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ABSTRACT

Lutsiv 1.-A. Approximation of special cases of the Horn hypergeometric func-
tions Hy by branched continued fractions. — Qualifying scientific work as a
manuscript.

Thesis for the scientific degree of Doctor of Philosophy in the specialty
111 Mathematics. — Vasyl Stefanyk Carpathian National University, Ministry
of Education and Science of Ukraine. — Vasyl Stefanyk Carpathian National
University, Ministry of Education and Science of Ukraine, Ivano-Frankivsk,
2026.

The thesis is related to the problems of establishing recurrence relations of
the Horn hypergeometric series Hy, constructing the expansions of these series
and their ratios in special cases into branched continued fractions, studying
the convergence of branched continued fraction expansions, establishing the
domains of analytical continuation of the Horn hypergeometric functions Hy
and their ratios in special cases, establishing estimates of the convergence rate
and sets of numerical stability of branched continued fraction expansions.

These problems concern rational approximations of analytic functions, one
of the main sections of the analytic theory of branched continued fractions.
Branched continued fractions, one of the multidimensional generalizations of
continued fractions, were introduced into consideration by V. Ya. Skorobo-
hatko in 1966 together with N. S. Droniuk, O. I. Bobyk, and B. Y. Ptashnyk.
The analytical theory of branched continued fractions was developed in the
works of P. I. Bodnarchuk, V. Ya. Skorobogatko, D. I. Bodnar, M. S. Siavavko,
Kh. Yo. Kuchminska, M. O. Nedashkovskyi, V. Siemaszko, M. O’Donohoe,
J. Murphy, B. Verdonk, A. Cuyt, T. M. Antonova, O. M. Sus, R. [. Dmytryshyn,
O. S. Manzii, N. P. Hoenko, V. R. Hladun, O. E. Baran, and others.

The second chapter, the first of the main sections of the thesis, is devoted to
the construction of expansions of special cases of the Horn hypergeometric series
Hj into branched continued fractions. Using transformations of double power

series, new three- and four-term recurrence relations for Horn hypergeometric
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functions Hy are established. Based on these recurrence relations, in Section 2.2,

expansions of the Horn hypergeometric series Hy and their ratios in special cases

Hy(a, co;c1,90;2) Hy(a,co+ 15¢1,09;2)
Hy(a+ 1,951+ 1,09;2) Hy(a+ 1,004 161,00 + 152)’
Hy(a,co+ 15¢q,09;2)

Hy(a,co 4+ 2;¢1,00 4+ 1;2)

into branched continued fractions

(2¢1 —a)(a+1)
ci(c1+1)
(2¢c1 —a+1)(a+2) ’

(c14+ 1)(cr +2) -
(2¢c1 —a+2)(a+3)

(c1 +2)(c1 4+ 3)
1—
2(a+1)
2 (2¢1 —a —1)(a+2) ’
ci(cp +1) -
(2¢1 — a)(a + 3)
(a+)(a+2)
1—.
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and

respectively, are constructed.
The third chapter is devoted to establishing the domains of analytic con-
tinuation of the Horn hypergeometric functions Hy and their ratios in special

cases. These domains are the domains of convergence of their expansions into
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branched continued fractions. The key role here is played by the principle of

correspondence between the formal double power series and the branched con-
tinued fraction. Approaches are considered in which the theorem on continua-
tion of convergence from an already known small domain (an open connected
set) to a larger one is used to establish the convergence criteria of branched
continued fractions.

As a result of the research in Section 3.1, convergence criteria for branched
continued fraction expansions with real coefficients were established. It was
proved that Cartesian products of two planes with cuts are convergence do-
mains of the expansions of the Horn hypergeometric functions H, and their
ratios in special cases, and, in addition, these domains are domains of ana-
lytic continuation of these functions. In particular, it was established that the

domain

_ 2, 1 _
DT—{ZE(C D2 & |:4(1+’7’)’+OO , k=1,2

is the domain of analytic continuation for the functions

Hy(a, c2; 1, c;2)
Hy(a+1,c9;01+ 1, ¢;2)

and Hy(1,co; c1,09;2),

where 7 > 0 and depends on the parameters a and c¢;, and for the ratio
Hy(a,co + 1;¢1,¢9;2)/Hy(a, co + 2;¢1,¢0 + 1;2) the domain of analytic con-

tinuation i1s the domain

1 1
P = {z €C?: 2 ¢ [8_T>+OO>’ 2 ¢ leamxz{l,l—Cb/(c2"|‘1)}7—'_oo)}7

where 7 > 0 and depends on the parameters a, ¢; and cs.

In Section 3.2, convergence criteria for branched continued fractions with
complex coefficients are established. It is proved that the unions of bi-disks
and Cartesian products of cardioid domains and half-planes are the conver-
gence domains of these branched continued fractions, and, in addition, these
domains are also domains of analytic continuation of special cases of the Horn

hypergeometric functions Hy. In particular, it was established that the domain



Hyy, = Hyup UH™ is the domain of analytic continuation for the functions

Hy(a,ca + 1;¢1,¢9;2)
Hy(a+ 1,604 161,00+ 152)’

where

1 + cos(arg(z1))

H,, = {z cC?: || <

21 ’
Re(zpe~ /2 a18(21)y Y os arg(z1) |
2 2
1— 1—
HET =Lz € C?: |Zl|<u’ |22|< K |
2T 2

i is a positive number, 0 < v < 1 and 7 > 0 and depends on the parameters a
and ¢1, 0 < k < 1, and for the ratio Hy(a, co+ 1;¢1,¢0;2)/Hy(a, co +2;¢1, 00+
1;z) the domain of analytic continuation is the domain Hyw = Hupo UHSTY,

where

1 + cos(arg(z1))

Hyvo = {z cC*: || <

20 ’
Re(zze_(i/2) arg(zl)) > _%COS (arg2(2’1)) } :
1— 1—
H =zeC?: |z| < u, | 20| < " :
2T 2v

1 is a positive number, 0 < v < 1,0 < kK < 1,7 > 0 and v > 0 and depends
on the parameters a, c;, and co.

The fourth chapter is devoted to the study of the convergence rate and nu-
merical stability of expansions of special cases of the Horn hypergeometric series
H, into branched continued fractions. Approaches are considered in which the
formula for the difference of two approximants of a branched continued frac-
tion is used to find estimates of the approximation errors for these expansions,
and the periodic continued fraction is used to establish sets of their numerical
stability.

As a result, in Section 4.1, estimates of approximation errors for branched

continued fractions with real coefficients in regions (a domain which may include
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all, part, or none of its boundary) of the space R?, which are Cartesian products
of two semi-axes, are found. In particular, it is proved that for each z € R,
branched continued fraction expansions of functions Hy(a, co;c1, co;2)/Hy(a +
1,501 4+ 1,¢9;2) and Hy(1, ¢o;¢1, ¢o; Z) converge at least as fast as geometric

series with ratio
7| 21]

(1= 29)2 47|21
and it is also established that the domain D, U P, U Int(R,) is the domain of

analytic continuation of these functions, where

_ 2, 1 _
DT—{ZGC-Zk¢[4(1+T)a+OO , k=1,25,
1 1
PT:{ZECQZ,21€|:—,+OO>,ZQ¢ —,+oo)},
8T 4

Rﬁ:{ZERZ: 21 <0, z2§/<o},O</-i<1.

7 > 0 and depends on the parameters a and ¢y,

In Section 4.2, the concept of the numerical stability set of a branched con-
tinued fraction is defined and explicit formulas for relative errors of computa-
tions of approximants of expansions of special cases of the Horn hypergeometric
series H, into branched continued fractions are found and bi-disk sets of nu-
merical stability for these expansions with complex coefficients are established.

In particular, it is proved that the set

k(1 — K) 11—k 1 1
D, = C2: |z < 228 1, < , 0, u(=1
™ {ZE |21] 5 2l < —- } Fv‘€< 3> <3 )

is the numerical stability set for the expansion of ratio

Hy(a,ca + 1;¢1, 95 2)
Hy(a,co + 2;¢1,00+ 1;2)

where 7 > 0 and v > 0 and depends on the parameters a, c;, and co.
Keywords: Horn hypergeometric function Hy, branched continued frac-

tion, double power series, analytic function, approximation, continued fraction,

recurrence relation, analytic continuation, convergence, rate of convergence, set

of numerical stability, roundoft error.
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Jyuie I.-A. B. Habmmxkennst crieniaJbHUX BAMAKIB MePreoMeTpudHnx (pyHK-
it [lopua H4 rijuisicrumu JaHIoropuMu Jipobamu. — KpaJiidikaliiiiHa HayKoBa
1pallsi Ha, IIpaBax PYKOIUCY.

Hucepraliisi Ha 3/100yTTs cTylneHs: JOKTOpa (ijocodil 3a cremiaabHIiCTIO
111 Maremaruka. — Kapnarcbkuii HaIlloHAJIbLHHI YHiBepcuTeT iMeHl Bacnisd
Credanuka, MinicrepcTBo ocBiTi 1 Haykn Ykpalnu. — Kaprnarcekuit Hargio-
HaJibHKI yHiBepcuTeT iMeni Bacuisa Credanuka, MinicrepcTBo ocBiTH 1 HayKn
Ykpaiuu, IBano-@pankisebk, 2026.

Huceprariiina pobora 1oB’sg3aHa, i3 3a/ja4aM1 BCTAHOBJICHHST PEKYPEHTHUX
CIIBBIJIHOIIIEHD TilepreoMeTpuyunux psjaiB ['opua Hy, 100y/10BU PO3BUHEHDb 1TAX
psiJiiB Ta TX BiJHOIIEHD Y CHeIaJbHUX BUIIAJIKAX Y MJLISICT] JAHIIOroBl jpodu,
JIOCJIJIKEHHsT 3012KHOCT1 TUIISICTHX JIAHIIOIOBUX JIPOOOBUX PO3BUHEHDL, BCTa-
HOBJIEHH O0JIacTell aHAJITUYHOIO HIPOJIOBXKEHHS IlepreoMeTpuiaHux (pyHKIi
T'oprna H, Ta ix BifHOIIEHB y CHEIlaJbHUX BHUIAJKAX, BCTAHOBJIEHHS OI[IHOK
IIIBUJIKOCT] 3012KHOCTI Ta MHOXKHUH OOYUCIIOBAJILHOI CTIHKOCTI TJIJISICTAX JIaH-
I[IOT'OBUX JPOOOBUX PO3BUHEHbD.

L1i 3a/1a4i BiIHOCATHCS JI0 PalliOHAJbLHUX HAOJMXKEHb aHAJITHIHUX (DYHK-
11 — OJIHOT'O 13 OCHOBHMX PO3/ILJIIB aHAJITHIHOI TeOpll MJIISCTUX JaHIIOIOBUX
npobiB. ['ursicTi JraHmIorosi Japodbu — ojHe i3 OaraToOBUMIPHUX y3arajgbHEHb
HelepepBHUX JIpobiB — BBejieHo 1o posrisay B. f. Ckopoborarbkom y 1966
pori pasom 3 H. C. JIpomok, O. I. Bobukom, B. I1. ITramunkom. Anasitndamna
TEOpis  TIULIACTUX  JIAHIIOIOBUX  JIpODIB  po3BUBaJiacd Y  IIpaldgx
I1. I. Bognapuyka, B. . Ckopoborarwbka, . I. Bognapa, M. C. CsBagka,
X. 1. Kyumincekoi, M. O. Hegamkoscokoro, B. Cemamika, M. O’ Tonoroe,
Hx. Mepdi, Bb. Bepmonk, A. Kaiir, T. M. Anrtonosoi, O. M. Cycnb,
P. I. Imurpummuna, O. C. Mangziit, H. II. T'oenko, B. P. I'majyna, O. €. Bapan
Ta 1H.

Hpyruit posjiiji, 1epiiuit i3 OCHOBHUX PO3JILJIB Jucepraliitnol podoru,

MPUCBSYEHO TOOYJIOBI PO3BUHEHDL CIIENiaJbHUX BUIAJIKIB TiEPreoMeTPUIHuX
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psiaiB 'opua Hy y rijuigcti Janiorosi Jpobu. BukoprcToBytoUun nepeTBOpeHHst
HOJBIHUX CTElEHEBUX PsJIB, BCTAHOBJIEHO HOBI TPHOX- Ta HOTUPHOX-UJEHHI
PEeKyPEHTHI CIiBBIJIHOIIEHHST JIjist TinepreoMerpuunnx Gyukiiii lopna Hy. Ha
OCHOBI IX PEKYPEHTHUX CIIBBIIHOIIEHD Y I1PO3/1iJi 2.2 00y I0BaHO PO3BUHE-
HHs rinepreomerpuaHux psjiiB ['opua Hy Ta X BiJ|HOIIEHb y CliEliaJbHUX BU-
maJiKax
Hy(a,co;c1,00;27) Hy(a,co + 15¢1,00;2)
Hyla+1,¢95¢1 4+ 1,¢0;2)” Hyla+ 1,0+ 15¢1,00+ 1;2)
Hy(a,co + 15¢1,c0;2)
Hy(a,co + 2;¢1,00 + 1 2)

BIJITIOBIJIHO y TIJIJISICTI JIAHITIOIOBI JpoOu

(2¢1 —a)(a+1)
ci(cp +1)
(2¢1 —a+1)(a+2) ’
CEDCEP
(2c1 —a+2)(a+3)
(Cl+2)(61+3)
-
2(a+1)
& (2¢) —a—1)(a+ 2) ’
Cl(Cl—l—l) A1
(2¢1 —a)(a+ S)Z
C(a+ )+
1—.

21

1—22—

<1
1 —

<1

1 —

Ta




9

Tperiii po3/iiJ1 IpUCBSIYCHUIT BCTAHOBJIEHHIO 00JIacTell aHAJITUIHOIO IIPO-
JIOB2KEeHHsI rinepreoMmerpudnux Gyukuii [lopua Hy Ta X BiJIHOIIEHD y ClIeHia/ib-
Hux BunaJjkax. Lli obyacti € obyiacTsamu 301KHOCT] IXHIX PO3BUHEHD Y TJLISCTI
JIaHIorosl jgpobu. KirouoBy poJib TYT Biirpae HPUHIMI BiAIOBIIHOCTI MiXK
dopMaJBLHUM HOJABITHUM CTEIIEHEBUM PsiJIOM 1 MJLISICTHM JIAHIIOIOBUM JPOOOM.
PosryisinyTo mijixoju, y SKUX JJjisd BCTAHOBJIEHHsI O3HAK 301KHOCTI TJISICTUX
JIAHLFOI'OBUX JIPOOIB BUKOPUCTOBYETHCS TEOPEMA 1IPO 1POJIOBXKEHHsI 3012KHOCTI
13 y2Ke BiJIoMOl MaJjiol 00J1acTi J10 OLJIBIIOT.

Y pe3ysbTaTi JOCHIKEHD Y miIpo3/iail 3.1 BCTaHOBIEHO 03HAKK 3012KHOCTI
JUIs TLLJISICTUX JIQHIFOIOBUX JIPOOOBUX PO3BUHEHD 3 JIICHUMU KOeIIiEHTaMU.
JoBejieHo, 1o JjieKapToBi JOOYTKH JIBOX ILJIOIIMH 3 pPo3pizaMu € obJiacTIMu
3012KHOCT] pO3BUHEHD rinepreomerpuinnx gpyukuii l'opua Hy Ta ix BijgHOIIEHDb
y ClemjiajgbHUX BUIAJIKAX, 1, KPIM 1IHOr0, 111 00/1acTi € 00JIacTsIMU aHAJITHIHOIO
IPOJIOBXKEHHS 1UX (PYHKIIIH. 30KpeMa, BCTaHOBJIEHO, 10 00JIacTh

5 1
D,=<zeC*: z & |———, 400 |, k=1,2},
41+ 1)
jge 7 > 01 3aJieKUTh BiJi HapaMeTpiB a Ta ¢q, € 00JIaCTIO aHAJITHIHOTO IIPOJIOB-
JKEHHs Jiist (DYyHKIIIi
Hy(a, co; c1, ¢2; 2)
Hy(a+1,c0;c1 4+ 1,c0;2)

ra. Hy(1, co;¢1, 2;2),

a quist BigHotmenust Hy(a, co + 1;¢1,¢9;2)/Hy(a, co + 2;¢1, 00 + 1;2) obnactio
AHAJIITUYIHOTO MTPOJIOBXKEHHA € 00J1aCTh

1
dmax{1l,1 —a/(ca+ 1)}

Jie 7 > 01 3aJeKuTh BlJI IapaMeTpiB a, €] Ta Ca.

1
P.=3zecC?: 2 ¢ 8—T,+oo , 20 & ,+oo | g,

Y mijpo3aia 3.2 BCTaHOBJIEHO O3HAKK 301XKHOCTI JJIsi TIJLASICTUX JIAHIIOTO-
BUX JIpOOIB 3 KOMILIEKCHUME Koedimienramu. Jlosegeno, 1o o0’elHaHHSIMA
OIKpyTiB 1 JIeKapTOBUX JOOYTKIB Kap/1ioliHIX 00J1acTeil 1 MiBILJIOIIUH € 00JIacTsI-
MU 3012KHOCTI IUX IJIACTUX JIAHIFOIOBUX JIpo0iB, 1, KpIM IbOIo, I1i 00JIacTi €
TaKOXK O0JIACTSAMU AHAJITUIHOI'O HPOJOBXKEHHS CIIeIaJbHIUX BUIIAJIKIB rilep-

reomerpuyannx gynxuiit lopra Hy. 3okpema, BeranoBieno, mo obiacts Hyyj, =
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Hu, UHST, ne
1
H, = {z cC?: || < il Cos(arg(zl)),
24
Re(zge- 02060y < ¥ o (28D ) 1
2 2
1— 1—
HT =z C?: |21|<u, | 29| < " :
2T 2

W — nojarHe ducyo, 0 < v < 1 ta 7 > 01 3a/ie2KuTh BlJ| lTapaMeTpiB a Ta Cq,
0 < k < 1, € obs1acTIO AHAJITUIHOTO MPOJIOBXKEHHS JIJId (DYHKITIT

Hy(a,co+ 1;¢1,¢9;2)
Hy(a+ 1,604 161,00 + 152)°

a quist Bignotmenuss Hy(a, co + 1;¢1,¢9;2)/Hy(a, co + 2;¢1,c0 + 1;2) obractio

: K70 K,T,U
AHAJIITUIHOTO TPOJIOBXKEHHS € 00J1aCTh Hy o = Huvo UHTTY, 1e

1 + cos(arg(z1))

H,u,y,v = {Z € C2 : ‘21‘ <

20
1— 1—
HOTY =3z C: |z < u, | 20| < ~ :
2T 2v

@ — npojatue yucyio, 0 < v < 1,0 <k <1, 7> 0 1a v > 01 3aJ€KUTH BIJI
napamerpiB a, €| Ta Ca.

YerBepTuii po3iia HIPUCBIUEHUI JTOCIIXKEHHIO IIBUJIKOCTI 3012KHOCT] Ta
O0UNCTIOBAJILHIN CTIHKOCTI PO3BUHEHD CIIEIaJbHUX BUIAIKIB TiIIepreoMeTput-
Hux psijiB lopua Hy y rijuisicri jannorosi apodu. PosrisHyTo nijgxouan, y sskux
JIJIsl BHAXO/PKEHHST OIIHOK ITOXMOOK HAOJIUKEHb JIJIS ITUX PO3BUHEHb BUKOPHCTO-
By€ThCst (bopMyJia PI3HUIN JIBOX MiJIXIJIHUX JIPOOIB TJLISICTOrO JIAHIIOIOBOI'O
Jipody, a Jijisd BCTAHOBJIEHHsI MHOXKUH 1X OOYHMC/IIOBAJIbLHOI CTIKOCTI — Iepio-
IUYHAN HernepepBHuil Japio.

Y pesynbrari y migposii 4.1 3HalieH0 OIIHKKY TOXUOOK HAOJIM>KEHb JIJIsi
IJIISICTUX JIAHIIOTOBUX JIPOOIB 3 JIiicHUMEU KoedillleHTaMU y 3aMKHEHUX 00J1ac-

Tax 1pocTopy R?, Mo € JeKapToBMME J00yTKaMu JBOX MiBoceil. 30Kpema,
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JIOBEJIEHO, IO JIJIsl KOXKHOIO Z € R, 1e
RH:{ZERQZ 21 <0, ZQSK/}, 0 < k<1,

rijuisicri Jianiorosi jpobosi possunennst Gpyukuiit Hy(a, co;c1,co;2)/Hy(a +
1, co;c1+1, co52) Ta Hy(1, ¢o; €1, Co; 2) 30iratoThest IpUHARMHI TAK CAMO TITBH/TKO,
SIK PCOMETPUYHUIT PsiJl 3 YJIEHOM
7|z
(1= 2)2+7|2|
e 7 > (0 13a1exxnuTh Bl mapaMeTpiB @ Ta C1, a TAKOXK BCTAHOBJIEHO, 110 00JIaCTh

D, UP.UInt(Ry), ne

1
D.=ze€C?: & |—— 400 ), k=1,2},

41+ 1)
1 1

PT: ZE(C2: Zlg _7+OO 722¢ —, +00 )
8T 4

€ 00JIACTIO aHAJITUIHOIO MPOJAOBKEHHS MUX (PYHKITIA.

