, they proposed
a complete description of all polynomials that have the property of preserving the
form of moment invariants when changing the basis. This property was named
quasi-monomiality. Knowledge of such quasi-monomials for the main groups of
transformations of the plane and space is important for constructing fast and
stable algorithms for computing moment invariants.

The proposed approach naturally generalizes to the three-dimensional case,
where instead of functions of two variables, functions of three variables are consi-
dered, which allows applying similar ideas for analyzing 3D images.

Therefore, the study of quasi-monomials for various subgroups of affine
transformation groups of the plane and space and the establishment of their
properties is relevant. The obtained results are significant not only for applied
problems of pattern recognition and image analysis but also for related fields —
combinatorics, group theory, and the theory of special functions.

The dissertation consists of abstracts in Ukrainian and English, a list of
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symbols, an introduction, four chapters of the main part, conclusions, a list of
references, and appendices.

The introduction substantiates the relevance of the chosen topic, formulates
the purpose, object, subject, tasks, and research methods. The scientific novelty of
the obtained results, their practical significance, the connection of the dissertation
work with scientific topics are determined, the personal contribution of the candi-
date is specified, and information on the approbation and publication of research
results is provided.

The main part of the dissertation consists of four chapters, each divided into
subsections. At the end of each chapter, generalizing conclusions are formulated.

The first chapter is preparatory in nature and is devoted to the analysis of li-
terature on the research topic. It carries out the choice of methodology, formulates
approaches to constructing the theory of quasi-monomials, and provides auxiliary
results necessary for further research.

The second chapter is devoted to the meaning and study of the basic
properties of quasi-monomials with respect to subgroups of the affine group of
the plane.

Subsection 2.1 examines the formation of the basic mathematical concepts
preceding the introduction of quasi-monomials and provides the definition of
quasi-monomiality. A family of polynomials { B, ,(z,y)} is called quasi-monomial
with respect to a subgroup H of the affine group Aff(2) if it forms a basis for the
space of polynomials in two variables in which the action of the group H is given
by matrices identical to those corresponding to the action of H in the standard
monomial basis ™y". Such polynomials are called quasi-monomials.

In subsection 2.2, the basic definitions and theorems regarding quasi-
monomials with respect to the group of rotations of the plane SO(2) are presented.

The criterion of quasi-monomiality is formulated in terms of the exponential
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generating function. In particular, the function

u™ o™

G = Z Bm,n(x7y)

ot m! n!

is a generating function of the quasi-monomial family of polynomials { By, »(x, y)}
with respect to SO(2) if and only if G = G(uz+vy, 2*+y?, u*>+v?). The differenti-
al equations satisfied by the quasi-monomials SO(2) are separately considered.

In subsection 2.3, a similar description of quasi-monomials with respect to
continuous subgroups of transformations of the affine group of the plane, namely
the scaling group, is given. A criterion of quasi-monomiality is formulated: a family
of polynomials { By, »,(x,y)}, defined by the exponential generating function G, is
quasi-monomial with respect to the scaling group of the plane if and only if G is
a function of two variables: G = G (zu, yv).

In subsection 2.4, quasi-monomials with respect to the group of uniform
scalings of the plane are considered. It is established that a family of polynomials
{Bm.n(x,y)}, defined by the exponential generating function G, is quasi-monomial
with respect to the group of uniform scalings of the plane if and only if G is a
function of three variables: G = G (%, uzr, vx).

In subsection 2.5, quasi-monomials with respect to the translation group
of the plane are described, and a criterion for the quasi-monomiality of a family
of polynomials with respect to this group is given in terms of its exponential
generating function. It is proved that a family of polynomials {B,,,(z,y)} is
quasi-monomial with respect to the translation group of the plane if and only
if its exponential generating function has the form G = C(u,v)e™ ¥, where
C'(u,v) — is an arbitrary power series in variables u, v.