Y nigposiii 4.2 03HAUEeHO MOHSITTS MHOYKUHU OOUKC/IIOBAJILHOI CTIHKOCTI
I'JIISICTOrO JIAHITIOIOBOTO JIPO0Y Ta 3Hal1eHO siBHI (DOPMYJI BITHOCHUX IOXUOOK
o0uuc/IeHb TMiJXiIHUX JIPOOIB PO3BUHEHb CIIEiaJbHUX BUIAJKIB TIillepreomer-
puuHuX psjiiB ['opua Hy y rijscTi JJaHIIoroBl Jpobu Ta BCTaHOBJIEHO OIKPYTOBI
MHOXKHWHHI 00UUCTIOBAJILHOT CTIHKOCTI JJIsI ITUX PO3BUHEHDb 3 KOMILJIEKCHIMHU KOe-
dimienTamu. 30Kpema, JOBEIEHO, 110 MHOXKIHA,

—“(12;“), 2] < 12_—1}% ke o,% U(31),

ge 7 > 0 ta v > 01 3aJeXXUTh BlJI MapaMeTpPiB a, €] Ta Co, € MHOXKUHOIO

1
Dirw=142€C?: |z] <

O0YMCIIOBAJILHOI CTIKOCTI JIJIsi PO3BUHEHHsI BIIHOIIIEHHSI
Hy(a,ca + 1;¢1,¢o;2)
Hy(a,co + 2;¢1,00 + 1;2)

Karwuosi caosa: rinepreomerpuuna (pyukiig lopaa Hy, riiscTuit JaHIio-
ropuit Jpid, 1MOJBIHUIT cTeneHeBuil psiji, aHAJITUYHA (PYHKIsT, HAOJIMXKEHHS,
HerepepBHUil 1pib, peKypeHTHe CIIBBIIHOIICHHS, aHAJITUYHE IIPOJIOBXKEHHSI,
3012KHICTD, MBUJKICTD 3012KHOCTI, MHOXKUHA 00YUCJITOBAJIBLHOI CTIHKOCTI, 110XHU0-

Ka 3a0KPYTJICHHA.
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INTRODUCTION

Relevance of the topic. Special functions appear naturally in almost all fields
of science and technology. Many of these functions are hypergeometric func-
tions or can be expressed in terms of them. The most famous is the Gaussian
hypergeometric function, which is defined by Gaussian hypergeometric series.

In approximation theory, an important problem is how to best approximate
functions by simpler functions, as well as quantifying the resulting errors. The
most common approximation methods include Taylor polynomial expansions,
spline interpolation, Fourier series, and rational functions.

Rational approximation owes its emergence to continued fractions, which
are closely related to number theory, the moment problem, the theory of orthog-
onal polynomials, quadrature formulas, interpolation problems in the theory of
functions of complex variable, the spectral theory of self-adjoint linear opera-
tors, etc. A significant contribution to the theory of continued fractions was
made by such outstanding mathematicians as L. Euler [1-3], C. F. Gauss [4],
A.-M. Legendre [5], C. G. Jacobi [6], B. Riemann [7]|, T .Stieltjes [8,9], and
many others.

A key role in the construction of rational approximations is played by the
principle of correspondence between the approximants of a continued fraction
and the formal Laurent series, which represents a given analytic function of one
variable. Although the basic ideas of correspondence belong to C. F. Gauss,
the general theory was described by W. B. Jones and W. J. Thron (see, [10,
Chapter 5|). More about studying of the continued fraction representations of
special functions, including hypergeometric functions, can be found in books
[10-16].

To construct rational approximations of analytical functions of several vari-
ables, a generalization of continued fractions — branched continued fractions —
is used, proposed by V. Ya. Skorobohatko in 1966 together with N. S. Droniuk,
O. 1. Bobyk and B. Yo. Ptashnyk [17]. The analytical theory of branched con-
tinued fractions was developed in the works P. I. Bodnarchuk and V. Ya. Sko-
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robohatko |18], D. I. Bodnar [19], M. S. Siavavko |20], Kh. Yo. Kuchminska [21],
M. O. Nedashkovskyi [22], W. Siemaszko 23, 24|, H. Waadeland [25], A. Cuyt
and B. Verdonk [26], J. A. Murphy and M. R. O’Donohoe [27], O. M. Sus
28], T. M. Antonova |29, 30|, R. I. Dmytryshyn [31,32], O. S. Manzii [33],
N. P. Hoenko [34], V. R. Hladun [35], O. E. Baran [36|, and many others.

The natural two-variable extension of the hypergeometric series is the dou-
ble hypergeometric series. J. Horn in 1931 listed all convergent hypergeometric
series of the second order: fourteen complete series and twenty of their con-
fluent cases [37]. Because of their applied importance, several books (see, for
instance, [38,39]) and websites (see, for example, functions.wolfram.com) and
a large collection of articles have been devoted to these double hypergeometric
series.

First expansions of the ratios of Appell hypergeometric series Fj into
formal branched continued fractions were constructed by N. S. Droniuk in
[40]. However, no explicit formulas have been found for the coefficients of
the constructed branched continued fractions, nor have criteria of their conver-
gence been established. Later, N. P. Molnar and O. S. Manzii in [41] obtained
the explicit formulas for such expansions. Other formal expansions for this
series can be found in [34]. T. M. Antonova and N. P. Hoenko (see, [42])
was proved that the constructed expansion into a branched continued frac-
tion converges to a function whose expansion is, and that it provides an an-
alytic extension of this function into some domain. Expansions of the ratios
of Appell hypergeometric series Fy into formal branched continued fractions
can be found in works D. I. Bodnar [43] and O. S. Manzii [33]. T. Antonova,
C. Cesarano, R. Dmytryshyn and S. Sharyn [44| and R. Dmytryshyn [45,46] in-
vestigated a special case of a branched continued fraction expansion constructed
by D. I. Bodnar in [43]. An expansion of the ratio of the Appell hypergeomet-
ric series F3 and F) into formal branched continued fractions was constructed
and investigated, in particular, in [47| and [48], respectively. The expansions

of the Horn hypergeometric series ratios Hs, Hg, and H7 into branched contin-
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ued fractions were constructed and investigated in [49,50], [51-53], and [54-56],

respectively.

Despite significant achievements in the approximation of analytic functions
by branched continued fractions, this topic remains one of the most important
in the analytic theory of continued and branched continued fractions and one
that still has many open problems, especially in the case of two variables.

One of the central problems is to establish recurrence relations for dou-
ble hypergeometric series, in particular, the Horn hypergeometric series Hy,
that would provide the construction of branched continued fraction expansions.
Special attention is required to construct and study the expansions of Horn hy-
pergeometric series Hy and their ratios in special cases into branched continued
fractions.

It is well known that, compared to power series, continued fractions can
have wider convergence regions and better convergence rates. Here, the region
refers to a domain (an open connected set) which may include all, part, or
none of its boundary. These properties are also inherent to branched continued
fractions. Therefore, establishing the widest convergence regions and finding
estimates of approximation errors of branched continued fraction expansions,
as well as proving that these branched continued fractions converge to the
functions whose expansions are, and that this provides an analytic continuation
of these functions into some domains, is an important scientific problem.

An equally important problem is the quantification of the resulting er-
rors that arise when approximating analytic functions by branched continued
fractions.

Connection of work with scientific programs, plans, and topics.
The study was carried out within the framework of the scientific research topics
“Study of algebras generated by symmetric polynomial and rational mappings
in Banach spaces” (project registration number 0123U101791) and “Analysis
of the spectra of countably generated algebras of symmetric polynomials and

possible applications in quantum mechanics and computer science” (project
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registration number 2023.03/0198) of the Department of Mathematical and
Functional Analysis of the Vasyl Stefanyk Carpathian National University.

Goal and objectives of the research. The goal of the research is to
establish recurrence relations of the Horn hypergeometric series Hy, construct
expansions of these series and their ratios in special cases into branched contin-
ued fractions, establish convergence criteria of these expansions and estimates
of approximation errors for them, domains of analytical continuation of Horn
hypergeometric functions Hy and their ratios in special cases, and establish sets
of numerical stability of branched continued expansions of these functions.

The object of research is the branched continued fraction expansions of
Horn hypergeometric functions H4 and their ratios in special cases.

Subject of research is the recurrence relations of the Horn hypergeometric
series Hy, convergence criteria of the branched continued fraction expansions
and estimates of approximation errors for them, domains of analytical con-
tinuation of the Horn hypergeometric functions Hy and their ratios in special
cases, and sets of numerical stability of branched continued expansions of these
functions.

Research problems:

— to establish new recurrence relations for Horn hypergeometric series Hy;

— to construct expansions of Horn hypergeometric series H, and their
ratios in special cases into branched continued fractions;

— to establish convergence criteria for expansions of Horn hypergeometric
functions Hy and their ratios in special cases into branched continued fractions;

— to establish domains of analytical continuation of the Horn hypergeo-
metric functions H4 and their ratios in special cases;

— to establish truncation error bounds for expansions of Horn hypergeo-
metric functions Hy and their ratios in special cases into branched continued
fractions;

— to establish sets of numerical stability for expansions of ratios of Horn

hypergeometric functions Hy in special cases into branched continued fractions.
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Research methods. The work uses methods of mathematical and com-
plex analysis, as well as the analytical theory of continued and branched con-
tinued fractions.

Scientific novelty of the results obtained. All results of the thesis
are new and consist of the following:

— new three- and four-term recurrence relations for the Horn hypergeo-
metric series Hy are established;

— expansions of the Horn hypergeometric series Hy and their ratios in
special cases into branched continued fractions are constructed;

— convergence criteria are established for expansions of Horn hypergeo-
metric functions Hy and their ratios in special cases into branched continued
fractions in the cases of real and complex parameters;

— the domains of analytical continuation for the Horn hypergeometric
functions H, and their ratios in special cases into branched continued fractions
in the cases of real and complex parameters are established in the space C?;

— truncation error bounds are established for expansions of Horn hyperge-
ometric functions Hy and their ratios in special cases into branched continued
fractions in some regions in the space R?;

— sets of numerical stability are established for expansions of ratios of Horn
hypergeometric functions Hy in special cases into branched continued fractions
in the space C?.

Practical significance of the results obtained. The thesis has theo-
retical value. Its results can be applied in the analytical theory of continued and
branched continued fractions to construct and study the expansions of double
hypergeometric series and their ratios into branched continued fractions, and
can also be used to construct and study the rational approximations of ana-
lytic functions of two variables that arise in applied problems in mathematics,
physics, and engineering.

Personal contribution of the author. All results of the thesis sub-

mitted for defense were obtained by the author independently. In the ar-
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ticles [57-66] R. Dmytryshyn and C. Cesarano own the statements of the

problems and the analysis of the obtained results. In the joint works with
T. Antonova and S. Shatyn [57] the author owns Theorems 1 and 3, Corol-
laries 1-2, and Section 4, and together with O. Bodnar |63] the author owns
Theorems 1-4 and Corollaries 1-2. In the joint works with M. Dmytryshyn the
author owns Theorems 2-4 and Corollaries 1-2, and Section 2 in [64], Defini-
tion 1 and Theorem 1 in [60], Theorem 1 and Corollary 1 in [59], and Theorems
1-5 in [65]. In the joint work with M. Dmytryshyn and O. Kondur [58| the
author owns Theorem 1 and Section 2.

Approbation of the results of the thesis. The results of the thesis
were reported and discussed at:

— Nineteenth International Conference Academician Mykhailo Kravchuk
(Kyiv, Ukraine, October 11-12, 2023);

— V International Conference dedicated to the 145th anniversary of the
birth of Hans Hahn (Chernivtsi, Ukraine, September 23-27, 2024);

— International Workshop on Current Trends in Analysis and Approxima-
tion Theory (Rome, Italy, July 18, 2023);

— International Online Conference “Current Trends in Abstract and Ap-
plied Analysis” (Ivano-Frankivsk, Ukraine, May 12-15, 2022);

— International Workshop on Modern Problems of Analysis, Optimization,
Approximation and Their Applications (Rome, Italy, June 25-27, 2025);

— scientific seminar of the Department of Mathematical and Functional
Analysis of Vasyl Stefanyk Carpathian National University (Ivano-Frankivsk,
November 13, 2024, November 11, 2025, seminar leader: Prof. Dr. A. V. Zago-
rodnyuk).

Publications. The results of the thesis were published in 15 printed
works, including: 10 in scientific periodicals [57-66] and 5 in proceedings of
international scientific conferences [67-71[; 9 articles were published in publica-
tions indexed in the Scopus and/or Web of Science Core Collection databases
[57-61,63-66].
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Structure and scope of the thesis. The thesis consists of an introduc-
tion, four chapters, conclusions, references, and appendices. The thesis has 147
pages. The references take up 11 pages and contain 93 items. The appendices
take up 3 pages and contain a list of publications on the topic of the thesis and

information on the approval of the thesis results.
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CHAPTER 1

MAIN ASPECTS AND REFERENCE OVERVIEW

This chapter provides the necessary theoretical material on continued fractions
and their two-dimensional generalizations — branched continued fractions. An
overview of the results of the study of continued fraction and branched con-
tinued fraction expansions for special functions with one and two variables,

respectively, is presented.
1.1. Basics of continued fractions

Let N be the set of natural numbers, R be the set of real numbers, and C
be the set of complex numbers. We write C = C U {o0}.

Continued fractions (see, [10-12,16]). Let ({ax}r>1, {0k }x>0) be an ordered
pair of sequences of complex numbers such that ay # 0, k > 1, and {tx(£) b0
and {T% (&) }rx>0 be the sequences of linear fractional transformations defined as

follows

tO(g) = bO +£7 tk(g) = bka—_‘kié" k 2 17

Let {f;}rs0 be a sequence in C, given as
fr = Tr(0), k> 0.

The ordered pair |72, p. 474]

(({artr=1, {brFe=0); { frtr=0)

is the continued fraction denoted by the symbol

& . (1.1)
as
bs +

a
by + L

by +

by +
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The numbers a; and by are called kth partial numerator and partial denomi-

nator of the continued fraction, respectively. They are also called elements of

(1.1). The value fj is called the kth approximant and is denoted by the symbol

(1.2)

ai
fk = bO + a9
by +
bg + . 1 Qg
by
For convenience, we will also denote a continued fraction by the symbol |73,
p. 148]
aq as As
bp+— — — ...
0 b1 4 by + b3 +

and the symbol [74]
bO + 7
2

and its kth approximant by

aq a9 ag
o=t 4
and
k
S =bo + D %7
n=1 "
respectively.

We will also consider continued fractions, in which the partial numerators

can be zero. In this case, we assume the following: the approximant (1.2) does

not makes sense [16, p. 14| if we obtain an uncertainty of 0/0, when it is folded

from bottom to top without any reductions in intermediate operations.

A continued fraction (1.1) converges |16, p. 16], if at most a finite number

of its approximants does not make sense, and the sequence { fi }r>0 converges

to a finite limit f, i.e.

f= lim f, feC.
k—4o00

In this case, f is called the value of the continued fraction (1.1). Otherwise,

the continued fraction (1.1) diverges.
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Let

do+ ) Z—Z (1.3)

be a continued fraction where d;_1 € C, ¢, € C\ {0}, £ > 1.
Two continued fractions (1.1) and (1.3) with sequences of approximants
{fr}r>0 and {gx }r>0, respectively, are called equivalent [75], if these sequences

coincide term by term, i.e.
Je =gk, k> 0.

In this case, we will write (see [11, p. 15] and [14, p. 5])

0 ap B 00 cr
k=1 k=1

The equivalence property (1.4) holds if and only if there exist nonzero

constants py, k > 1, such that

do = by, c1 = prai1, Cry1 = PrPr410ks1, dp = prbg, k > 1. (1.5)

The transformation of a continued fraction (1.1) into (1.3), determined by
the relations (1.5) for some pg, k > 1, is called an equivalent transformation [75]
(see also [11, p. 15-16], [10, pp. 31-36], [14, § 2|, [15, § 42|, [16, pp. 19-20]).

If (1.1) is a continued fraction with positive elements, then the so-called
fork property holds [76,77], i.e.

Jor—2 < for < fory1 < for—1, K> 1.

Many convergence criteria of continued fractions have been established,
including periodic continued fractions [10-14,16]. To prove our results, we will
use the following theorem.

Theorem 1.1 ([10, Theorem 3.2|). The periodic continued fraction

a

a
It ——7—

1
Ty
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converges for all non-zero complex numbers a unless a = —1/4 + ¢, where ¢ is

real and negative number. For

a——1+c c=|cle", -1 <
- 4 ’ - ) ,y<7T

the value of this periodic continued fraction is

—1+2y/|c|e/?
5 :

There are several algorithms for computing the nth approximant of the
continued fraction (1.1), among which the most widely used is the backward
recurrence algorithm (see, for example, [10, p. 352|) which uses the the following

recurrence relations

F™ b+ 2 1> k>0, n> 1,

Then
f, = O(n), n > 0.

The terms F; k(n), 0 < k < n, are called tails of nth approximant of continued
fraction (1.1) [78].
An important application of continued fractions is the representation of

analytic functions by continued fractions of the form
~ @(2)
bo(z) + :

0(2) 1::)1 be(2)

where by_1(z), ar(z), k > 1, are polynomials in z or 1/z. In this case, the

(1.6)

so-called concept of correspondence is used.
Correspondence (see, [11, pp. 30-35], [10, pp. 147-160], [13, pp. 241-290]).

The expression

+00

L(z) =) 2" (1.7)

k=r
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is called the formal Laurent series at the point z = 0, where r € Z, ¢ € C,
k > r, and ¢, # 0 or all ¢, = 0. Let the symbol 0 denote the neutral element
for the operation of addition of formal Laurent series. The set IL of all formal
Laurent series at the point z = 0 forms a field over C with respect to the
operations of addition and multiplication. If » > 0, then the expression (1.7)
is called the formal power series at the point z = 0.

For all L(z) € L, we define the function A : L — Z U {+o0} as follows:

rift L(z) = ooczk,cr 0,
TR S P (18)
+oo if L(z) = 0.

For a function f(z), meromorphic at the point z = 0, we denote its ex-
pansion into a formal Laurent series at the origin (the one that coincides in
some neighborhood with the punctured point z = 0) by A(f), i.e. we define
the mapping A : f(z) — A(f).

The sequence of functions {fx(z)}r>0, meromorphic at the origin, is cor-
responding to the formal Laurent series L(z) at the point z = 0, if

i AL~ A(f)) = +o0.

If the sequence {fi(z)}r>0 is corresponding to the formal Laurent series L(z),

then the order of correspondence of the function fi(z) is defined as follows:
Vp = )\(L — A(fk))

In this case, by the definition of the function A in (1.8) it follows that the formal
Laurent series L(z) and A(fy) converge term by term up to the term with the
power (v, — 1) inclusive.

A continued fraction of the form (1.6) is called corresponding to the formal
Laurent series L(z) at the point z = 0, if the sequence of its approximants
{fr(2)} x>0 is corresponding to L(z) at the point z = 0. A sequence of functions
{fr(2)}x>0 (or continued fraction (1.6)) is called corresponding at the point

z = 0 to the function f(z), meromorphic at the origin, if this sequence (or
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continued fraction) corresponds to the formal Laurent series A(f) at the point
z=0.

Uniform convergence [10, p. 176]. Let D be some domain in C. Here, the
domain is an open connected subset of C.

A sequence {fi(z)}r>1 of functions meromorphic in the domain D is said

to converge uniformly on a compact subset K of D if:

(1) there exists N(K) such that fi(z) is holomorphic in the domain K for all
k> N(K), and

(ii) given € > 0 there exists N. > N(K) such that

su}c) | frir(2) — fu(2)] <&, k> Ney 7> 0.
ze

The sequence { fx(2) }x>1 of functions holomorphic in the domain D is said
to be uniformly bounded on a compact subset IC of D if there exist N(K) and
M (K) such that

8161’[5 \fe(2)] < M(K), k> N(K).

A continued fraction (1.6) is said to converge at z = z if its sequence of

approximants { fx(zo) }x>0 converges, and
I Fil=0)
is called its value.

A continued fraction (1.6) is said to converge uniformly on a compact
subset IC of D if its sequence of approximants { fi(2) }x>0 converges uniformly
on K.

Let O be some region in C. Here, the region refers to a domain which may
include all, part, or none of its boundary.

If for each z € O the continued fraction (1.6) converges to the finite value

f(z), then, for £ > 0,
f(z) = fu(z)
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is called the truncation error of the kth approximant [10, Chapter 8]. For k& > 0

the estimate of the form

1f(2) = fe(2)] < Ci(2)
is called a priori bound (or truncation error bound), where Cy(z) > 0, k > 0,
and Ci(z) — 0 as k — 4oo for z € O.

1.2. Continued fraction representations of functions

Many special functions in mathematics, physics, and engineering are hy-
pergeometric functions or combinations thereof (see, [10-12,38,79,80]).

The hypergeometric function is defined as follows [4]

+o00
F(a,b;c;2) Z Ji(b (1.9)
= (O

where a,b,c € C, c ¢ {0,—1,-2,...}, z € C,
(@)o=1, (a)g=ala+1)(a+2)...(a+k—1), a€C, k>1,

is the Pochhammer symbol. This function is also known as the Gaussian hyper-
geometric function. The power series (1.9) converges for |z| < 1 and diverges

for |z| > 1.

Example 1.1 ([79, p. 556]). The following special functions are expressed

wn terms of the hypergeometric functions

1 /1
F(1/2,133/22°) = - n (1 i ’z)
Z —_—

and

F(1/2,-1/2;1/2;2%)  2v1— 22
F(1/2,1/2;3/2;2%)  arcsin(z)’

Note that if f(z) is a multivalued function, then we will always take its

principal value.
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There exist 26 three-term recurrence relations of Gauss hypergeometric
functions [11, p. 294], also called contiguous relations [80, p. 94].