Additionally, the type of normalization that preserves the property of quasi-
monomiality is established. Recurrence relations for the family of polynomials
{Bmn(z,y)} are also provided.

In subsection 2.6, a similar description of quasi-monomials with respect to
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the uniform translation group of the plane is given. It is established that a family
of polynomials { By, »(x,y)} will be a quasi-monomial family with respect to the
uniform translation group of the plane if and only if its exponential generating
function has the form G = C(x — y, u, v)e™ ¥ where C — is an arbitrary power
series in variables x — y, u, v.

The third chapter is devoted to the description of quasi-monomials of three
variables with respect to subgroups of the affine group of space Aff(3).

In subsection 3.2, quasi-monomials with respect to the scaling group of space
are considered. It is proved that a family {B,,,x(z,y,2)} is quasi-monomial if

and only if the following holds:
Bpni(sx, ty,rz) = smt"rkBmm’k(x, Y, Z),

for all s,t,7 € R and m,n,k € N.

All families of polynomials that are quasi-monomial with respect to the
scaling group of space are also described in terms of the generating function. It is
proved that a family of polynomials { B, x(x,y, 2)}, defined by the exponential

generating function

G- = B u™ ™ wk
- Z m,n,k(xa y7 Z) m' n' k' )
m,n,k=0

will be quasi-monomial with respect to the scaling group of space if and only if
G is a function of three variables: G = G (zu, yv, zw).

In subsection 3.3, a description of quasi-monomials with respect to the
group of uniform scalings of space is given, and it is established that a family
of polynomials {B,, ».x(z,y, 2)}, defined by the exponential generating function
G, will be quasi-monomial with respect to the group of uniform scalings of space
if and only if G is a function of the variables:

G=G (y, E,ux,vx,wx) :

r T
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In subsection 3.4, quasi-monomials with respect to the translation group of
space are described, and a criterion of quasi-monomiality for a family of polynomi-
als is given in terms of its exponential generating function. In particular, it is
shown that a family of polynomials {B,, ,x(z,y, %)} is a quasi-monomial fami-
ly with respect to the translation group of space if and only if its exponential
generating function has the form G = C(u, v, w)e™ ¥ where C(u,v,w) — is
an arbitrary power series in variables u, v, w. Additionally, the type of normali-
zation that preserves the property of quasi-monomiality is established.

In subsection 3.5, a similar description of quasi-monomials with respect to
the uniform translation group of space is given. In particular, it is established that
a family of polynomials { By, x(x,y, 2)} will be quasi-monomial with respect to
the uniform translation group if and only if its exponential generating function
has the form C(zx — y,z — 2z, u, v, w)e™ ¥ where C' — is an arbitrary power
series in variables x — y,x — z,u, v, w.

The fourth chapter is the spatial analogue of the second chapter and is
devoted to the description of quasi-monomials with respect to the rotation group
of space SO(3). In subsection 4.2, the definition of the action of the special
orthogonal three-dimensional group SO(3) on polynomials {B,,,x(z,y,2)} is
given through decomposition according to a certain combinatorial law, which
ensures the preservation of the quasi-monomial form. It is established that a fami-
ly of polynomials { B, », x(z, y, 2) }, defined by the exponential generating function

(G, is quasi-monomial if and only if GG is a function of three variables:
G = G(ux + vy +wz,2? +y* + 2% u® + v + w?).

In addition, an example is given in which it is proven that Hermite polynomi-
als in three variables are quasi-monomials with respect to SO(3), and normali-
zation conditions that preserve quasi-monomiality are established.

In subsection 4.3, examples of biorthogonal Appell polynomials that are
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quasi-monomials SO(3) are given, as well as recurrence relations that ensure the
efficiency of their computation.

Keywords: quasi-monomial polynomials, quasi-monomials, polynomaials,
groups, matriz groups, subgroup, affine group, affine transformations of the plane
and space, rotation groups SO(2) and SO(3), scaling group, translation group,

Appel polynomaials, matriz, exponential generating function.
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