From the contiguous relation

—b
F(a,b;c;z):F(a,b—|—1;c—|—1;z)—z((z+1§zF(a+1,b—|—1;c—|—2;z)
we obtain the continued fraction [4]
F(a,b;c;2) U1z Uz
=1-— — ... C\ |1
F(a,b+ 1;c+1;2) -1 - € V[T, +00),

also called the Gauss continued fraction, where a,b € C, ¢ ¢ {0,—1,—-2,...},

_(a+k—=1)(c—b+Ek—1) (b +k)(c—a+k)
LT ok o) (e r 2k —1) T e 2k — )(c+ 2k)

Setting b = 0 and replacing ¢ by ¢ — 1, we have

1 U1z %

F(a,1;¢,2) = 1.1 1 z e C\[1,+00), (1.10)
where a,c € C, c ¢ {1,0,—1,-2,...}, and
kE—1 k—2 k(c— kE—1
S (a+ )(c+ ) oy — (c—a+ ) Bl

(c+ 2k —3)(c+ 2k —2)’ (c+2k —2)(c+ 2k — 1)’
Example 1.2 (|11, p. 297|). From (1.10) it follows that

F(1/2,1;3/2;2) = ij— <]+'i§:)

has the continued fraction

1
FU/2,1:3/22) = 3 = ==

where

k2
AR =1
Confluent hypergeometric functions. The function defined by [79, p. 504]

+OO(CL

k=0
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is called a confluent hypergeometric function, where a, b are complex constant
herewith b ¢ {0, —1,—2,...}. The function M(a;b; z) also called the Kummer
function.
For function
M (a,b; 2)
M(a+1;b+1;2)
we obtain (see, |10, p. 206])

M (a,b; 2) hiz  haz
=14+— —— ... C 1.11
M(a+1;041;2) + 1 + 1 + e (L.11)
where a,b € C, b ¢ {1,0,—1,-2,...}, and
b—a+k—1 a+k

hok—1 = — hop = k> 1
T T 2k —2)(b+2k—1) T b2k —1)(b+2k) T

From (1.11) we have the continued fraction

1 dlz dQZ
MLb+12)==- — — ... 1.12
where b € C\ {0, —1,—-2,...} and
b+ k—1 k

oy = — hoj, = k> 1
T T2k —2)(b+2k—1) " (b+2k—1)(b+2k) T

Example 1.3 (|11, p. 323|). From (1.12) it follows that

e’ —1

z

M(1;2;2) =
has the continued fraction

.., 2€C,

1 fiz foz
M2 =7, 74T

+ 1+ 1+

where

1 1
Jok—1 = ok —1) for = 22k —1)

k> 1

More examples of representing of the special functions as continued frac-
tions can be found in books [10, Chapter 6], [11, pp. 193-400], [12, Appendix A],
[81, pp. 193-212], and [82, Chapter 2].
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1.3. Basics of branched continued fractions

As a generalization of continued fractions (1.1), branched continued frac-

tions

N
D =
N a
11=1 11,02
b+ ¥

19=1 bi1,2 + Z

3=1

a/ilai27i3

bihiz,is + ..

were proposed by V. Skorobohatko in 1966 together with N. Droniuk, O. Bobyk
and B. Ptashnyk [17], where N is a fixed natural number, a;,, b;,, a;, ;,, b;

Zl,iQ) o ..

are the elements (this can be numbers, functions, etc.). The basics of the

analytic theory of branched continued fractions is presented in the books [18,
19,21].
We consider branched continued fractions with N = 2. Let ¢(0) = 0,
= {0}, and
= {i(k) : i(k) = (i1,d, ... ig), 1<, <2, 1<r <k}, k> 1,

be the sets of multiindices. For each [ > 1 the symbol u¥) (see, [19, p. 15])

denotes a vector in C? with components u;y, j(I) € Ij; for each [ > 1, k > 1,

and for each multiindex i(k) € Zj the symbol u%) is a vector in C? with

components
ui(k),j(l); Z(k) S Zka 1 < jp < 27 1 < P < l, jo = ik,
with the following order of components:

(1) Un@y = Uy (Witkyn@) = Wigk)m@)), if n(l) < m(l);
(i) n(l) < m(l), if ny < my or there exists index p, 1 < p < [, such that
ny =my, 1 <r <p,and ny < myq1.
Let
{air) Yt ez, k1> 10ik) Yitk) e, k0)

be an ordered pair of sequences of complex numbers such that:
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(1) aig # 0 for all i(k) € Iy, k > 1;
ii) if for £ > 1 there exists a multiindex (k) € Z; such that b;;y = 0, then
(k)
bik—1),; # 0 for 1 < j <1 and j # 4.
Let,
{tik) (gg(lg))}i(k)elk, k>0
herewith £\" = ¢ and
{Te (") 1o

be the sequences of two-dimensional linear fractional transformations defined

as follows

to(EW) = by + & + &,

(1) Qi(k) .
n; =t ) = ke, kE>1
it = i (8ige) bitk) + &iky1 T Gitry.2” )€ Lo k21

and
To(€W) = to(€"V), To(€™ V) = Tra(n™), k> 1.
Next, let {fi}r>0 be a sequence in C given as
fro = Tp(0¥ ), k>0,

where 0+ = (0,0,...,0) is a vector in C2""".

The ordered pair

(({a } k)T k>15 {b }(k)eIk,k20>>{fk}k20>

is the branched continued fraction denoted by symbol

2
a;
bo+ Y - <: . (1.13)
= (2
Fbi) + Z o
SIS e
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The numbers @), i(k) € Iy, and by, i(k) € Iy, are called the kth par-

tial numerators and partial denominators, respectively, and are also called the

elements. The value

2
a;
fr=bo+ Y A (1.14)

Zl_l zl +Zb

121

’L

i

is called the kth approximant of the branched continued fraction (1.13).

To write a branched continued fraction, we will also use the following

symbols:
(1) - @i(2) L a (3)
bo + : ! !
@Z—:l i(1) + Z::l bi2) + ; bis) +
and
400 2 a ®
b (2
0+ D Z b ,
k=1 Zkil
and for kth approximant,
2 2 )
fr ="bo + Z Z Z k)
bin) + 551 i = biw)
zk
and
fre =bo + p Zz_l by
respectively.

As in the one-dimensional case, we will also consider branched continued
fractions, in which the partial numerators and, under certain conditions, the

partial denominators can be zero. We assume that for alla € C and b € C

a
0O 0 0
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and that the approximant (1.14) makes sense if we do not obtain the uncer-
tainty of 0/0, when it is folded from bottom to top without any reductions in
intermediate operations [19, pp. 20-27].

The branched continued fraction (1.13) converges [19, p. 46], if at most
a finite number of its approximants does not make sense, and the sequence

{fx }r>0 converges to a finite limit f, i.e.

f= lim f., feC.
k—+o00

In this case, f is called the value of the branched continued fraction (1.13).
Otherwise, the branched continued fraction (1.13) diverges.
If (1.13) is a branched continued fraction with positive elements, then the

so-called fork property holds [19, p. 29], i.e.

for—2 < for < fors1 < for—1, K> 1.

Formula of difference of two approximants [83|. Let FZ.((%(Z), i(k) € Iy,
1 <k <n,n > 1, denote the so-called tails of branched continued fraction
(1.13), that is
F" = by, i(n) € T, n > 1,

and )
(n) Aj(k+1)
Fii = bigy + Y 5 - :
=l p i(k+2)
i(k+1) T
Z.k;:l bi(k+2) +

where i(k) € I, 1 <k <n—1,n > 2. Then

2
Fn) — by + Z %, ik)eZy, 1<k<n-—1 n>2
ivi=1 Li(ht1)

and

Jad

2
fn:b0+za“i;, n>1.
i1=1 % 4(1)
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IfF 7&0 i(k) € Iy, 1 <k <n,n>1, then for m > n > 1 the formula
holds
2 2 2
o — —ny Y (n) 0 DO - NS E)

1F F

i( i(n) " i(n) tnt1=1 7 4( )

21:

Let

do + D Z To (1.16)

k=1 i,=1

be a branched continued fraction with sequences of approximants {gx }r>o.
A branched continued fraction (1.16) is called the majorant [19, p. 51] of a
branched continued fraction (1.13) if there exist ny > 0 and M > 0 such that

|fn+k‘ - fn‘ < Mlng—k - gnla n = ny, k> 0.

Let z = (21, 27) € C? = C x C and Zx be the set of nonnegative integers.
An important application of branched continued fractions is, in particular, to
represent special functions expressed by formal double power series at z = 0

—+00

L(z) = Z (21 %

p,q=0

as branched continued fractions

boz) + )Y i) () (1.17)

where a,, € C, p > 0, ¢ > 0, bo(z), a;x)(2), biw)(2z), i(k) € Iy, k > 1, are
polynomials in z. The key points here are the correspondence principle and the
fork property.

Correspondence (see, [57] and [11, pp. 30-35]). Let L be the set of formal
double power series L(z) at the z = 0, f(z) be function holomorphic in a
neighbourhood of the origin z = 0, and let the mapping A : f(z) — A(f)

associate with f(z) its Taylor expansion in a neighbourhood of the origin.
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A sequence { fi(z)}xr>0 of functions holomorphic at the origin corresponds

to a formal double power series L(z) at z = 0 if

lim AL — A(fi)) = +o0,

k—+o00

where A : L — Z>o U {400} is the function defined as follows:

kif L(z) # 0,
+oo if L(z) =0,

where £ is the smallest degree of homogeneous terms for which a,, # 0, that
isk=p+q.
If {fx(z)}r>0 corresponds at z = 0 to a formal double power series L(z),

then the order of correspondence of fi(z) is defined to be

v = AL = A(fr))-

By the definition of A, the series L(z) and A(f;) agree for all homogeneous
terms up to and including degree (v — 1).

A branched continued fraction (1.17), whose elements are polynomials in
C?, corresponds to a formal double power series L(z) at z = 0 if its sequence
of approximants corresponds to L(z).

To prove our results, we will use the following two theorems.

Theorem 1.2 (Weierstrass’ Theorem [84, p. 23|). Let a sequence
{ fe(z)}x>1 of holomorphic functions in a domain D of C* converges to a func-
tion f(z) uniformly on each compact subset in D, then f(z) is holomorphic in
the domain D, and for any p >0, g > 0,
filn) | ()
027024 ” 027023

as k — +00 on each compact subset in D.

Theorem 1.3 (Principle of analytic continuation [85, p. 39|). Let the func-
tions f1(z) and fo(z) be holomorphic in the domains Dy and Dy of C?, respec-
tively, and let Dy N Dy be the domain. Let, further, in a real neighborhood of



38
the point z° from Dy N Dy the functions fi(z) and fo(z) coincide. Then these

functions are an analytic continuation of one another, i.e., there is a unique
function f(z) that is holomorphic in Dy U Dy and coincides with fi(z) in Dy
and with fo(z) in Ds.

Here, the domain is an open connected subset of C2.
Uniform convergence (see, |19, § 4] and [10, p. 176]). Let D be a domain
in C2. A sequence {f1.(z) }x>1 of functions holomorphic in the domain D is said

to converge uniformly on a compact subset IC of D if:

(1) there exists N () such that f;(z) is holomorphic in the domain I for all
k> N(K), and

(ii) given € > 0 there exists N. > N(K) such that

sup | fesr(2) — fu(2)| <e, k> N, r>0.

zelC

The sequence { fx(z)}x>1 of functions holomorphic in the domain D is said
to be uniformly bounded on a compact subset IC of D if there exist N(K) and
M (K) such that

Sup |[fe(2)] < M(K), k= N(K).

A branched continued fraction (1.17) is said to converge uniformly on a
compact subset I of D if its sequence of approximants {fi(z)}r>0 converges
uniformly on C.

Let D be some region in C2. Here, the region refers to a domain (an open
connected set) which may include all, part, or none of its boundary. If for each
z € D the branched continued fraction (1.17) converges to the finite value f(z),
then, for £ > 0,

f(z) = fu(2)
is called the truncation error of the kth approximant (see, for example, [59]).
For k>0
f(z) = fr(z)| < Mi(z)
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is called a priori bound (or truncation error bound), where My(z) > 0, kK > 0
and, in addition, My(z) — 0 as k — +oo for all z € D.
In addition, we will use the following lemma [86, Corollary 2| (see also
|10, Lemma 4.41|) and the following theorem [49, Theorem 3| (see also [19,
Theorem 2.17| and [16, Theorem 24.2]).

Lemma 1.1. Ifu > 7 > 0 and n? < 4€ + 4, where £, € R, then

Re<§+in) Ve ¢
2u '

—ooilz}g—i—oo U+ B

Theorem 1.4 (Convergence continuation theorem). Let { fx(z)}r>1 be a
sequence of functions, holomorphic in the domain D, D C C2%, which is uni-
formly bounded on every compact subset of D. Let the sequence converge at
each point of the set £, & C D, which is the real neighborhood of the point z"

D, e,
Rz, 7)={z€C?: |z—2°| <7, Im(z) = Im(2")}, 7 > 0.

Then, {fr(z)}r>1 converges uniformly on every compact subset of D to a func-

tion holomorphic in D.

1.4. Branched continued fraction representations of functions

The natural two-variable extension of the series (1.9) is the double hy-
pergeometric series. In 1931, J. Horn [37] listed all convergent hypergeometric

series of the second order: fourteen complete series, including

+00

. b (b)), P4

Fl(a7b17b2;c; Z) - Z ( >p+(qC() 1_2p( 2)q pllq?,
g 1q!

p.q=0
+oo
) Co\ (a)p+q(bl)p(b2)q z?zg
FQ(a7blub2a017027z) - Z (Cl)p(62>q p'q| ;

p,q=0
Fs(a1,a2,bl,bz;c; Z) =

+0o0

ay)p(as)q(b1),(be), 2222

- $S bl EL |y s
p+q Iq!

|Zl‘ < 1, |ZQ‘ < 1, (118)

2]+ <1, (1.19)




Piabenonm = Y. Wexela sy

a,bicy,coz) = z z
4\, v, €1, €2, ot (Cl)p<c2)q p'q'y 1 2 )

Hs(a,b;c;z) =
400 2

b p_ 4 1 1
- (@)2p+4(b)q lezf, 21| <1y |zl <s, r+[s—=) =,
(hprq P! 2/ 4

p,q=0

Hy(a,b;cy,c0;2) =

_ f (@)2p1q()g 27

) < 3 < ,4 — 1 2’
(c1)p(c2)g pld! 21| <1y |20 <5, dr = (s —1)

P,q=0
and twenty of their confluent cases, including

—+00

b 4 1
H6(a;c;z) = Z @ﬂﬂ |le <

oy (€)pt+q Plg! 4’

Hotaor gy — N (@2 223 1
rlaseneis) = 3 e et P11

p,q=0
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(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

where a,ay,as,b,by,bo € C and ¢, cy,co € C\ {0,-1,-2,...}, z € C% Note
that (1.18)—(1.21) are also called Appell’s hypergeometric series [88]. A list of

systems of two partial differential equations, whose solutions are these thirty-

four functions, can be found in [38, Section 5.9]. In particular, the solutions of

partial differential equations

( 0%u 0 0 ou
Zl(l — 421)8_2;% — 4212282182’2 — Z%a—zg —I— (Cl — (4& —|— 4)21)8—21
. —(3a+ 2)Z2§)_u —ala+ 1)u =0,
Z9
U 0% ou ou
) 1 — 29) 2o — 2bzy o - 2 abu=
\ 2129 9705 + 29(1 — 29) e bz 97 + (g — (a+ b)zz)az2 abu =0

are expressed by means of Horn’s hypergeometric function Hy [37] (see also 38,

p. 235]), where u is the unknown function of z. For more on hypergeomet-

ric functions from Horn’s list, see, for example, [38, Sections 5.9-5.12], 39,

Chapter 1], and [87, Chapter 9]. In particular, the recurrence relations for the

function (1.23) can be found in [37,38,89,90].



41
First expansions of the ratios of hypergeometric series
Fi(a; by, by; c; 2)
Fila41;by+ 6, by +6):c+1;2)

j=1,2. (1.26)

into formal branched continued fractions were considered in [40], where 5? is
the Kronecker symbol. However, no explicit formulas for the coefficients of the
constructed branched continued fractions were found, nor the criteria of their
convergence were established. Later, in [41], the explicit formulas for such
expansions was obtained. Other formal expansions for (1.26) can be found
in [34]. Of all the constructed branched continued fractions, it was only proven

that for each @ = 1,2 the expansion (see, [42])

converges to a function whose expansion is, and that it provides an analytic
extension of this function into the domain
5 1 1
D=3z€cC*: Re(x) < ot Re(zg) < 5
under the conditions a > 0, by > 0, by > 0, 2¢ > a + by + by + 1, where

2
7 1 br
v(())(z)zl—a+ 2 — g —

C
r=1

_ (a+ k) (b, + 0ir))
(et k- 1)(c+k‘)

sz(l — Zik)a Z(k) € Ik, k > 17

(i) . _at+k br + ik ‘
vl(k)(z) =1 c+ kz Zl c+k '27”7 Z(k) € Ika k> 17

y =6, i(1) € Ty, o Zé“uréfk,' €Ty, k> 2.

Expansions of the ratios of hypergeometric series (1.19) into formal bran-

ched continued fractions can be found in [33,43]. In [44-46] a special case
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of a branched continued fraction, constructed in [43|, was investigated. In

particular, the following result was obtained.

Theorem 1.5 ([45, Theorem 7). Let a, by, and ¢y be real constants such
that 0 < up < 7, k> 1, where
(bo+k—1)(cc—a+k—1) o — (a+k)(cg — by + k) -
(o +2k—2)(ca+2k—1) " " (ca+2k—1)(ca+2k) = =

T 15 a positive number. Then the branched continued fraction

U2k—1 =

1 U122
AT ) UoZ2
o 1 U329
B UyZo
1 _
1—.

converges uniformly on every compact subset of the domain

D, = {Z€C2Z 21 € [1,400), 20 & [%,—i—oo)}

to a function f(z) holomorphic in D, and, in addition, the f(z) is an analytic
continuation of function
Fy(a, by, ba; by, co;2)
Fy(a+1,by,b9;b1,c0 + 1;2)

in the domain D;.
The following theorem was proved in [33].

Theorem 1.6. Let aq, as, by, by, and c be real positive numbers such that

by +1 by + 1
CL1+ 1+ 7bl+a2—l— 2‘|— }

> b
c max{2+ 5 5

Then:

(A) The branched continued fraction

2
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converges to a finite value f(z) for each z € D, where

1
D= {z cC’; §—Re(zk) > |zl — 2, k= 1,2,}

b 1
w(z)=1— %21,

(@i, +6)(bi, +6})
B c(c+1)
(i, +pigry — 67,) (biy, + pigy — 67,

zi,(1 =0} z), i(1) € Ty,

1

ul(k)(z) - (C +n— 1)(C+ n) sz(l - 52;’:,12%)7
i(k) € Iy, k> 2,
ai, + bi, + 2pig + (1%
Vi (2) =1 — C+(Z) =) Ci(k) €Ty, k> 1,
k
pigy = 00, i(k) € Te, k> 1.
r=1

(B) The convergence is uniform on every compact subset of Int(D), and f(z)
is analytic on Int(D), where Int(D) is the interior of the region D.
(C) The function f(z) is an analytic continuation of the function

Fs(ay, a2,by,b9;¢;2)
Fs(a1 + 1,a9,b1 + 1,b;¢ + 1;2)

in the domain Int(D).

An expansion of the ratio of the series Fy into a formal branched continued
fraction was constructed in |47|. The expansions of the series ratios (1.22)
and (1.24) into branched continued fractions were constructed and investigated
in [49,50] and [51-53], respectively. In [54-56], expansions of the series ratios

(1.25) into continued fractions were constructed and investigated.
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CHAPTER 2

CONSTRUCTIONS OF BRANCHED CONTINUED
FRACTIONS

This chapter considers the Horn hypergeometric series H,. Contiguous and
recurrence relations play a key role in constructing expansions of hypergeomet-
ric series ratios into branched continued fractions. In Section 2.1, we establish
three- and four-term recurrence relations, and in Section 2.2, we construct

formal branched continued fraction expansions.
2.1. Contiguous and recurrence relations

We prove two contiguous recurrence relations for the Horn hypergeometric
series (1.23).
Theorem 2.1. The following assertion holds

Hy(a, b1, co; 21, 22) — Hy(a, b+ 15¢1,¢05 21, 20) =

= —2Z2H4(a+1,b+1;01,62+1;Zl722). (2.1)
C2

Proof. By formula (1.23), we obtain

Hy(a,b;c1,co; 21, 22) — Hy(a, b+ 15 ¢1,¢05 21, 22) =

0 0

@)ap+q(D)g 2173 @)opq(b+ 1)g 2123
:Z() (b) _Z() (b+1) _

(c1)p(c2)q Plg! (c1)p(c2)y  pld! N

Pa=0 p,q=0
-y Wby, A
p>0, ¢>1 (c1)p(c2)q plq!

== Z (@4 1)opg-1(b+ 1)g-1 Zzlqu_l

= ——Z _=
i (c1)p(c2+1)g—1  pl(g—1)!
__a, Z (@ + Daprg(b+ 1), 2723 _
¢ (c1)p(c2+1)g  plg!

p>0, ¢>0

= —EZ2H4(CL + 1,0+ 161,00+ 15 21, 20).
C2
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Thus, the recurrence relation (2.1) is proved. ]

Theorem 2.2. The following assertion holds

Hy(a,b;ci,c0;21,22) — Hy(a, b+ 15¢1,00 + 15 21, 20) =
a(co — b)
ca(ca + 1)

zoHy(a+ 1,0+ 15¢1, 00 + 25 21, 29). (2.2)
Proof. Using the idea of proving relation (2.1), we obtain

Hy(a,b;c1, ¢ 21, 22) — Ha(a, b+ 151,00 + 1521, 22) =
(@)oprg(b+ 1)1 (b b+q | 223
p>%>1 (c1)p(c2 +1)g—1 <C_2 - Co + Q> plg!
_ Z (@)2pq(b+ 1)g-1 g(co —b) 2725 _
(c1)p(ea +1)g-1 cale2 + q) plg!

p=0, ¢=1
_ a(ca —b) . Z (@4 1)oprg1(b+1), 2247 _
ca(ca +1) o) (c1)plea+2)g-1 pl(g—1)!
= —%@Hda + 1,4+ 1;¢1, 00+ 2; 21, 29).
The theorem is proved. |

Next, we also prove three four-term recurrence relations for the hypergeo-

metric series (1.23).

Theorem 2.3. The following assertion holds

Hy(a,b;c1, 09521, 20) — Ha(a+ 1,b501 + 1, 095 21, 20) =

(2¢1 —a)(a+1)
S s Hy(a+2,b;¢1 + 2,695 21, 29)—
c1(cp + 1) 1 ! 221, 72)

b
——2zH(a+ 1,04 1,1+ 1, ¢0 + 15 21, 29). (2.3)
€2

Proof. In the left part (2.3) using (1.23) and separating the terms at

p = 0, we have

Hy(a,b;ci,co;21,20) — Hy(a+ 1,051 + 1, ¢5 21, 20) =



N @)2piq(b)g 212 — (a D)apiq(b)g 2125
:Z() a(b)g _Z(+) (b) _

(c)p(e2)g Plat 2= (er 4+ 1)ylea)y pla!
(a

- >~ (a+1),(b), 24
R P
1

q q!
(a+1)2prq-1(b)q <CL a+2p+q) 2 2d _

+ —_—
p=1, ¢=0 (e1 4+ Dpalea)y \a cL+p plq!
 (a+1),1(b 4
:Z( e )q(a—a—Q)—er
(02)61 q'

Since

q
(@ + Daprg-1(b)ypa — 2pey — qey 2728 _
(1 +1)p-1(c2)g  cle+p)  plg!

3 (a4 1Dy a(b+ 1)y 12" N i (@ +1)gp-1p(a —2a1) 21

— (a1 + 1)p-1 ai(er +p) p!

(ca+1)4-1 q!

+ Z (a+1) 2p+q 1(b)g pa — 2per — qey 2723 _
Dp-1(c2)g  ala +p) plq!

b i( Dy(b+1)y 2

= ——Z
Co 2 — (02 —+ ]_) q'

p>1, g>1

-1

_(QCl—a)( +1)Z - (a+2)9p—2 27 B
e+ 12:(01+2)p 1 (p—1)!

1)
n Z a+1)2p+q 1(b)gpa — 2per — qer 217

p>1, ¢>1 —1(e2)q ci(cr+p)  plg
— (a+1), (b+ ) 2z (2c1—a a+1zzoo:(a+22pzl
ql 1 |
=0 (c2+1), ¢ ci(c1 +1 p:O (1 +2), p!
J
)
|-

+ Z (a+ 1)2p+q71(b)qpa — 2pcy —qer z
p>1, ¢>1 (er + D)p-a(ca)g ala+p)  plg!

Z (@ + 1)ap+g-1(b)q 2} 23 pa — 2pcy — qey _
p>1, ¢>1 (c1+ 1)p-1(c2)g plgt  ci(er +p)

_ (2a—a)(at 1),21 Z (@ + 2)2p-1)+4(b)g il 22

ci(er +1) (c1+2)p-1(c2)g (p—1lq

p>1, g>1

46
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-1

_£Z2 Z (CL + 1)2p+q-1(b + 1)q_1 Zifzg _
€2 STt (1 +1)p(ca+1)—1 pl(g—1)!
_ (2¢1 —a)(a + 1)2 Z (@ + 2)9p44(b), zfzg_
ci(cr+1) 1p20’ < (c1 + 2),(c2), P!
b Z (@ + 1)1 q(b+ 1), 2125
(c1 +1)p(c2 + 1), plg!

and, consequently,

o

2¢c1 —a)(a+1 (a+2) 2P
( 1 le 2p “1
ci1(cp + 1) (1 +2), p!

eaaarn), - (0t DBy 41

ci(er +1) 5 (et 2)(e)g plgt
_ (2¢1 —a)(a + 1)21 Z (@ +2)ap1q(b)g 2125 (2.4)
ci(cr +1) S (c1+2)p(c2)y Plg!”
and
__22 Z 1) B EZQ 3 (@ + D)opig(b+1)g 2125 _
(co -i- C]' C2 ST es0 (c1 4+ 1)plez + 1), plg!
_ _£z2 o ot Va0t Dy (2.5)
s (1 +1)p(ca+ 1), plg!’

p=>0, ¢>0

then, adding (2.4) to (2.5), we are convinced of the validity of four-term recur-

rence relation (2.3). |

Theorem 2.4. The following assertion holds

Hy(a,b;c1, ¢ 21, 22) — Hy(a + 1,b;c1,¢0 + 1521, 22) =
2(a+1)

= ————zHy(a+2,b;c1 +1,¢0 + 121, 22) —
1

b(cy — a)
————— 2 H(a+ 1,0+ 1;¢c1,c0 + 2; 21, 20). 2.6
ey Lo+ 221, 2) (26)

Proof. Using the idea of proving the relation (2.3) in the left part (2.6)



with separation of terms at ¢ = 0, we get
Hy(a,b;c1, 00521, 22) — Hala + 1, b5 c1, 00 + 15 21, 22) =

@y ? Selat Dy
_Z(Cl) pl Z (Cl)p +

|
PZO p=0 p:

v 3 el (ﬁ . a+2p+q) A4 _

p>0, ¢>1 p(2+ 1)1 \ e o +q plqg!

2(a+1 a+2)sp-1) 4
= —Qzl Z ( ) (p—1) <1 -
C1 =1 (Cl + l)pfl (p — ]_)
— Z (@4 1)2psq-1(b)g 2pca + ez — qa 2]z _
>0, ¢>1 (c1)p (C2 + 1) -1 62(02 +q) plg!

oo

-|—2 2p21

z
1 Cl+1pp'

p=0
_ Z (a + Doprg-1(b)g  2p 212’2
p>0, ¢>1 (Cl)p(CZ + 1)q—1 Cco + qp: q‘

Maza) s @t Do (b4 Dy P!

- _le zoo: Mz_f_
“l 0 (c1+ 1)p p!
_le Z (a+2)aprqa(b), 2" )
a A (@l 1) (-1l
LG B o (P (Rl I
ca(ca + 1) >0, 50 (1)l +2), plg!

et ), s lak Dy
1 (C

1 ol 1), p!
_le Z (a+2)apiq(b)g 2123 B
€ 250, g>1 (c1+1)p(ca + 1), plg!
MZQ Z (a+1)2psq(b+ 1), 2122 _
ca(ca + 1) P50 a0 (c1)ple2 +2),  plg!
(

— _le Z a+ 2)2p+q(b)q zfzg

p>0, ¢>1 (c1)p(ca +2)4—1 pl(g—1)! -

43



_blez—a) % Z (@ + 1)opsq(b+ 1)g 2725
Calea+1) 7 o= (ol +2)g  plg!

49

Finally, in view of formula (1.23), we directly obtain the four-term recurrence

relation (2.6).

We prove the following theorem.

Theorem 2.5. The following assertion holds

H4(@a b; c1, ¢2; 21, 22) - H4(CL +1,0;¢1, ¢2; 21, 22) =
2(a+1)

= ————zHy(a+2,b;c1 + 1, ¢9; 21, 22) —
¢

b
——29Hy(a+ 1,0+ 15¢1,¢0 + 15 21, 29).
C2

Proof. We have

Hy(a,b;cr, 0521, 20) — Hy(a+ 1,05 ¢1, ¢9; 21, 22) =

o0 e}

@)2p+q(D)g 2173 @+ 1)oprq(b)g 2173
_S° @ S ot D4

(c1)p(c2)q Plg! (c1)p(e2)g  plg!

_ f: (a)q(b)q 23 i (@ +1)q(b)g Z_g+

p,q=0

2 ), @2 @ d
+ a+ 1>2p+q—1(b)Q(a —a—2p— q) Zyljzg _
p>1, ¢>0 (Cl)p(CQ)q p'q'
2ad

b - (a+ 1)q—1(b + 1)(1—1 Zg_l

— Z (a/ + 1)2p—|—q—1<b)qz Z{) Z_g_
p>1, ¢>0 (c1 4+ 1)p-1(c2)g a1 (p— Dl ¢!
_ Z (CL + 1)2p+q—1(b —+ 1)61—1 Ez_f Z‘Q] _
p=1, ¢=1 (cr)p(ez + 1)q—l cop! (g —1)!

1) g
B __ZQZ CQ—|—

ql

(2.7)
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_le Z (@ +2)2p1q-2(b)g Zp_lzg B
“ p>1, ¢>0 (c1 +1)p-1(c2)g (p—1)!q!

b, 3 (a+1)oprga(b+ 1)1 228"
C (c1)p(ea+1)g—1 pl(g—1)!

p>1,¢>1

_ et D) T (@ +2)apiq(b)g 2528
“ p>0, ¢>0 (1 + l)p(c2>q plq!

_EZZ Z (@ + 1)opsg(b+ 1) zfzg'

€2 (c1)p(ea+1),  plg!

p=>0, ¢>0

Finally, using the formula (1.23), we obtain the relation (2.7). ]

2.2. Branched continued fraction expansions

We consider the following ratios

H4(Cl,b; CI7CQ;Z) H4(Cl,b; Cl,CQ;Z)
Hy(a+1,b;¢1 4+ 1,¢9;2)" Hy(a+1,b;¢1,c0 + 1;2)

and

Hy(a,b;c1,c2;2)
Hy(a,b+1;¢1,00+ 152)

Let (ij)o = (i0, jo) be a double index and

7= {(17 1); (17 2); (272)}

be a set of double indices. Then, for each (ij)y € Z we set

H4(Cl, b7 C1, C2; Z)
Hy(a+ 0, ,b+067;c1+ 0 ,c0+065;2)

Jo’?

Rij,(a,b;c1,c0,2) = (2.8)

where 52‘.7 is the Kronecker symbol. Now, let (ij)r = (i1, j1, 2, Jo2, - - - » ik, ji) be
a multiindex. Then, for each pair (ig, jo) € Z we introduce the following sets

of multiindices

L ={(ij: 1<ip <2-062 |, je=1ix+0% }, k> 1.
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Example 2.1. If (ij)o = (1,1), then

It ={(1,1;(2,2)}, T ={(1,1,1,1); (1,1,2,2);(2,2,1,2)},
o' ={(1,1,1,1,1,1); (1,1,1,1,2,2); (1,1,2,2,1,2);

Y Y Y Y Y Y Y Y Y Y

(2,2,1,2,1,1);(2,2,1,2,2,2)}, ete.

Next, for each (ij); € I,gij)o, k> 1, we set

k—1 k—1
(tj)o _ 1 (o 9
%’j)i =0T Z 0, b(ij)2 =0+ Z 0j, » (2.9)
r=0 r=0
and
y k-1 - k-1
p = e+ Y d v =+ 8 2.10)
r=0 r=0

We prove the following theorem.

Theorem 2.6. For each (ij)y € Z the ratio (2.8) has a formal branched

continued fraction

2-07, ()0, 2-67 C 2-07, (9o,
1 (U)l n ('LJ)Q J2 (23)3 J3 2 11
— T T TERRERE (2.11)
11=1 10=1 13=1
=i o2, Ja=ia+07, Ja=iz+07,

where for (1j)i € I,gij)o, k>1, (ij) € Z,

k—2 k—2
(201 —a+ Z(%}T — 53)) (a +14+ Z 511)
(i) r=0

r=0

Uiy = -2 —2 (2.12)
<01 + Z 5le> (Cl + 1 + Z 5J1r>
r=0 r=0
if ih—1 = Jp—1 =1 = Jp = 1,
k—2
b+ o7

(ij)o r=0

e = — (213

. k-2 7
52
CQ‘% I
r=0
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if th—1 = Jp—1 = 1, 4 = Ji. = 2,

k-2
2 <a+1+25}r>

0o __ r=0
= — (2.14)

c1+ Z(S]lr
r=0

if Jr—1 =2, ip—1 = 1, = Jr = 1,

k—2
<b+§ 52) (cQaJrE 51>
(ij)o r=0
uih = — (2.15)
<C2+§ 5%) <CQ+1+§ 5]{)
r=0 r=0

l])k
if tg—1 =1, Jp—1 = 1 = Jr = 2,

k—2
<a+25i1r) <02b+z — ;) )
(ij)o __ =0
Uiy, = P (2.16)
<C2 +) 5]%) <02 +1+ Z 5;)
r=0 r=0
if Jr—1 = k-1 = Jr = 2, 1, = L.

Proof. Dividing the relation (2.3) by Hy(a + 1,b;¢1 + 1,¢2;2), (2.6) by
Hy(a+ 1,b;c1,c0 + 1;2), and (2.2) by Hy(a,b+ 1;¢1,¢0 + 1;z), we obtain

Ri1(a,b;cr,c0;2) =

(e~ a)a+ 1) b
<1 —2Z9

_1_ Cl(Cl + 1) o (&) <2 17)

Rii(a+1,b;¢c1 4+ 1,¢9;2)  Ropla+1,b;¢141,¢0;2) .

Ria(a,b;cr,c;2) =
2 1 blco — a
(a+ )21 (c2 ) 2

1 1 _ &l +1) (2.18)

Rip(a+1,bjer,co+152)  Ryap(a+ 1,051,604+ 152)° '

and
a(co — b)
(2t 1)

Rys(a,b;ci,co2z) =1 — ©2\% (2.19)

Ris(a, b+ 1;¢1,c0+ 152)’
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respectively.

Hence, for any (ij)o € Z it follows

Riijyo(a, b e, c;2) =
g (id)o
0 " L
E (ij)1 "N
o (2.20)
=1 Ril’jl (CL T 5210’ b+ 51'207 c1 + 5]10’ co + 5]20’ )
]1—i1+5§0

where UEZ%?’ (1)1 € Il(ij)o, (ij)o € Z, are defined by (2.12)—(2.16). Furthermore,

this is the first step to constructing branched continued fraction expansions.

By analogy, it is clear that for

(i)po1 € I k> 2, (i) € T,

the following relation holds

Riy g (a0 oo )00 gy —
2— 512k L ij)o

J
23
=1- Y DR
ip=1 Rik,jk(ag ; 7bE§) :u( 9o V(j)oz)

52 i)k’ P (ig)k
Jk= Zk+1k1

(
U

where u(i1", (ij)x € Z,”", k > 2, (ij)o € I, are defined by (2.12)(2.16), (1),
bEZ;Z and “EZ;Z’ V((ZJJ))Z, (i) € I,i”)o, k> 1, (ij)o € Z, are defined by (2.9) and

(2.10), respectively.

Substituting relation (2.21) at £ = 2 in formula (2.20) on the second step
for any (ij)o € Z we obtain

2-03, (i5)o
u, "z
()1~
-1
; 20, uEZ:J:;OZJ
= 1=y D
(o p(id)o, ()0 . (id)o
=l R o (@i, Oiyat Hinge Viiias ?)
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Next, applying recurrence relation (2.21) after n steps, we have

R('j)o(aa byci,c2;,2) =

2-67 (i) 2-67 (ij)o 207 (ij)
20 . 1 . n—2 0 .
o Z Wiz), i Z Wij), %o Z i)y P
; 1 - 1 - - , 1 _
11=1 19=1 in_1=1
J1=i1+07, Jo=iz+07, Jn—1=in-1407 _,
2 ..
2- 5Ln 1 U(ZJ)O 2
(Zj)n In

> W 2.22)
— ¢ (ig)o 1(id ’ (
-1 Rij. (a(z’j)n’ b(z’j

jn:in +5Z2n7 1

where ug ; (ig)r € I(ij)o, 1 <k <n, (ij) € Z, are defined by (2.12)—(2.16),
agzjgn, bgw.go and ,uE ; , V((zjj))z, (1j)n € I,S”)O, (ij)o € Z, are defined by (2.9) and

(2.10), respectively.

Finally, by the recurrence relation (2.21), from (2.22) we obtain the formal
branched continued fraction (2.11) for the ratio (2.8) for each (ij)y € Z. ]

Note that there are three different branched continued fractions in (2.11).

Example 2.2. The ratio Ry 1(a,b;c1,c;2) has a formal branched contin-

ued fraction

1,1
1 - 1,1 1,1 o
1 C11,1,1%1 C11,2,2%2
1,1 11 1,1
1 _ C1,1,1,1,1,1zl C11,1,1,2,2%2 01,1,2,2,1,222
1— 1— 11—
1,1
11
1 Cylp1 272
11 11
1_ C391211%1 02,2,1,2,2,222

L= L=

Next, we will consider the following special cases

Hy(a, co;c1,¢;2)
Hy(a+1,¢9;¢1 4+ 1,09;2)
Hy(a,co + 15¢1,00;2)
Hyla+1,¢c0+4 15¢1,¢0 + 1;2)°

(2.23)

(2.24)
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and
Hy(a,c2 + 1;c1,002) (2.25)
Hy(a,co+2;5¢1,c0 + 1;2)
The following theorem holds.
Theorem 2.7. The ratio (2.23) has a formal branched continued fraction
1 — 2 — . (2.26)
11— 29 — U321
1-— 29 —
-
where
w, = Pazatk—Dlathk) o (2.27)

(1 +k—=1)(c1 + k) o
Proof. Let b = ¢y and (ij)o = (1,1) in Theorem 2.6. Then, in the first
step, from (2.17) we get

Rii(a,co;c1,0052) =
(2¢1 —a)(a+1)
ci(c1 + 1) “ 29
B Rii(a+ 1,001 + 1,95 2) B Ros(a+1,co501 + 1,¢9;2)

—1 (2.28)

Replacing a by a+1 and ¢; by ¢; + 1 in (2.17), in the second step we have

R171(CL + 1,c0501 + 1, ¢9; Z) -
2 +1)—(a+1)((a+1)+1)
(1 4+ 1)((e1 +1) +1)

= 1= Rl,l(a+2,02;cl+2,02;z) N
(2¢1 —a+1)(a+2)
B 2 . (a+Da+2
RQQ(CL + 2, Co2,C1 + 2, Co, Z) - Rl,l(a + 2,02; C1 + 2, Co, Z)

)
RQQ(CL + 2, Co; C1 + 2, Co; Z).

Again replacing a by a + 1 and ¢; by ¢; + 1, but now in (2.19), we get
(a+1)(c2 — )

CQ(CQ + 1)
Ris(a+ 1,04+ L5014+ 1,60+ 152)

<2
= 1.

Ros(a+1,c0;¢1 +1,¢9;2) =1 —
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Next, substituting the obtained results into (2.28), we obtain that

Ryi(a,co;c1,00;2) =1 — 29—
(2¢1 —a)(a+1)

<1
_ ala +1) (2.29)
(201—a+1)(a+2)2 ' '
- (cr+ D +2) B 29
Rii(a+2,co501 +2,00:2)  Roa(a+2,c50 +2,¢0;2)
By analogy, for £ > 1 the following relations hold
Riij(a+k—1c01+k—1,¢052) =
(2¢c1 —a+k—1)(a+k)
2
L 2  (a+k-D(at+k) (2.30)
Ros(a+k,cosc1+ k,co52z)  Rii(a+k,cose1+ k,co52) '
and
RQ’Q(CL‘F]{,CQ;Cl —|-]€,CQ;Z) =1. (231)
Applying the relations (2.30) and (2.31), after n step we obtain
Riq(a,co5c1,0052) =
(2c1—a)a+1)
1
— 1y ale 1) (2.32)

(2¢; —a+1)(a+2)
(1 +1)(c1 +2)
(2¢1 —a+n—1)(a+n)
(cp+n—1)(c1+n)
" Ri(a+n,co01 +n,c0;2)
Finally, by (2.30) and (2.31), from (2.32) we obtain the branched continued
fraction (2.26) with coefficients defined as (2.27) for the ratio (2.23). ]

<1

1—22—

21

If we set b = ¢y + 1 and choose (ij)y = (1,2) in Theorem 2.6, the following

result can be proved in much the same way as Theorem 2.7.

Theorem 2.8. The ratio (2.24) has a formal branched continued fraction

Co — Qa V121

1 29 —

U370 , (2.33)

V321
1—.

C2

1—22—

1—22—
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where

., ~ 2(a+1) ; (2 —a+k-=3)(a+k)
T T (a+k—2)(a+k—1)

Setting a = 0 and replacing ¢; by ¢; — 1 in Theorem 2.7 or setting a = 0

k> 2. (2.34)

and replacing cs by co — 1 in Theorem 2.8, we have the following result.
Corollary 2.1. The function
Hy(1, 951, o5 2) (2.35)

has a formal branched continued fraction
1

T : (2.36)
1— 29 — Wa21
1— 29 —
1—.
where
wp = FCatk=3) (2.37)

(Cl+k—2)(01+k—1)

Finally, we prove the following theorem.

Theorem 2.9. The ratio (2.25) has a formal branched continued fraction

do z9

1+ e : (2.38)

1— dlzg — hoz

1-— dQZQ - it

1 —
where
2 1
oo — " gm0 g o Het D) (2.39)
CQ(CQ + 1) co+1 C1

2¢1 — k — k

Go=1, = Zazatk=3)atk) (2.40)

(a+k—2)(c1+k—1)
Proof. Let b = co + 1 and (ij)o = (2,2) in Theorem 2.6. Then, in the

first step, from (2.19) we obtain

a
co(co + 1)22
Ris(a,co+ 25¢1,c0+ 152)

RQ’Q(CL, co + 1;¢1,c9; Z) =1+ (2.41)
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In the second step, replacing ¢y by ¢o + 1 and b by ¢y + 2 in the relation
(2.18), we have

Ris(a,co+25¢1,c0+ 1;2) =

Q(CL—I—l)Z CQ+1—aZ
c1 ! co+ 1 2

B R1,1(CL+ 1,02 + 2;01,02 + 2;Z) B R272(a+ 1,62 + 2;01702 + 2;Z).

=1
Substituting the obtained results into (2.41), we obtain that

Ros(a,co+ 1;¢1,¢0;2) =
a
02(02—1—1)
< a _1)22 2(a—|—1)z1
co+ 1 _ C1
Ros(a+1,c042;5¢1,c0+2;2)  Rig(a+1,c042;¢1,c0 + 2;2)

<2

=1+

1+

In the third step, replacing a by a + 1, b by co + 2, co by ¢ + 2 in the

relation (2.17), we have

Rlvl(a + 1,02 + 2;01,02 + 2;Z) =
(2c;1 —a—1)(a+2)

z
_q_ c1(cp + 1) ! B
Rip(a+2,c04 2501+ 1,0+ 2;2)
22

_RQ,Q(CL—FQ,CQ —|-2;Cl + 1,CQ+2;Z).

Again replacing a by a + 1, b by ¢2 + 2 and ¢3 by ¢o + 2, but now in (2.19), we
get

Ros(a+1,c042;¢1,c0 + 2;2) =
(a+1)(ca+2— (c2+2))

(c2 +2)(c2 4 3)
B Ris(a+1,c04 3;¢1,c0 + 3;2)

<2
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Then,
a
=
co(co + 1
Roo(a,ca+1;¢1,00;2) =1+ 2(C2 )
1 +
2(a+1)
1
( c - 1) 29 — €1 29 N
+ co+1 1 —\ Roola+2,ca+25¢1 4+ 1,¢0+ 2;2)

(2¢) —a—1)(a+2)

z
n Cl(Cl—l—l) !
Rii(a+2,c04 2501+ 1,00+ 2;2) '

By analogy, for k£ > 1 the following relations hold

Rii(a+k,co+25¢1+k—1,¢c0+2;2)
(2¢c1 —a+k—2)(a+k+1)
CEVENCE .
Rii(a+k+1,c0+25¢1+k,ca+2;2)

=1- 29 — (242)

and
Ros(a+k,co+2;c1+k—1,c0+2;2) =1 (2.43)

After step n, using (2.42) and (2.43), we get

a
—°
1
Rys(a,co+1;¢1,c052) =1+ 02(02;- ) .
2(a+1) (2¢; —a—1)(a+2)

S z
a 1) cl—zl o & Cl(Cl—l—l) 1
+\ \e+1 ? 1 =\ 1 — o

(21 —a+n—4)(a+n-—1)
<1
2+ tn=3latn-2 N B R G PPy
— Rijla+n—1c+2;¢c+n—2,¢+2;2)

Finally, by (2.42) and (2.43), from (2.44) we obtain the branched continued
fraction (2.38) with coefficients defined as (2.39) and (2.40) for ratio (2.25). m

In this chapter, new three- and four-term recurrence relations of Horn

hypergeometric series Hy are obtained. The expansions of the ratios of these
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series into formal branched continued fractions are constructed and their special
cases are highlighted. The constructed branched continued fractions can be
used to establish the domains of analytic continuation of functions, represented
by the Horn hypergeometric series H, and their ratios.

The results presented in this chapter were published in [57,66-69].
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CHAPTER 3

CONVERGENCE AND ANALYTICAL
CONTINUATION

An important application of branched continued fractions is the approxima-
tion of analytic functions represented by hypergeometric series. The concept
of correspondence plays an important role here. This chapter establishes the
domains of analytic continuation of the Horn hypergeometric functions H, and
their ratios of special cases. These domains will be the domains of convergence

of their expansions into branched continued fractions.
3.1. Real parameters cases

First, let us prove the following auxiliary result.

Theorem 3.1. Let g1 and gy, k > 1, be real numbers such that
0< 91,0 <1, 0< 90,k <1, k>1. (31)
Then:

(A) The branched continued fraction

1 —g10210—
490,120,1
— e 3.2
90.2(1 — go.1)202 (3:2)
903(1 — go2)z03
1—.

1—(1—go1)z11 —

1—(1—go2)z12 —

converges for

1 1
|21 51| < 2 20| < 3

k> 1. (3.3)

(B) If f, denotes the nth approzimant of (3.2), then |f, — 1| <1, n > 1.
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Proof. We will use the idea of proving Theorem 1 from [91] (see also [92,
Theorem 1]). To prove Theorem 3.1(A), we show that the majorant of (3.2), is

a branched continued fraction

— _ go1/2
1—g10/2 T Y (3.4)
gy el 02)]2

11—
Let Fé”) = ﬁé”) =1,n2>1,

F}gn) =1- (1 - gO,k)ZLk_

90k+1(1 — go.k) 20, k+1
907k+2(1 - go,k+1)20,k+2

1 — (1 - 90,k+1)21,k+1 — 1 —
—(1 - go,n—l)ZLn—l - go,n(l - gO,n—l)ZOm

and

ﬁlf;n) =1- (1 - go,k)/Q—

gox+1(1 — gox)/2
9oi+2(1 — got1)/2

_(1 - go,n_1)/2 - gO,n(l - gO,n—l)/2

where 1 < k <n — 1, n > 2. Then the following recurrence relations hold

L= (1= gopen)/2 = 1=

90k+1(1 — go.k) 20, k+1

F" =1— (1= gop)zip — - (3.5)
F
k+1
and
i 1— 2
F™ =1 (1 gox)/2 - go”““(A(n)gM)/ , (3.6)
Fk;—i-l

where 1 < k < n—1,n > 2. And, thus, for n > 1 we write the nth approximants
of (3.2) and (3.4) as

2 -~ 2
fn=1—g10210 — gOL(n(;’l, fo=1—g10/2— %,
F! P!

respectively.
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Let n be an arbitrary natural number. Using the inequalities (3.1), (3.3),

and the recurrence relations (3.5) and (3.6), induction on k, we show the validity

of the inequalities

F">F" > g 1<k<n n>1. (3.7)

For k£ = n we have

~

F® = F =1 > gy,

Assuming the validity of (3.7) for k = r + 1, where r +1 < n, for k = r we

obtain

90.r+1(1 — Gor)20r+1

|FT(”)| =11—(1—gor)2z1r — o >
Fr—I—l
1—
> 1— (1 T 90,7”)‘21,7" T gO,r—i—l( % TMZOW—H‘ >

Tt
re1(1—gor)/2
Z 1 . (1 . 9077“)/2 . 90, +1( gO, )/ .

~

B

Since, by the inequalities (3.3) and (3.7) F r+1 # 0, then, replacing go,+1 with
Z?T(Jr)l, we obtain (3.7) for k =r.
From this it follows that F 74 0 and F 7é 0,1 <k<nn>1.
Applying the formula (1.15), for n > 1 and k£ > 1 we obtain
nt1
go,1120,1] H 90 (1 = gor—1)[ 20|

=2
|fn+k_fn‘ S TH_lT n

LTIESI T A
- r=1 r=1

(=1)"*(g0,1/2) HQOT go,r-1)/2 ~ ~
Y A ST

r=1

r=1
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It follows that the sequence {fA’n}nZl is monotonically decreasing. Moreover, by

the inequalities (3.7) we have for n > 1

~ 2
F

1

That is, the sequence {ﬁz}nZl is bounded from below. Therefore, there exists

a limit

which proves Theorem 3.1(A).
Finally, we prove Theorem 3.1(B). By (3.3) and (3.7) for n > 1 we get

90.1/20.1] Sl
T2

=1

1
| fo— 1] < g10|210] + +§

and the proof follows. |

We prove the following theorem.

Theorem 3.2. Let a and ¢ be real constants such that
10, u; >0, 0<u, <7, k>2, (39)
where ug, k > 1, are defined by (2.27), T is a positive number. Then:

(A) The branched continued fraction (2.26) converges uniformly on every com-

pact subset of the domain

O] ML S R

to a function f(z) holomorphic in (3.10).

(B) The function f(z) is an analytic continuation of function (2.23) in the
domain (3.10).

Proof. To prove Theorem 3.2(A), we will use the idea of proving Theo-

rem 2 from [93] and modify the scheme of its proof.



65

We set
F™(z) =1, n>1, (3.11)
and
(n) Uf4121
F,l(z)=1—2— o Uriae : (3.12)
11—
e—29 — Upkq
where 1 < k <n —1, n > 2. Then the following relations
F(z)=1—2——2L 1 <p<n—1,n>2, (3.13)
Fk+1(z)
are valid. Let
falz) =1—2— —1
Iy (z)
be the nth approximant of (2.26), n > 1. We set
, cos?(a)
D,,=1z€cC?: R 2y o Lk =1,2p, 3.14
a={re € a4 Relae ™) < 28 k—12}, (o

where a € (—7/2,7/2).

Let n be an arbitrary natural number, a be an arbitrary number from
the interval (—m/2,7/2), and z be an arbitrary fixed point in (3.14). Using
inequalities (3.9), relations (3.11), (3.13), and Lemma 1.1 by induction on k we
show that the following inequalities are valid

cos(a)
2

Re(F\" (z)e ) > >0,1<k<n. (3.15)

For £ = n we have

cos(a)

Re(F™(z)e ) = cosar > > 0.

By induction hypothesis that (3.15) hold for k = r + 1, r < n — 1, we prove
(3.15) for k = r. Indeed, use of relations (3.13) lead to

—2ix —2ix
F(n)(z)e—ia eTla ~2€ . Up+121€
T o —ia (n) —ig
(& i
FTJrl(Z)e
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We set
€ = — Ree1516° ), 1 = ~ s y22), = R 0¥,
v =Im(F}(z)e ).
Then it follows from (3.9) and (3.14) that
cos?(a)

2
From this inequality it follows that n*> < 4 — 4¢. Now, using Lemma 1.1,

inequalities (3.9), (3.14), (3.15), and induction hypothesis, we obtain
Re(F(") (z)e~ ) >

]urﬂzle_?ia\ + Re(urﬂzle_zio‘) <

— —2io . %
> cos(a) - 2t ), Il e
2Re(e™') 2Re(F™) (z)e- )
cos(a) cos(a) _ cos(a)
T o1 L\ >
> cos(«) 2(1417) UT+12(1 i > 0,

which proves (3.15).

It follows from (3.15) that F,En)(z) # 0 for all indices. Thus, the ap-
proximants of branched continued fraction (2.26) form a sequence of functions
holomorphic in the domain (3.14), and, consequently, in (3.10) by virtue of
arbitrariness c.

Now, let I be an arbitrary compact subset of the domain (3.10). Then

there exists an open bi-disk
O.,={2€C*: || <k, k=1,2},

containing K. Let us cover K with domains of the form D;, . = D;o N O,.

From this cover we choose the finite subcover

IDT,O[17K/7 DT7O[1,KZ7 et IDT,O[k,Ii'
Using (3.9) and (3.15), for the arbitrary r € {1, 2, ..., k} we obtain for any
z€D;,, randn>1
ui|z1
IR R R e —
Re(Fy (z)e i)
2
<l+r+ — = C(DT,ach)'

COS Qi
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We set,
C(K) = max D, ,, .

1<r<k
Then for arbitrary z € IC we obtain |f,,(z)| < C(K), forn > 1, i.e., the sequence

{fn(z)}n>1 is uniformly bounded on every compact subset of the domain (3.10).
Next, let
[ 1 1 1
=minq -, —, —
X 4 4| 47

L,={zeR*: —x<2%<0, k=1,2}.

and

Then for the arbitrary z € £,, £, C D,, we obtain
1 1
lurz1| < |ui|x < 7 lupz1| < Tx < 7 k> 2.

It follows from Theorem 3.1(A), with gor = 1/2, k > 1, that (2.26) converges in
the domain £,. Hence, by Theorem 1.4, the branched continued fraction (2.26)
converges uniformly on compact subsets of the domain (3.10) to a function f(z)

holomorphic in this domain, which proves Theorem 3.2(A).
We prove Theorem 3.2(B) similarly as [49, Theorem 2|. Let

Hy(a +n,co;c1 +n,co;2)

E(z) = Hy(a+n+1,ce0+n+1,c52) net (816
where from (2.8), (2.30), and (2.31) it follows that
Hy(a+ n,co;c1 +n,co;2)
Hya+n+1,c00+n+1,c002)
=1—2— Gnt12] n>1.

H4(a+n+1702;Cl+n+1762;z)’ n
Hyla+n+2,co501 +n+2,09;2)

And let
_ﬂmnzl—@—l S J1<k<n—1,n>2
JR— Z JR—
T Un 21

E)" ()
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Then
kA
El(ci)l (z)

From (2.27), (2.32), (3.16), and (3.17) it follows that for each n > 1

EM(z)=1-2— J1<k<n—1,n>2 (3.17)

Hy(a, co;c1,¢9;2)
Hy(a+1,¢95¢1 4+ 1, ¢9;2) a

Uizl
1— 29 —
1= Up 21
TR 1 Un+121
E’,(ln-i-l) (Z)
1 Uiz1
=1—29— —F.
E£n+1) (Z)

Now, since Fk(n)(O) = 1 and E]gn)(O) =1,1 <k <nandn >1, then for
each 1 < k < nand n > 1 there exist A(l/F,in)) and A(l/E,(cn)), where A()
is the Taylor expansion of a function holomorphic in some neighborhood of the
origin. In addition, it is clear that Fk(n)(z) # 0 and E,in)(z) = 0 for all indices.
Applying the method suggested in [19, p. 28] and relations (3.11), (3.13), and
(3.17), for any n > 1 on the first step we obtain

Hy(a, co;c1,¢;2)
H4(CL + ]., Co; C1 + 1, C2; Z)

1 - U121 (1 - U121>
=l-a-—rg, (T2
B (2) F"(2)

Uiz (n+1) (n)
= (V" (z) — F ().
n+1 n
EV Y () F(2)

— fu(z) =

Let k be an arbitrary integer number such that 1 < k < n, n > 1. Then we

have
Fk+1(z)

Uk+121 (n+1) (n)
- (B (2) — F(2))- (3.18)
n+1 n +1 k+1
By (2)F (2)
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Next, applying recurrence relations (3.18) and taking into account that

E(z) — FM(z) =1 — 2, — _UnilF g oy — _Un+1Z1
n n n+1 n+1
E\V (2) F(2)

for any n > 1 one obtains

Hy(a, cz; 1, c52)
Hy(a+1,¢9;¢1 + 1, 09;2)

Ur21 Unp+121
—H - 0 ot — . (3.19)
o B () F <z>< E;+t1><z>>

— fu(z) =

From (3.19) it follows that in a neighborhood of zero for any n > 1 we have

Hy(a,co;c1,09;2)
A ) ’ ) ) —A ) = (n)zpzq’ 320
<H4(a’+1302;cl+1,02;Z) (f) p+q>2n+177p,q 172 ( )
p>0, ¢>0

where 77](07,2, p>0,qg>0,p+q>n+1, are some coefficients. From (3.20) it

follows that

Hy(a,co;c1,c2;2)
A A —A(f,) ] = 1
( (H4(a+1,02;01+1,02;z)> (f )> nt

tends monotonically to +00 as n — +00, i.e., the branched continued fraction

(2.26) corresponds (at z = 0) to a formal double power series

A (H4(H4(a’62;cl’c2;z) ) . (3.21)

a+ 1,001+ 1,09;2)

Let D be the neighborhood of the origin which contained in (3.10) and in

which
Hy(a, co;c1, 0052
A
<H4( +1,c95¢1 + 1 o Z p;onpqzlzz

Then, from Theorem 3.2(A) it follows that the sequence { f,,(z) }r>1 converges
uniformly on every compact subset of D to a function f(z) holomorphic in D.
By Theorem 1.2 for arbitrary p+ ¢, p > 0, ¢ > 0, we have

or+af, (z) . o+ f(z)
027024 027028

asn — +oo
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on each compact subset of D. Furthermore, according to the above, for each
n > 1the A(f,) and (3.21) agree for all homogeneous terms up to and including
degree n. Thus, for any p+ ¢, p > 0, ¢ > 0, one obtains

. orraf, orraf

i (575030)) = pts ©) = el

n—+oo \ 027024 027023

Hence, for all z € D,

+00
8p+qf 2P 2l
f(z) = Z < 7 ) 1, 2, Z Tp.q?1%s-
= 82182 p! ¢! oy

Finally, by Theorem 1.3 and Theorem 3.2(A), Theorem 3.2(B) follows. m

Remark 3.1. Conditions (3.9) are satisfied when
a>—1,c#0, 2¢c; >a, cg > —1.
The following result can be proved in much the same way as Theorem 3.2.

Theorem 3.3. Let a, ¢y, co be real constants such that
a>0,co>a, v1>0 0<vp <7, k>2, (3.22)
where vy, k > 1, are defined by (2.34), T is a positive number. Then:

(A) The branched continued fraction (2.33) converges uniformly on every com-
pact subset of the domain (3.10) to a function f(z) holomorphic in this

domain.
(B) The function f(z) is an analytic continuation of (2.24) in (3.10).
Remark 3.2. Conditions (3.22) are satisfied when
a>0,c>a, 2c0—a>1, ¢t >0.

Setting a = 0 and replacing ¢; by ¢; — 1 in Theorem 3.2 or setting a = 0

and replacing cs by co — 1 in Theorem 3.3, we have the following corollary.
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Corollary 3.1. Let ¢y be real constant such that

O<wp <7, k>1, (3.23)

where wy, k > 1, are defined by (2.37), T is a positive number. Then the
branched continued fraction (2.36) converges uniformly on every compact subset
of the domain (3.10) to a function f(z) holomorphic in this domain, and, in
addition, the f(z) is an analytic continuation of (2.35) in (3.10).

For the validity of Corollary 3.1, it suffices to show that if {f,(z)}n>1
denotes the sequence of approximant of the branched continued fraction (2.36),
then

filz) =1=F"(2)

and
1
fu(2) = W1z -
1— 29 — Waz]
1— 29 —
1—.
-2 — Wp-121
! > 2
=— n
n—1 ) — 7
F"(z)

By analogy to prove the inequalities (3.15) it can be shown that

cos()
2
where D, is defined by (3.10). Hence {f.(z)},>1 is a sequence of functions

Re(FO(”_l)(z)) > >0, n>1,z€D,

holomorphic in the domain (3.10).
Remark 3.3. Conditions (3.23) are satisfied when 2¢; > 1.
Now, we prove the following theorem.

Theorem 3.4. Let a, ¢, and co be real constants such that
dy#0,d;y >0, hy >0, di+h <147, 0< hy <7, k>2, (3.24)

where T is a positive number, dy, di, hy and hg, k > 2, are defined in (2.39)
and (2.40), respectively. Then:
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(A) The branched continued fraction (2.38) converges uniformly on every com-
pact subset of the domain (3.10) to a function f(z) holomorphic in this

domain.

(B) The function f(z) is an analytic continuation of function (2.25) in the
domain (3.10).

Proof. To prove Theorem 3.4, in much the same way as Theorem 3.2. We

set
Wi(z) =1, n > 1, (3.25)

and

hkzl

W (z) =1 — dpzy — . (3.20)

P11

1—4d —
k+1%2 1_'- o . ]
- —Up—-122 — Np—121

where 1 <k <n—1,n> 2. Then

n h
Wi(z) =1—dyzo— —— 1<k <n—1,n>2 (3.27)
Wk;+1(z)
Let
d
fu(z) =1+ (SZ)ZQ
Wy (z)

be the nth approximant of (2.38), n > 1.
Let n be an arbitrary natural number, @ be an arbitrary number from the
interval (—m/2,7/2), and z be an arbitrary fixed point in (3.14). By induction

on k we show that the following inequalities are valid

Re(W" (z)e ) > cos(a)

>0, 1<k<n. (3.28)

For k = n the inequalities are obvious. By induction hypothesis that (3.28)
hold for k =r+1, r < n—1, we prove (3.28) for k = r. Indeed, use of relations
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(3.27) and Lemma 1.1 lead to

Re(W" (z)e ) =

) dr —2ia h?" —2ia
= Re(e™) — Re (%) — Re (7516 — | =
© Wr—i-l(z)e_la

> COS(O[) y |22‘ — RG(Z?G_2ia) _ |21‘ — Re(zle_m) N
- 2 Re(e™) 2 Re(W") (z)e—io)
cos(a) cos(a)
> cos(a) dr2(1 ) hr2(1 ) =
cos(a) cos(a)
— _ >
cos() 2T+ 7) (d, + h,) > 5 0,

which proves (3.28).

It follows from (3.28) that Wk(n)(z) # 0 for all indices. Thus, the ap-
proximants of branched continued fraction (2.38) form a sequence of functions
holomorphic in the domain (3.14), and, consequently, in (3.10) by virtue of
arbitrariness c.

Now, let IC be an arbitrary compact subset of the domain (3.10). Then

there exists an open bi-disk
O.,={2€C?: |z| <k, k=1,2},
containing IC. Let us cover IC with domains of the form
Dron = Dra N Oy,
where D, is defined by (3.14). From this cover we choose the finite subcover
Drovws Dravs -+ Dragone

Using (3.15) and (3.24), for the arbitrary » € {1, 2, ..., k} we obtain for any
z€ Dy randn >1

[dol|z|
Re(IW" (z)e~)

[fu(2)] <1+
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We set,
C(K) = max D, ,, .

1<r<k
Then for arbitrary z € K we obtain | f,,(z)| < C(K), forn > 1, i.e., the sequence
{fn(2) }1>1 is uniformly bounded on every compact subset of the domain (3.10).
Next, let

(11 11
=min< -, —, ——, ——
X 4 47 4dy] 4h|

and
L,={zeR*: —x<2<0, k=1,2}.
Then for the arbitrary z € £, £, C D;, we obtain
1 1 1
|dyz1| < |di|x < 7 \hiz1] < |h1|x < 7 |hpz1| < Tx < 7 k> 2.

It follows from Theorem 3.1(A), with go = 1/2, k > 1, that branched contin-
ued fraction (2.38) converges in the domain £,. Hence, by Theorem 1.4, the
branched continued fraction (2.38) converges uniformly on compact subsets of
the domain (3.10) to a function f(z) holomorphic in this domain, which proves
Theorem 3.4(A).

Next, we prove Theorem 3.4(B). Let

Hy(a,co 4+ 2;¢1,00 4+ 1;2)

V(g —
1 (Z) H4(a+1,02—|—2;01,02—|—2;z)’
Vn(")(z) _ Hyla+n — 1,02+2;01+n—2,02+2;z)’ n>o
Hy(la+n,co+2;¢0+n—1,¢0 + 2;2)
and
n h
Vk( )(z) =1—dpz — k21 :
hiy121
1 —dpy122 — ]
IR hp—121
—dy—129 — TN
Vi (z)
where 1 <k <n—1,n> 2. Then
n h
V() =1 —dpzp— —L  1<k<n—1n>2 (3.20)

Vi (2)
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Thus, for each n > 1 we have the following
Hy(a,ca + 15 ¢1, 005 2)
Hy(a,co + 2;¢1,00 + 1;2)

doz2
=14+ hlzl =
1— dlzg — hoz
1— dQZQ — cht
1- Pn—121
dn_lzz (’I”H-l) (Z)
doZQ
=14 —
‘/1(n+1) (Z)

Let the mapping A : f(z) — A(f) associate with f(z) its Taylor expansion
in a neighbourhood of the origin. Let n be an arbitrary natural number. Since
wi0) =1and V"(0) =1,1 <k <n,n > 1, then for cach 1 < k < n
and n > 1 there exist A(l/Wén)) and A(l/Vk(n)). In addition, it is clear that
Wk(/,n)(z) % 0 and V}f”(z) #% 0, where 1 <k <nandn>1.

Using recurrence relations (3.27), (3.29) and the idea of constructing the
difference of two approximants of a branched continued fraction [19, p. 28], for
n > 1 on the first step we have

Hy(a,co + 15¢1,c0;2)
Hy(a,co+ 2;5¢1,00 + 15 2)

Vit (z) Wi (2)
doz2 (n+1) (n)
= - (Vi (z) =W (2)).
Vit @ @) 1
Let k be an arbitrary integer number that satisfy the inequalities 1 < £k <

n —1and n > 2. Then

VI (@) — Wi (z) =

h h
:1—dk22—%— 1—dk22—k—21 =
Vk+1 (z)
hiz1 (n+1) (n)
= (Virr "(z) = Wy (2)). (3.30)
n+1 n +1 k+1
‘/}€(+—1"_ )(Z)Wk(Jr)l(Z)
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Since

Vo (z) — W (z) =

n n

hy, hy,
=1—dn22—ﬁ_1:_dn22_ﬁ7
vn—H (Z) Vn—l—l (Z)

then by recurrence relations (3.30) on the nth step we obtain

Hy(a,co+ 1;¢1,09;2)
Hy(a,co + 2;¢1,00 + 1;2)

n—1
hnzl hr
= doz 29 (zg + n—) - - (3.31)
Vit () )
Thus, from (3.31) in a neighborhood of origin for any n > 1 we get

A Hy(a,co+ 1;¢1,¢9;2)
Hy(a,co 4+ 2;¢1,00 4+ 1;2)

— fu(z) =

—A(fa)= ) niuabad, (3.32)

p+qg>n+1
p=>0, ¢>0

where 171(,72, p>0,q>0,p+q>n+1, are some coefficients.

From (3.32) it follows that

H4(a7 Cco + 1, C1, Co; Z)
A A AL = )
( <H4(a,02+2;cl,c2_|_1;z)) (f )> n +

tends monotonically to +00 as n — 4o00,. This means that the branched

continued fraction (2.38) corresponds to a

A Hy(a,ca + 1;¢1,¢o;2)
Hy(a,co+2;¢1,c0+ 15 2)

(3.33)

at z = 0.
Let D be the neighborhood of the origin such that D C D,, where D is
defined by (3.10), and such that
Hy(a,co +1;¢1,¢;2)
A ( = Z Tp.g?1%2-

Hy(a,co + 2;¢1,00 + 1;2) =
p=>0, ¢=0

Then, from above proof it follows that the branched continued fraction (2.38)
converges uniformly on every compact subset of D to a function f(z) holomor-

phic in the domain D. Next, by Theorem 1.2 for arbitrary p+ ¢, p > 0, ¢ > 0,
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we get
Oif.(z) 0" (2)
027023 027023

as n — +oo on each compact subset of D. In addition, as in the above proof,

for each n > 1 the A(f,,) and (3.33) agree for all homogeneous terms up to and
including degree n. Thus, for an arbitrary p 4+ ¢ such that p > 0, ¢ > 0, we

have

) aP‘HIfn ap‘HIf
— = plg!

n—-+00

Hence, for all D,

8p+qf z z

> p+q=>0
p=>0, ¢>0 p=>0, ¢=0

Finally, according to Theorem 1.3 and Theorem 3.4(A), Theorem 3.4(B)

follows. u

Remark 3.4. Conditions (3.24) are satisfied when 0 < a < ¢y + 1 and
a+1<2¢c.

Next, we prove the following theorem.

Theorem 3.5. Let a and ¢y be real constants satisfying the inequalities
(3.9), where ug, k > 1, are defined by (2.27), T is a positive number. Then:

(A) The branched continued fraction (2.26) converges uniformly on every com-

pact subset of the domain

P, = {z cC?: z ¢ [8%_,4-00) , 20 & E,—I—OO)} (3.34)

to a function f(z) holomorphic in (3.34).

(B) The function f(z) is an analytic continuation of function (2.23) in the
domain (3.34).
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Proof. As in the proof of Theorem 3.2, we show that the inequalities
(3.15) is valid. We set

2
’PT’a = {Z € C2 : ‘21| + Re(216_2ia) < cos (a),
4t
Re(ze %) < @} , (3.35)

where a € (—7/2,7/2).

Let n be an arbitrary natural number, a be an arbitrary number from the
interval (—n/2,7/2), and z be an arbitrary fixed point in P;,. From (3.11) it
is clear that for & = n the inequalities (3.15) hold. By induction hypothesis
that (3.15) hold for k = r + 1, r < mn — 1, we prove (3.15) for k = r. Indeed,
use of Lemma 1.1, relations (3.13), and inequalities (3.9), (3.13)—(3.15), lead to

Re(F™(z)e ) =
—2ia
= Re(e™®) — Re(z¢7) — Re <%> >

F (z)eio
—Zia)

> cos(a) — Re(ze ™) — uppq :
" 2Re(E) (z)e )

cos(a) cos(a) - cos(a)

4 VP D)

> cos(a) — > 0,

which proves (3.15).

It follows from (3.15) that F,En)(z) # 0 for all indices. Thus, the approxi-
mants of (2.26) form a sequence of functions holomorphic in the domain (3.35),
and, consequently, in (3.34) by virtue of arbitrariness a.

Now, let IC be an arbitrary compact subset of the domain (3.34), and f,,(z),
n > 1, be approximants of the branched continued fraction (2.26). Then there

exists an open bi-disk
O.={2€C*: |z| <k, k=1,2},
containing IC. Let us cover IC with domains of the form

PT,a,K - Pr,a M Om
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where P, is defined by (3.35). From this cover we choose the finite subcover

PT,al,m PT,al,m SR PT,ak,/f-

Using (3.9) and (3.15), for the arbitrary r € {1, 2, ..., k} we obtain for any
z € Pro,.randn>1
ui|z 21k
(@) < 1+ 2] + (;)‘ L et 29 o)
Re(F" (z)e—ir) oS

We set,
C(K) = max Prq, x-

1<r<k
Then for arbitrary z € K we obtain | f,,(z)| < C(K), forn > 1, i.e., the sequence

{fn(z)}n>1 is uniformly bounded on every compact subset of the domain (3.34).
Next, let
(11 1
=minq -, —, —
X L duy 47

L,={zeR*: —x< %<0, k=1,2}.

and

Then for the arbitrary z € £, £, C P, we obtain
1 1
lurz1| < upx < 7 lupz1| < Tx < 7 k> 2.

It follows from Theorem 3.1(A), with gor = 1/2, k > 1, that (2.26) converges in
the domain £,. Hence, by Theorem 1.4, the branched continued fraction (2.26)
converges uniformly on compact subsets of the domain (3.34) to a function f(z)
holomorphic in this domain, which proves Theorem 3.5(A).

Finally, from Theorem 3.2(B) it follows that the branched continued frac-
tion (2.26) corresponds at z = 0 to the function (2.23). Therefore, according
to Theorem 1.3 and Theorem 3.5(A), Theorem 3.5(B) follows. ]

We consider the following example.
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Example 3.1. From [89] and Theorem 3.5 it follows

1— 204+ /(1 —2)2 —4z1  Hi(—1/2,09;1/2,¢0;2)

2  Hy(1/2,¢;3/2,¢9;2)
-y — 1 (3.36)
1— 29 —
1— 29 — .

where the branched continued fraction converges and represents a single-valued

branch of the analytic function

1—Z2—|—\/(1—Z2)2—421
2

(3.37)

in the domain

1 1
P = {z cC?: 2 ¢ {é,—i—oo) , 20 & [Z,Jroo) } . (3.38)
The following result can be proved in much the same way as Theorem 3.5.

Theorem 3.6. Let a, c1, co be real constants satisfying the inequalities
(3.22), where vy, k > 1, are defined by (2.34), 7 is a positive number. Then
the branched continued fraction (2.33) converges uniformly on every compact
subset of the domain (3.34) to a function f(z) holomorphic in this domain,
and, in addition, the function f(z) is an analytic continuation of (2.24) in the
domain (3.34).

Setting a = 0 and replacing ¢; by ¢; — 1 in Theorem 3.5 or setting a = 0

and replacing ¢y by ¢o — 1 in Theorem 3.6, we have the following corollary.

Corollary 3.2. Let ¢; be real constant satisfying the inequalities (3.23),
where wy, k > 1, are defined by (2.37), T is a positive number. Then the
branched continued fraction (2.36) converges uniformly on every compact subset
of the domain (3.34) to a function f(z) holomorphic in this domain, and, in

addition, the f(z) is an analytic continuation of the function (2.35) in (3.34).

We consider the following example.
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Example 3.2. From [89] and Corollary 3.2 it follows that

(1= 2)% —42)7V2 = Hy(1,b;1,b;2) =

_ ! (3.39)

2
1—22— il

<1

1—22— Z1

1—.

1—22—

and, in addition, the branched continued fraction in (3.39) converges and rep-
resents a single-valued branch of the analytic function of two variables

(1 = 2)? —4z)~1/2 (3.40)
in the domain (3.38).

Let us consider another example.

Example 3.3. From [89] and Corollary 3.2 it follows that

2 _
arctan 1V o/ Hy(1,b;3/2,by7) =

I/ —
_ V'ﬁ , (3.41)
37
1—22— 16

15"

1—22— k2

K2 —1/4°"

T

where the branched continued fraction converges and represents a single-valued
branch of the analytic function of two variables

2\/—21

(3.42)

arctan

in the domain

T = {z €C?: 21 ¢[0,+00), 2 & E,JrOO) } : (3.43)
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Finally, the following result can also be proved in much the same way as
Theorem 3.5.

Theorem 3.7. Let a, ¢, and cs be real constants such that
CQQ/{—LO}, dy>0,d >0, 0<hy <7, k>1, <344)

where T is a positive number, dy, di, hy and hg, k > 2, are defined in (2.39)
and (2.40), respectively. Then the branched continued fraction (2.38) converges

uniformly on every compact subset of the domain

Po={acctiag|fiw) ag o) | ea)

to a function f(z) holomorphic in this domain, and, in addition, the function

f(z) is an analytic continuation of (2.25) in the domain P;.

Remark 3.5. In Theorems 3.2-3.7 and Corollaries 3.1 and 3.2, the as-
sumption on the sequence coefficients (2.27), (2.34), (2.37), (2.39), and (2.40)
(involves (together with positivity) an upper bound T, and that the domains of
the analytic continuation also depends on this T; and the smaller T, the larger

domains.

3.2. Complex parameters cases

Let us prove the following theorem.
Theorem 3.8. Let a and ¢y be complex constants such that
lug| + Re(ug) < pv(l —v), k> 2, (3.46)

where u, k > 2, are defined by (2.27), ¢; & {0,—1,—-2,...}, u is a positive
number, and 0 < v < 1. Then:

(A) The branched continued fraction (2.26) converges uniformly on every com-

pact subset of the domain

HET = H,,, UHT (3.47)
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to a function f(z) holomorphic in (3.47), where
1 + cos(arg(z1))

Huw = {z cC?: |n| <

21 ’
Re(ZQG_(i/z) arg(z1)) < gCOS (a’rgQ(Z].))} (348)
and
k(l —kK 11—k
HT = {z cC?: |z < %, 29| < 5 } : (3.49)
with
T = I??gx{‘uk‘}’ 0<k<l. (3.50)

(B) The function f(z) is an analytic continuation of (2.23) in (3.47).
Proof. An application of Theorem 3.1(A), with g9 = 1 and
gor==rk, E>1 0<k <1,

shows that the branched continued fraction (2.26) converges for all z € H"".
Theorem 3.1(B) implies that the approximants of branched continued fraction
(2.26) all liein jw—1| < 1if z € H*7. Hence, by Theorem 1.4, the convergence
of branched continued fraction (2.26) is uniform on every compact subset of the
domain (3.49).

Let us prove the uniform convergence of the branched continued fraction
(2.26) on every compact subset of the domain (3.48). Let n be an arbitrary
natural number, arg(z;) = ¢, and z be an arbitrary fixed point in the domain
(3.48). Let us prove that

Re(Fén)(z)e_i‘pﬂ) >(1—-v)cos(p/2) >c>0,1<k<n,n>1 (3.51)

where F,gn)(z), 1 <k <n,n>1,are defined by (3.11) and (3.12).

From an arbitrary fixed point z, z € H, ,, it follows that for its arbitrary
neighborhood, there exists €, 0 < ¢ < 7/2, such that |p/2| < 7/2 — ¢ and,
thus,

(1 —v)cos(¢/2) > (1 —v)cos(p/2 —0) = (1 —v)sin(e) =c > 0.
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If kK =n, then

Re(F"(z)e /%) = cos(p/2) > (1 — v) cos(p/2).

Assuming that the first inequality in (3.51) is true if K = r + 1 < n. Then, for
k = r from (3.13) we obtain

Upy121€ "7
B (z)eie/
Using Lemma 1.1, (3.46), (3.48), and (3.51), from (3.52) we get

FW(g)e719/2 = o719/ _ pe7i0/2

(3.52)

Re(F™ (z)e /2) =

. , —lp
_ Re(e—up/Q) o Re(zze—up/2) — Re Z(Lr)—f—lzle . >
1{77“—Tif1(z)e_up/2
’uT+1| (—i_)Re(uT.-i-l) |Z ‘ >
2 Re(FL) (7)o 1/

v cos(p/2) pr(l—v) 14 cos(p)
> cos(p/2) — 9 - 2(1 — v) cos(/2) 24 -

= (1 —v)cos(p/2).

Thus, Fl(n)(z) #0,n>1,and z € H,,, i.e. that each approximant of
branched continued fraction (2.26) is a holomorphic function in (3.48).
Now, let IC be an arbitrary compact subset of (3.48), and f,(z), n > 1, be

approximants of the branched continued fraction (2.26), then there exists an

> cos(/2) — Re(ze /?) —

open bi-disk
O,={ze€C?: |z <n k=1,2}

of radius 1, n > 0, such that K C O,,. Then, for any n > 1 and

zcH,,NO,
from we get
|usln
[fu(z)] <141+ ;
Re(F\™ (z)e-i#/2)
<l4n+ i — C(K),

(1 —w)cos(p/2)
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i.e. the sequence { f,(z)}>1 is uniformly bounded on every compact subset of
the domain H,, .
It is clear that for every x such that

l—k k(1—k) 1 v
> T 21 u'2

O<X<min{
the domain
L’X:{ZERQ: 0<zL<x, k=1,2}

contained in H,,, in particular £, o C H,,. Using (3.50), for any z € L,,
L, CH,,y, we have

11—k | |<Ii(1—/€)
U2 e —
9 k<1 2

i.e. the elements of branched continued fraction (2.26) satisfy Theorem 3.1, with

‘ZQ| <

7k227

g0=1, goxg =k, k> 1.
It shows that branched continued fraction (2.26) converges forallz € £,, £, C

H,, . Therefore, by Theorem 1.4, the convergence of the branched continued
fraction (2.26) is uniform on compact subsets of the domain (3.48), and hence
(3.47), which proves Theorem 3.8(A).

Finally, Theorem 3.8(B) follows from Theorem 1.3, Theorem 3.2(B), and
Theorem 3.8(A). ]

The following theorem can be proved in much the same way as Theo-

rem 3.8.
Theorem 3.9. Let a, ¢, and ¢y be complex constants such that
lvg| + Re(vg) < pv(1 —v), k> 2,
where v, k > 2, are defined by (2.34), ¢1,¢o € {0, —1,=2,...}, u is a positive

number, and 0 < v < 1. Then:
(A) The branched continued fraction (2.33) converges uniformly on every com-

pact subset of the domain (3.47) to a function f(z) holomorphic in (3.47),

where

7 = max{|vs|}.
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(B) The function f(z) is an analytic continuation of the function (2.24) in the
domain (3.47).

Now, setting a = 0 and replacing ¢; by ¢; — 1 in Theorem 3.8 or setting

a = 0 and replacing co by ¢co — 1 in Theorem 3.9, we obtain the following result.

Corollary 3.3. Let ¢; be complex constants such that
lwe| + Re(wy) < pv(1l —v), k> 1,

where wg, k > 1, are defined by (2.37), ¢ € {0,—1,—=2,...}, u is a positive
number, and 0 < v < 1. Then the branched continued fraction (2.36) converges
uniformly on every compact subset of the domain (3.47) to a function f(z)
holomorphic in this domain, and, in addition, the function f(z) is an analytic
continuation of the function (2.35) in the domain (3.47), where

7 = max wg|}.

Now, we prove the following theorem.

Theorem 3.10. Let a, c;, and co be complex constants such that
\hi| + Re(hy) < pv(1 —v), k> 1, (3.53)

where hy, k > 1, are defined in (2.39) and (2.40), c¢1,co & {0,—1,—-2,...}, u

15 a positive number, and 0 < v < 1. Then:

(A) The branched continued fraction (2.38) converges uniformly on every com-

pact subset of the domain

HETY = M,y UHST (3.54)

Vv

R,T,U

Vs Where

to a function f(z) holomorphic in H

1 + cos(arg(z1))
20

Re(z2ei(i/2) arg(?ﬂ)) > _% COS (argz(zl))} (355)

Y

H,LLJ/,’U - {Z E C2 . ‘Z]_| <
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and
HETY = ze(C2'|z\<M |z\<1_li (3.56)
B e or 17 20 |7 '
with
T =sup{|hi|}, v = max{d;, 1}, 0 <k < 1, (3.57)
k>1

where dy is defined in (2.39).

(B) The function f(z) is an analytic continuation of function (2.25) in the
domain (3.54).

Proof. We prove Theorem 3.10(A). Since by (3.56) and (3.57) for arbitrary
k>1
k(1—k) k(1 —k)

h = |h < =
hiza| = [illa] < 7= 5

and

1 —r 11—k
d = |d < —
‘ k‘ZZ‘ ‘ k?HZ2| v 20 9

then from Theorem 3.1(A), where go = k, k > 1, it follows that the branched

continued fraction (2.38) converges for z € H"™". Moreover, from Theo-

rem 3.1(B) implies that the approximants of the branched continued fraction

(2.38) all lie in the region
O={weC: |lw-1] <1}

it z € H®"™". Thus, by Theorem 1.4, the convergence of the branched continued
fraction (2.38) is uniform on every compact subset of (3.56).

Next, we prove the convergence of the branched continued fraction (2.38)
in the domain (3.55). Let n be an arbitrary natural number, arg(z;) = ¢, and

z be an arbitrary fixed point in the domain (3.55). We prove that
Re(Wén)(z)e*i‘Pﬂ) > (1—v)cos(p/2) >ec>0,1<k<n, n>1 (3.58)

where V[/k(;n)(z)7 1 <k <n,n>1,are defined by (3.25) and (3.26).
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From the above assumption it follows that for an arbitrary neighborhood
of the point z,z € H,, ., there exists €, 0 < ¢ < /2, such that |p/2] < 7/2—¢
and, thus,

(1 —q)cos(p/2) > (1 —q)cos(p/2 —¢) = (1 —gq)sin(e) =c > 0.
If kK =n, we have
Re(W " (z)e/?) = cos(p/2) > (1 — v) cos(p/2).

Let the first inequality of (3.58) holds for k£ = r + 1 < n. Then, for k = r from
(3.25) we obtain
hr—l—lzle_i(p

WM (z)e /2 = ¢7/2 4, zpe /2 4 .
” T wh@e

r

Using (3.53), (3.55), and Lemma 1.1, we obtain

Re( —w/ 2

= cos(p/2) + dry1 Re(20¢7%/%) + Re ( Hl‘zll /2> >
o—ig
T+

1
> cos(p/2) — dy o L8PS Nhra] = Relra) |
7 T w 2Re(W" )(z)eﬂ@/Q)

r+1
> cos(/2) vcos(p/2) pv(l—v)  1+cos(p)
R 2 2(1 —v)cos(p/2)  2u B

= (1 —v)cos(p/2).

From the inequalities (3.58) it follows that Wl(n)(z) £0,n>1,z¢€H,,,.
This means that the approximants of the branched continued continued (2.38)
form a sequence of holomorphic functions in the domain (3.55).

Let IC be an arbitrary compact subset of the domain (3.55), and f,(z),
n > 1, be approximants of the branched continued fraction (2.38). Then there

exists

O,={zcC?: |z <n k=1,2}, n >0,
that satisfy KL C O,.. Then, for arbitrary n > 1 and for arbitrary

Z E HM;%U m 07]7
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we obtain
fu) < 14 Adollzll ™y ol
T W (z)e e Re(W," (z)e~i/2)
d
<1+ dolr — C(K).

(1 —v)cos(p/2)
This proves that the sequence { f,,(z)} is uniformly bounded on every compact
subset of the domain H,, , ..
Let
L, ={zeR*: 0< <, k=1,2},

where

1— 1— 1
O<X<min{’i< K) n V}.

Ar 7 4v ' 2u 4o
Then it is clear that the domain £, contained in H,,, ,, in particular £, o C
H,.00. From the above proof it follows that branched continued fraction (2.38)
converges in the domain £,, £, C H, .. By Theorem 1.4, the convergence
of the branched continue fraction (2.38) is uniform on compact subsets of the
H 00, and hence (3.54), which proves Theorem 3.10(A).

Finally, from Theorem 3.4(B) it follows that the branched continued frac-
tion (2.38) corresponds at z = 0 to the function (2.25). Therefore, according
to Theorem 1.3 and Theorem 3.10(A), Theorem 3.10(B) follows. ]

Next, we prove the following theorem.
Theorem 3.11. Let a, c1, and co be complex constants such that

| + 2|di| + Re(hy + 2dy,) < £, k> 1, (3.59)

REISY

where hg, di, k > 1, are defined in (2.39) and (2.

0 1s a positive number. Then:

N

0); €1, C2 ¢ {07 _17 _27 e ‘}7

(A) The branched continued fraction (2.38) converges uniformly on every com-

pact subset of the domain

HETY = H, UM (3.60)
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to a function f(z) holomorphic in Hjy™", where

H, = {z cC?: |zl < Lt COS(Qarg(Zk)),
arg(z1) = arg(zs), k=1, 2} (3.61)

and H"™ is defined by (3.56) with (3.57).

(B) The function f(z) is an analytic continuation of function (2.25) in the
domain (3.60).

Proof. By Theorem 3.10(A), the statement of Theorem 3.11(A) is valid
in the domain (3.56). We will show the validity of Theorem 3.11(A) in the
domain (3.61).

We set arg(z1) = ¢. Let n be an arbitrary natural number, z be an ar-
bitrary fixed point in (3.61). In the neighborhood of z, by induction on k, we
prove the following inequalities

n | 2
Re(Wé )(z)e_“"m) > COS(QA >c>0,1<k<n, n>1, (3.62)

where Wk(n)(z), 1 <k <n,n>1, are defined by (3.25) and (3.26).
Since z is an arbitrary fixed point from domain (3.61), then for its arbitrary
neighborhood there exists ¢, 0 < ¢ < /2, such that |p/2| < 7/2 — ¢ and,

therefore,
cos(p/2) S cos(m/2 —¢)  sin(e)
2 2 2
Let us show the validity of the first inequality in (3.61). At k = n, this

=c>0.

inequality is obvious. Assuming that the first inequality in (3.62) are true if

k=r+1<n, we show it for k£ = r. From (3.26) we obtain

dry120€ 7 hyy1z1€7%%

T W e

W (z)e /2 = ¢7H0/2 4

r

(3.63)
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Using Lemma 1.1, (3.59), (3.61), from (3.63) we have

Re(W"™ (z)e /) =

. d, —ip h, —ip/2
— Re(e/2) —Re (%) — Re (ngzle : >
e Wril(z)e_wm)
;1] — Re(d, 1) |hsi1| — Re(hyy1)

> COS 90/2) - - 2ol — : P
( 2Re(e™¥/?) = 211e(vvgiﬁ(z)ewv2)’1|
1+ cos
> c08(ip/2) — [ldrs1] — Re(dyar) + 2(|hra| - Re(h,«H))]ng«p(fz))

> cos(p/2) — COS(;O/Q) _ COS(;0/2>.

Thus, Wl(n)(z) # 0 for all n > 1 and z € H,, i.e., that each approximant
the branched continued fraction (2.38) is a holomorphic function in (3.61).
Let K be an arbitrary compact subset of (3.61), and f,(z), n > 1, be
approximants of the branched continued fraction (2.38). Then there exists an
open bi-disk
O,={z€C?: |z <n k=1,2}

of radius n, n > 0, such that K C O,. Moreover, for any n > 1 and z € H,N 0O,

we obtain
d
I R —
Re(W," (z)e—1¥/2)
2|do[n
<l4+ ——==C(K
et -
i.e., the sequence { f,(z)} is uniformly bounded on every compact subset of the
domain H,,.
Since
d=—2 1 dp=—1 k>2 and lim hy = —1,
co+1 k—+o00

then exists a constant ¢ > 0 such that

|di| < Cand |hg| < ¢, k> 1. (3.64)
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It is clear that for every x such that

the domain
—{zcR*: 0< . <x, k=1,2}

contained in H,, in particular L, » C H,.
Using (3.64), for any k > 1 and z € L,, £, C H,, it is clear that

1 1
Azl < 3o Ihean] < 2 k= 1,

i.e. the elements of the branched continued fraction (2.38) satisfy Theorem 3.1,
with
1
Z 0:0, 907]6:5, k‘Zl

It follows from this theorem that the branched continued fraction (2.38) con-
verges in the domain £,, £, C H,, Therefore, by Theorem 1.4 the convergence
of the branched continued fraction (2.38) is uniform on compact subsets of H,,
and hence (3.56), which proves Theorem 3.11(A).

Theorem 3.11(B) follows from Theorem 1.3, Theorem 3.4(B), and Theo-
rem 3.11(A). ]

Finally, we consider the following example.
Example 3.4. Using (h) in [89, Subsection 2.10] and the Mellin-Barnes
integral [79, Formula (15.3.2)], by Theorem 3.10 we have

Hy(1/2,3;1/2,2;2)

TELEHYATE NG, o
2/_100 D+ 1) e
TEDEH1/2TE+3)0(=E), .
| k(€ m)e
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1
47
—1 - I & , (3.65)
5)
4 2
1+ 29— 15
14+ .

where
el =2\, e~ )"
h(&; 1—2 - 2 - .
Here the branched continued fraction converges and represents a single-valued

branch of the analytic function on the left side of (3.65) in the domain Hj;70 N
H, where HTY is defined by (3.54) with

JTR7AY,
10
,uu(l—u)zg, v=1,7=6,

and

H:{ZECQ:

———— || <7, Re(l1x2 > () 3.66
e (1o )| <m Relz2vE) >0} @o6)
(the principal branch of the square root is assumed). In addition, by Theo-
rem 3.11 the branched continued fraction (3.65) converges and represents a
single-valued branch of the analytic function on the left side of (3.65) in the
domain Hy™" NH, where Hy™ is defined by (3.60) with

Q>?,'U—]_ 7-_6

and H is defined by (5.66), and, thus, in the domain

(HF; ,T,U HZ,T,U) N H

JIRZX)

with A
%, > U v=1 7=06.

1—v) > =
pr(l —v) = 3
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This chapter establishes the domains of analytic continuation of the Horn
hypergeometric functions Hy and their ratios in special cases that have ex-
pansions into branched continued fractions. These domains are obtained as
domains of convergence of the above-mentioned expansions. Examples of an-
alytical functions represented by branched continued fractions are also given
here. The obtained results can be used to approximate analytic functions rep-
resented by the Horn hypergeometric series H4 and their ratios in special cases.

The results presented in this chapter were published in [57,61,63-65,67,68|.
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CHAPTER 4

CONVERGENCE RATE AND NUMERICAL
STABILITY

The chapter investigates the convergence rate and the numerical stability of
branched continued fraction expansions of Horn hypergeometric series H4 and
their ratios in special cases. These problems have considerable importance for
the computation of functions using branched continued fraction representations.
In Section 4.1 we find truncation error bounds of the approximants of the
above-mention expansions, and in Section 4.2, we find estimates of the relative
roundoff errors in computing these approximants by the backward recurrence

algorithm.
4.1. Truncation error bounds

The following theorem holds.
Theorem 4.1. Let a and ¢y be real constants satisfying the inequalities

(3.9), where ug, k > 1, are defined by (2.27), T is a positive number. Then:

(A) The branched continued fraction (2.26) converges to a finite value f(z) for

each z € R, where

Roe={z€R’: 21 <0, <k}, 0<r<L (4.1)

(B) The convergence is uniform on every compact subset of Int(R,), and the

function f(z) is analytic on Int(R,).
(C) If f.(z) denotes the nth approximant of the branched continued fraction
(2.26), then for each z € Ry,

lur](|22|(1 — 22) + 7|21 )7z "
(1= 2)%(1 = 22 + 7|21 ) (1 = 22)% 4 7|21 |) %

(D) The function f(z) is an analytic continuation of the function (2.23) in the
domain Int(R,).

f(z) = fu(z)| <

n > 2.
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Proof. First, we will prove Theorem 4.1(A). To this, forn > 1 and k£ > 1

we estimate
| fori(z) — fu(2)].

Let z be an arbitrary fixed point in the region (4.1). It is obvious that
under conditions (4.1) the coefficients (2.27) are positive. Thus, by inequalities
n (4.1) from (3.11) and (3.13) for 1 <k <n —1and n > 2 we have

F(z)=1-2- =L >1-5>1-5>0. (4.2)
Fki1(z)

Condition (4.2) allows us to use the formula (1.15), namely for any n > 2 and
kE>1

Up+121 - Uy
foir(2) = fulz) = =2 | o+ ——— .

0 ()

For convenience, we write this formula as

U121 Up4+121
fnkz)_fnzz_ 29+ ——7+— | X
)= qu><z>Fé”+’“><z> F9(2)

n+1
) ﬁ [(ni_ll)/ﬂ Usrs1 (4 3)
r=1 Fzr 1 2r (Z> r=1 FQ(g)(Z)Fz(gzq(Z)

where [.] denotes integer part, ¢ = n+k, p = n,if n = 2s, and ¢ = n, p = n+k,
ifn=2s—1,s>1.
By the inequalities (4.1) and (4.2) for any m > 2 and k > 2 we obtain

U121 |uq||21] < w1 ] 21]
F" () " F(2) T 12

and

1 Upp+121 1 U121
————— |+t —— | < ——— | ||+ —/—— | <
F0) () ( fmkm) Fy" (2) ( F0 ()
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Moreover, by the relations (3.13) for any 1 < k <m — 1 and m > 2 we have

Uk+121
m+1
Uk+121 _ F/£+;L )(Z) <
m+1 m+1 o Uk+121  —
B @B (@) 1 - -
Fk+1 (z)
Uk+1|21|
m+1
1 () 72|
— J— _ 2 .
1—22—#%@ (1 22) +T‘Z1|
Fk:+1 (z)

Finally, by the relations (3.11), (3.13) and the inequalities (3.9), (4.2) for any
m > 2 we get

Um+1%1 _ Um+121 _
E (@) B () U121\ i)
]_ — 29 — W Fm+1
Fm—|—1
Um+171 T|Zl‘

1— 20 —umyr21 ~ 1 — 20+ 7|21|

Thus, from (4.3) for n > 2 and k > 2 we obtain

\Ulel\n un+1|21\
|fn k(z)_fn(z)| < ‘22|+— X
i F(2) F"Y () F") ()
2

n+1
ﬁ [(ni_ll)/ ] o
r+
X >~
el O >F2r (2) o1 B (2)FRY(2)
lur] (|22 (1 = 22) 4+ 7|21 )7z "
T (1= 22)(1 = 2o+ 7|21 )((1 — 22) + 7]z |) 2

Since for an arbitrary fixed z € R,

ur| (|22 (1 = 22) 4+ 7|21 )7z "

(L= 22 (1 — 22 + 7l — 2P + 72 !

as n — 400, then from the arbitrariness of & it follows Theorem 4.1(A).
Now, we will prove Theorem 4.1(B). Let K be an arbitrary compact subset

of the domain Int(R). Then there exists an open bi-disk

—{zecC?: |z <n k=1,2}
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of radius 7, n > 0, such that K C O,. Then, for n > 2 and k£ > 2 we have

| fosk(z) = fu(2)]
Jug|(|22] (1 = 20) + 7|21 ) 7" 21|
T (1= 29)3(1 — 2o+ 7|21 ) (1 — 22)2 + 7|21])"2
| (n(1 — K) + )" "
(1 =k —=r4+77)((1 = K)> 4 77)"2
_ ‘Uﬂ(l — K+ T)Tn—lnn—i—l
(1 =k = r+77)((1 = K)*+77)"2

<
n—

<

for all z € KC. Moreover, if ¢ and p are arbitrary integer numbers such that

g >2and p>n > 2, then, for all z € K,

| fora(2) = Fo(2)] < fpia(2) = ful2)] + [ fp(2) = ful(2)].
Since
lut|(1 — Kk + 7)1ttt
(1 =rPA—r+70)((1 = k) +70)"2
as n — 400, this proves Theorem 4.1(B).
Theorem 4.1(C) follows from (4.4) if we pass to the limit as k — +o0.

— 0

Next, we will prove Theorem 4.1(D). It is clear that

Hy(a,co;c1,¢2,0)
H4(CL + 1, Co; C1 + 1, Co; O) a

Then, there exists 0 < € < 1 such that function (2.23) is analytic in domain
Dyse = {z ER?: —re<z <0, —se <z < 0} (4.5)

and
D,s- C (D, s NInt(Ry)),

where
D,y ={z€C?: |z| <r, |2 <s}, (4.6)

r and s are positive numbers such that 4r = (s — 1)? herewith s # 1, R, is

defined by (4.1). In particular,

Dyt C (Dry NInt(D,)).
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Let z be an arbitrary fixed point in D, ;.. It is obvious that the elements
of the branched continued fraction (2.26) are positive. Then the approximants

of this branched continued fraction have the property of fork, namely

fon(2) < font2(2) < foni1(2) < fon-1(z), n > 1,

and, therefore, the sequences of even and odd approximants of branched con-
tinued fraction (2.26) converge to a finite value f(z).

Now, we will consider

Hy(a,co; 1,09, 2)

—Jn ) > 17
Hy(a+1,¢9;01 + 1, ¢9;2) ful@), m 2
where (see, Theorem 2.7)
H4(a7b; C, b7 Z) _
Hy(a+ 1,b;¢+1,b;2)

U121

=l-z- UZ] )

1— 29 —
- Un+1%1
ey —
n+1
B0 (2)
and, for n > 1,
E(H—H)(Z) _ Hy(a+n+1,cp00 +n+1, ¢ z)'
n Hy(a+n+2,co501 +n+2,c;2)
We set
n+1 Ug+121
Eii )(Z) =1l-2z- Uk+221 ’
1— 29 —
1 - . Up+121
e e ey
B (@)

where 1 < k < n, n > 1. Then the following relation

E(n+1)(Z):1—22_M7 1<k<n,n>1,

k n+1
B (2)

1s valid.
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It is easy to see that F,g”)(z) # 0 and E,i”)(z) # 0 for all indices and
z € D, ;.. Using the formula (1.15), for n > 1 we obtain

Hy(a,co;c1,¢9;2)
Hy(a+1,¢c05¢10 4+ 1, ¢9;2)

o n Un+1%1 - Uy
= A (ZQ + (n+1) ) H D)

B (z) ) o BV (2) ) (z)

Thus, for all z € D, ;. we obtain

— fulz) =

Hy(a, co; 1,09, 2)

n <
fn(2) Hy(a+1,c05c1 4+ 1,0;2)

< f2n—1(z)7 n Z 1.

Next, since the fork property of approximants of branched continued fraction
(2.24) implies that for all z € D, , .

lim fo(z) = lim fo,-1(z) = f(2),

n—-40o0o n—-+o0o

then also for all z € D, 4,

B Hy(a, co; 1, c2;2)
- H4(Cl + 1, Co; C1 + 1,62; Z).

f(z)

Finally, by Theorem 1.3 and Theorem 4.1(B), Theorem 4.1(D) follows. =
By Theorems 3.2 and 3.5, Theorem 4.1(B),(D), and Theorem 1.3 we have

the following result.

Theorem 4.2. Let the conditions of Theorem 4.1 be satisfied. Then the
branched continued fraction (2.26) converges uniformly on every compact subset

of the domain
D, UP, UInt(Ry), (4.7)

to a function f(z) holomorphic in this domain, and, in addition, the function
f(z) is an analytic continuation of the function (2.23) in this domain, where
D,, P;, and R are defined by (3.10), (3.34), and (4.1), respectively.

We consider the following example.
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Example 4.1. From Example 3.1 and Theorem 4.2 the branched continued

fraction (3.36) converges and represents a single-valued branch of the analytic
function (3.37) in the domain P U Int(R,), where P and R, are defined by
(3.38) and (4.1), respectively.

Figure 4.1(a)—(d) shows the plots, where the 20th approximants of bran-
ched continued fraction (3.36) guarantees certain truncation error bounds for

function of two variables (3.37).

0000 T 000 T e

-0.05F "W -0.05F

~4.83x107%° - 4.83x10°1°

-0.10 | -0.10~

- 3.45x107% - 3.45x10°1°

Rez,

-0.15

2.07x10°% 2.07x1071®

-0.20 | -0.20~

L 6.90x 107" L 6.90x 107"
-0.25H -0.25

-0.30 1 L L Il L L Il -0.30 i L L L L L It
-0.30 -0.25 -0.20 -0.15 -0.10 -0.05 0.00 -0.30 -0.25 -0.20 -0.15 -0.10 -0.05 0.00
Rez, Rez,

(a) In the (Re(z1), Re(29)) plane. (b) In the (Re(z1),Im(z2)) plane.

- 4.97x1071® -49x107"

- 3.55x10°1° -35x10%°
2.13x10°1°

21x107

7.10x10°Y 7.0x107%®

(c) In the (Im(z;), Re(22)) plane. (d) In the (Im(z), Im(29)) plane.

Figure 4.1. The plots where the approximant fo0(z) of branched contin-

ued fraction (3.36) guarantees certain truncation error bounds for the func-
tion (3.37).

The following result can be proved in much the same way as Theorem 4.1.
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Theorem 4.3. Let a, c1, co be real constants satisfying the inequalities
(3.22), where vg, k > 1, are defined by (2.34), T is a positive number. Then:

(A) The branched continued fraction (2.33) converges to a finite value f(z) for
each z € R, where R, is defined by (4.1).

(B) The convergence is uniform on every compact subset of Int(R,), and the

function f(z) is analytic on Int(R,).

(C) If f.(z) denotes the nth approzimant of the branched continued fraction
(2.33), then for each z € R,

f(2) — fu(2)] <
< [o1| (|22 (1 — 22) + 7]21])7" | 21]"
= (1= 21— 2+ ) ((T = 222 + rla)"2

n > 2.

(D) The function f(z) is an analytic continuation of the function (2.24) in the
domain Int(R).

By Theorems 3.3 and 3.6, Theorem 4.3(B),(D), and Theorem 1.3, we have

the following result.

Theorem 4.4. Let the conditions of Theorem 4.3 be satisfied. Then the
branched continued fraction (2.33) converges uniformly on every compact subset
of the domain (4.7) to a function f(z) holomorphic in this domain, and, in
addition, the function f(z) is an analytic continuation of the function (2.24)
in this domain, where D., Pr, and R, are defined by (3.10), (3.34), and (4.1),

respectively.

Setting a = 0 and replacing ¢; by ¢; — 1 in Theorem 4.1 or setting a = 0

and replacing cs by co — 1 in Theorem 4.3, we have the following corollary.

Corollary 4.1. Let ¢ be real constant satisfying the inequalities (3.23),
where wy, k > 1, are defined by (2.37), T is a positive number. Then:

(A) The branched continued fraction (2.36) converges to a finite value f(z) for
each z € R, where R, is defined by (4.1).
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(B) The convergence is uniform on every compact subset of Int(Ry), and the

function f(z) is analytic on Int(R,).

(C) If f.(z) denotes the nth approzimant of the branched continued fraction
(2.36), then for each z € R,

|f(z) = fu(2)| <
(1221 = 20) + 7l (]!
T (1= 22)°(1 — 20 + 7]21|) (1 — 22)2 + 7|z )3

n > 3.

(D) The function f(z) is an analytic continuation of the function (2.35) in the
domain Int(R).

By Corollaries 3.1 and 3.2, Corollary 4.1(B),(D), and Theorem 1.3, we

have the following result.

Corollary 4.2. Let the conditions of Corollary 4.1 be satisfied. Then
the branched continued fraction (2.36) converges uniformly on every compact
subset of the domain (4.7) to a function f(z) holomorphic in this domain, and,
in addition, the function f(z) is an analytic continuation of the function (2.35)
in this domain, where D,, Pr, and R, are defined by (3.10), (3.34), and (4.1),

respectively.
We consider the following example.

Example 4.2. From Ezample 3.2, Theorem /.1, and Theorem 1.3 the
branched continued fraction (3.39) converges and represents a single-valued
branch of the analytic function (3.40) in the domain P U Int(R,), where P
and R, are defined by (3.38) and (4.1), respectively.

If f.(z) denotes the nth approximant of the branched continued fraction
(3.39), then for every negative real z = z°, the fork property, namely,

for-2(2") < for(2") < forr1(2") < for1(2°), k> 1,

holds (here fo(z°) =0).
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The numerical illustration of the double power series

((1 — 22)2 — 421)71/2 = H4(1, C1, 1, Co; Z) =

_ Z (1)2p+qz_€z_g (4.8)

(1), p!q

and the branched continued fraction (3.39) is given in Table 4.1. Numerical

,q=0

experiments also show that to compute

L 2 ~1/2
E = ((1+1/4)"4+4(7/64))

with an error not exceeding 107° by the double power series (4.8), one would
need to take 57th partial sum, and that 1/\/§ can be computed with an error
less than 107° by using the 5th approximant of the branched continued frac-
tion (3.39).

Table 4.1. Relative error of 10th partial sum of the double power series (4.8)

and 10th approximants of the branched continued fraction (3.39) for the func-
tion (3.40).

z (3.40) (4.8) (3.39)
(—1/8,1/10) 0.873704 6.62333 x 1078 1.98945 x 10~1°
(1/10,—1/16) 1.17129 7.23624 x 1078 2.01913 x 1071°

(—=1/10,—1/100) 0.839152 1.01955 x 107°  3.27995 x 10~ 1!
(—1/10,—1/10) 1.56174 6.56397 x 10~*  5.81362 x 1078
(=1/5,—1/5) 0.668153 6.5287 x 10! 1.43181 x 107?
(—1/8,-1) 0.471405 2.92301 x 10792 3.32075 x 1071
(—2,—1/4) 0.323381 9.46661 x 107% 542958 x 10~*
(—3,—4) 0.164399 6.95343 x 10712 4.77831 x 107?
(—10, —20) 0.045596 2.12733 x 10T 2.98276 x 10~
(=100, —100) 0.0097124 8.3222 x 10728 1.78609 x 10716

In Figure 4.2(a)-(d), we can see the plots, where the 20th approximants
of the branched continued fraction (3.39) guarantees certain truncation error

bounds for function of two variables (3.40).
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>

= =S

- 539x10°¢

<

—

S

- 1.70x 10716 - 3.85x107°

o~

P

1.02x 1076 2.31x 1071

3.40x10°Y 7.70x 107V

- 2.66x1071° - 161x10

~1.90x 107" - 1.15x107

Imz,

1.14x107% 6.90x 1071

3.80x10°1° 230x10°%

(c) In the (Im(z;), Re(22)) plane. (d) In the (Im(z;), Im(29)) plane.

Figure 4.2. The plots where the approximant fo0(z) of branched contin-
ued fraction (3.39) guarantees certain truncation error bounds for the func-
tion (3.40).

Let us consider another example.

Example 4.3. From Ezample 3.3, Theorem 4.1, and Theorem 1.3 the
branched continued fraction (3.41) converges and represents a single-valued
branch of the analytic function (3.42) in the domain T U Int(R,), where P
and R, are defined by (3.43) and (4.1), respectively.

In Table 4.2, we can see that the 10th approximant of the branched contin-
ued fraction (3.41) is eventually a better approzimation to the function (3.42)
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than the corresponding 10th partial sum of the double power series

2\/ —21

1—2’2

—w——zlz

= 2\/ —ZlH4(1, b; 3/2, b; Z) =

arctan

2p+q Zl 22
) 4.9
(3/2), p! ¢! (4.9)

Table 4.2. Relative error of 10th partial sum of the double power series (4.9)
and 10th approximants of the branched continued fraction (3.41) for the func-
tion (3.42).

z (3.42) (4.9) (3.41)
(—=1/50,1/10) 0.304496 9.2228 x 1071 3.6461 x 1071¢
(—1/8,1/10) 0.665944 1.06644 x 1078 1.60922 x 1010

(—=1/10,—1/100) 0.559457 2.59086 x 1076 2.59205 x 101!
(—1/5,1/50) 0.739777 1.46368 x 1073 8.30048 x 107?
(—1/5,—1/5) 0.640522 1.91315 x 107%  1.14109 x 107°

(—1/8,—1) 0.339837 1.30864 x 10702 2.56454 x 1014
(—4,-1) 1.10715 5.94092 x 10T 2.99918 x 1074
(=3,—4) 0.605891 2.17485 x 1072 3.78678 x 107?
(—10, —20) 0.292529 7.43863 x 10718 2.27715 x 1071
(=100, —100) 0.195491 2.65535 x 10728 2.83958 x 10716

The graphical illustrations of the function of two variables (3.42) and the
branched continued fraction (3.41) are given in Figures 4.3(a)—-(d).

Remark 4.1. The computations in Tables 4.1-4.2 and the plots in Fig-
ures 4.1-4.3 were performed using Wolfram Mathematica 13.0 software for
Windows 10. Processor Intel(R) Core(TM) i7-4500U CPU 2.40 GHz, Graph-
ics Card Intel(R) HD Graphics Family (113 MB), System Type 64-bit operating

system, x64-based processor.
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Figure 4.3. The plots where the approximant fo0(z) of branched contin-
ued fraction (3.39) guarantees certain truncation error bounds for the func-

tion (3.40).

Next, we will prove the following results.

Theorem 4.5. Let a, c1, and co be real constants satisfying the inequalities

(3.44), where T is a positive number, dy, dy, hy and hg, k > 2, are defined in

(2.39) and (2.40), respectively. Then:

(A) The branched continued fraction (2.38) converges to a finite value f(z) for

each z € S, where

1
SH:{ZERQ: 21 <0, 22§/<;},0</<;<min{—, 1}.

d

(4.10)
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(B) The convergence is uniform on every compact subset of Int(Sy), and the

function f(z) is analytic on Int(S).
(C) For each z € S,; and for n >3

f(z) — fa(2z)] <
|do |22/ (22] (1 = 22) + &]21]) (1 — 20) *(1 — 20 + K[2a|) *(Kl2a )" !
T (I=di2) (1 = dy2z9)(1 — 29) + K|21]) (1 — 29)2 + K|z )3

where f,(z) is the nth approrimant of the branched continued fraction

(2.38).

Y

(D) The function f(z) is an analytic continuation of the function (2.25) in
the domain Int(S,).

Proof. We will prove (A). Let z be an arbitrary fixed point in the region
(4.10). From the inequalities (3.44) it follows that the coefficients dy, hy, k > 1,
are positive real numbers. Using inequalities from (4.10) and the relations (3.25)
and (3.27), for any n > 2 we obtain

hiz
w," ()

and for arbitraries n > 3 and 2 < k <n — 1 we get

Zl—dleZI—d1ﬁ>0,

Wl(")(z) =1—diz —

hiz1

Wk+1(z)

Wi (z) = 1 — dyzs —

This allows us to use the formula (1.15). Therefore, for n > 2 and k& > 1

- h,,z = hy
fusil(2) = fulz) = dozi™'22 ( ! —<>> oo

(n+k)
Wn+1 4 r=1

or the same

Wi ()W Wi (2)
n—1)/2 n—2)/2
[(n—1)/2] By 1 [(n—2)/2] ho,
<11 o) ® @ @ [y
r=1 W27‘—1(Z)W2r (Z) —1 Wy, (Z)W2r+1(z)



109
where [.] denotes integer part, ¢ = n+k, p = n,if n = 2s, and ¢ = n, p = n+k,
ifn=2s—1,s>1.

Now, for arbitraries m > 2 and k > 2 we have
doz; |do| ||
W (z) ~ L= iz’

and

1 o & hmzl < 1 ‘Z | 4 hm‘21|
N 2 AT A ~ = N 2 AT A .
Wi (z) W z) )~ Wit () Wi (z)

< 1 | |+/<;|21|
zZ .
_1—22 2 1—22

For any m > 2 we obtain

h1z1
h121 . W2(m+1) (Z) <
m—+1 m+1 o —
W W ) g g -
Wy (z)
h1|2’1‘
SR L O Az |
- Mzl — (1 —dizo)(1 — 22) + K|z
b=t o
W, (2)
Next, for arbitraries m > 3 and 2 < k < m — 1 we get
hkzl hk‘Z1’
m+1 m—+1
hiz1 _ Wk(+1+ )(Z) < I/VIEHJr )(Z) <
m+1 m+1 o = >~
R =
Wi (2) Wi (2)
le il )
(1 — 29)% + K|z
And, finally, for any m > 2 we have
hm21 . hmzl _
WrSzm—i_l)(Z)Wr(nnj——'l—l) (Z) hmzl (m+1)
I =29 — — g — | Wit (2)
Wm+1 (Z)
hon21 K|z

1=z —hp+2z 1 —m+kln]
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Thus, for n > 3 and k£ > 2 we obtain

|fn+k‘(z) - fn(z)‘ <
|do||22] (|22](1 — 22) + w]21]) (1 — 20) (1 — 20 + f<3|21|)_2(ff|21\)”_1.

4.11
S T (- )1 — )+ Al = 2) + Al Y
It is obvious that for an arbitrary fixed z € S,
|dol| 22| (|22] (1 — 22) + &|21]) (1 — 22) 2(1 — 22 + &|21]) 2 (k]2 ])" ! 0

(1= di2a)((1 = drz2)(1 = 22) + K21 )((1 = 22) + Kz |)" 2

as n — +00. Therefore, by the arbitrariness of k it follows Theorem 4.5(A).
Next, we will prove Theorem 4.5(B). Let K denotes an arbitrary compact

subset of Int(S,). Then there exists an open bi-disk
O,={ze€C?: |z <n k=1,2}

of radius 1, n > 0, such that £ C O,. Thus for n > 3, k > 2 and for all z € K

we get

| fosi(2) — fu(2)| <
|doln(n(1 — &) + kn)(1 — &) >(1 — K + &) *(kn)""
(1 = dir)((1 — dik)(1 = K) + £n)((1 — K)* + kn)" 3
_ |do|(1 — & + k)(1 — k)21 — k + Kn) 2" Iyt
(1—dik)((1 = dik)(1 — k) + kn)((1 — k)2 4+ kn)"=3"

<

Next, for arbitrary integer numbers ¢, p such that ¢ > 2, p > n > 2, and for

all z € IC, we have

| fora(2) = fo(2)] < fpia(2) = fu(2)] + [fo(2) = fu(2)].

Furthermore, since
[do|(1 — £ + ) (1 = K) (1 — K + k) 26" Tp"
(1= dir)((1 = i) (1 = K) + ) ((1 = £)? + rn)" =2
as n — +00, it follows Theorem 4.5(B).
Theorem 4.5(C) follows directly from (4.11) if we pass to the limit as
k — +o0.

— 0
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Next, we will prove Theorem 4.5(D). It is obvious that

Hy(a,co+ 1;¢1,¢9;0)
Hy(a,co 4+ 2;¢1,c0 4+ 1;0)

Then, there exists 0 < & < 1 such that (2.25) is an analytic function in the
domain (4.5) and
D, s- C (D, 5N Int(S,)),

in particular,

Dr,s,1/2 - (Dr,s N Int(Sn))a

where D, 4 is defined by (4.6), S, is defined by (4.11), r and s are positive
numbers such that 4r = (s — 1)? herewith s # 1.

Let z be an arbitrary fixed point in D, ;.. It is clear that all elements of
the expansion (2.38) are positive numbers. This means that the approximants

of branched continued fraction (2.38) have the property of fork, namely

fon(z) < font2(2) < fons1(2) < fon—1(2z), n > 1,

and, therefore, the sequences { fo,(z)} and { fo,,—1(z)} converge to a finite value

f(2).

Let n be an arbitrary natural number. Consider the following

Hy(a,ca + 1;¢1,¢o;2)

- Jn 9 Z ]-7
Hy(a,co+2;c1,00 4+ 1;2) fu(z), n
where (see Theorem 2.9)
Hy(a,ca + 1;¢1,¢9;2) dpzo
— 14 ,
Hy(a,co + 2;¢1,00 + 1;2) 14 hyz1
— Q122 — 1
o d hnzl
Vi (z)
and
1 Hy(a,co+n+2;c,c0+n+ 15z
VO () = )

Hy(a,co +n+3;c1,62 +n+2;2)
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Similar to (3.27) we have

(1), \ hyz1
‘/k‘ (Z)—l—deQ—W+—1),1§k§n,
k+1 (z)
where
(n+1) hi.21
Vi (2) =1—dpz — T ,1<k<n
1 — dpsyz — k+171
11— g Cn21
e T 0y,
Vi ()

It is obvious that W,En)(z) # 0 and %(n)(z) # 0 for 1 < k < n and for
z € D, ;.. Using the formula (1.15), we get

Hy(a,co + 1;¢1,¢9;2)
Hy(a,ca + 2;¢1,c0+ 1;2)

n—1
— thrlzl Cr
:doz? 122 <22+ n+1 >H n+1 n :
V(@) ) o Vi @)W (z)

Then, for all z € D, 5. we have

— fulz) =

Hy(a,co 4+ 1;¢1,09;2)

(z) <
Jn(2) Hy(a,co+ 2;¢1,00+ 15 2)

< fzn_l(z).

Next, from the fork property of approximants of branched continued fraction
(2.38) it follows that for all z € D, .

lim fo,(z) = lim fy, 1(z) = f(2),

n—-+00 n—-+00

and, therefore, for all z € D, , .,

~ Hy(a,co+ 150,00, 2)
- Hy(a,ca +25¢1,c0+ 152)

f(2)

Finally, by Theorem 1.3 and Theorem 4.5(B), Theorem 4.5(D) follows. m
By Theorem 3.7, Theorem 4.5(B),(D), and Theorem 1.3, we have the fol-

lowing result.
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Theorem 4.6. Let the conditions of Theorem 4.5 be satisfied. Then the

branched continued fraction (2.38) converges uniformly on every compact subset

of the domain
P, UInt(S,),

to a function f(z) holomorphic in this domain, and, in addition, the function
f(z) is an analytic continuation of the function (2.25) in this domain, where

P, and S, are defined by (3.45) and (4.10), respectively.

4.2. Sets of numerical stability

We will establish an estimate of the relative rounding error produced by the
backward recurrence algorithm in computing the approximants of the branched
continued fraction expansions of Horn hypergeometric series Hy and their ratios
in special cases.

Let n be an arbitrary natural number. To compute the nth approximant

90,1
fo=14+g10+ Go3
IL4+g11+ ’
1+ +g + gon—1
1.n—2
" I+ g1n-1+ gon
of the branched continued fraction
0,1
1+ gip + J G0.2 (4'12)
L+gi1+ 1 — o3
+g12+ L

we use the backward recurrence algorithm which consists in setting G%n) =1

and computing successively, from tail to head,

GV =14 g+ 255 —1> k>0,
Gk‘—H

where g1 -1 # 0, gox # 0, kK > 1. Thus,
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For each 1 < k < n, let g1 -1 and goj denote rounded values of the

elements ¢y ;-1 and goz, respectively, of a given branched continued fraction
(4.12). The number

- N go.1
fo=1+7q10+ e
14+G11+ T :
.. +/g\1,n,2 + gon—1

1+ /g\l,n—l + /g\O,n
is the computed (approximate) value of the approximant f, = G(()n).

Definition 4.1. A numerical stability set D is a set to which for any e > 0
one can find & > 0 depending only on € and D such that, for allmn > 1,

fn — fn

Jn
for every branched continued fraction (4.12) with all elements g1 x—1, 9o € D
and g1 k-1, 9ok € D such that, for all k > 1,

<€

91.k—1 — 91,k—1
91,k—1

<0

and R
9o,k — 90,k

90,k

< 0.

Let { f(2) st and {f,(z) }n=1 be the sequences of approximants and their
computed values of the branched continued fraction (2.26), respectively. We
will find the formula for the relative errors

fo(z) — fu(2)
fn(2) ,

Again, let n be an arbitrary natural number. For the branched continued

n>1.

fraction (2.26), let ay, ag, and B, 1 < k < n, denote the relative errors in
the rounded values z1, z3, and u, 1 < k < n, of 21, 29, and uy, 1 < k < n,

respectively, so that

2\1 = Zl(l + Odl), /2\2 = 22(1 + 042), ﬂk = ’U,k(l -l-ﬁk), 1 S k S n, (413)
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where ug, k > 1, are defined by (2.27). Similarly, let 5,(:), 0 < k < n, denote
the relative errors in ﬁk(n) (z), the approximation to F,En)(z) from (3.11), (3.13)

and

n Uiz
FO( )(Z):]_—ZQ—W
using 21, z», and uy, 1 < k < n. Thus,
F"@) = F" (@)1 +e"), 0<k <n, (4.14)
and
FM@)y = F"(z) =1, M =0, (4.15)

Also, let aq, as, B\k, 1 <k <n,and 55:), 0 < k < n, denote the relative errors
defined by

~
~

21 = /Z\l(l + al), 29 = /2\2(1 + 64\2), U = uk(l —|—ﬁk), 1 <k <n,

and

respectively.

We establish recurrence relations for relative errors 5271), 0<k<n-—1.

For arbitrary k£, 0 < k <n — 1, we have

. Upi121
(n) (n) (122 =) A>1_
Py (z) . (z) F(z)

€k —
1 1 1
- (n) (1 - 22(1 —|_ 052) o Uk+1((n)—|— 5k+1)21((n)+ al)) - 1 =
F(z) Fk+1(z)(1 + 5k+1)
1 m(ltay) wa(+B)a(l+a)(1+5Y)
F () F"(2) F" (2)F{}) (2)

It follows from (3.13) that

1 22 Uk4+121
(n) (n) - (n) (n) '
F. 7 (2) Fy(z) B (2)F(z)




116
Then,
- -
Fy (z) Fy (z)
(1+ Brpn) (L +ar) (1 +E) 1) =

U121

F{" (2)F (2)
2209 Uk4121

Ug+171 ~(n)
Eht1-

—— - — R (Brt1 + a1 + Bryr0a) — n n
Fk( )(Z) F}S )(Z)Flg—i-)l(z) Flé )(Z)Fk(-i-)l(z)

Thus, for each 0 < k <n —1,

6(n)__ 20y Uk+121

ko n n “H(n) i~
F(z) RY@)E @)

Uk+171 /\(n)

—— - - (4.16)
Y (2)FY) (2)

(Br+1 + a1 + Brr10a)—

Similarly, for relative errors 52”), 0 <k <n—1, one obtains

n 20y Ukt 12:
&) =~ A(i) - =) - (1 (Berr + 81+ Bendi)-
Fy(z)  F (Z)Fk+1(z)
ak:Jrl/Z\l (n)
L N (4.17)
F" @) ()

Combining (4.16) and (4.17) with

(n) —Uj 21 (n) —Up 2y
pp (2) = — —— 0 (2) = == 1<k<n-1, (418
F(@) R (@) F@F" @)

we obtain the following relation

En = sén) =

k-1

n
—1)* Uzt (B 4+ apr + Bra
(—1) (ZQ,W?J{ k21,5 (Br 1k kO K ) n

=1 1) 1@1

(4.19)

~

F

r=1
where, forp=1,2,and 1 <k <n —1,
zp if k even, a, if k even,

Zpk = Qp k=
zp if k odd, o, if £ odd,
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and

up if k even, p](;@) (z) if k even,
U P =

: k (n) -
uy, if k odd, Py (z) if k odd,
- Fk(n)(z) if k even,

Y ={"
F" (@) if k odd.

We prove the following theorem.

Theorem 4.7. Let there exists a constant o, 0 < o < 1, such that

|051‘ < «, |042| < a, ‘ﬁk’ <« k > 17 <420)

where a1, oo, and By, k > 1, are relative errors of z1, zo, and ug, k > 1,

respectively, which are defined in (4.13), z € L, where

1 1 —
)CFM_ — {Z - CQ : ‘Zl| < %, |22| < 5 KI} s (4'21)

and

1 1
T = sup{|ug|, |ugl}, k€ [0,z ) U =,1]), (4.22)
k>1 3 3
uk, k > 1, are defined by (2.27). Then:

(A) The set (4.21) forms the numerical stability set of the branched continued
fraction (2.26).

(B) If €, denotes the relative errors of nth approximant of (2.26), then

4o "
(14 k4136 —1))(1 — a)

><(1—chr 2k(1 — k) <2+ a ))1_%{)”%21, w2

len| <

2 14+ K+ |3k — 1| e 1 — (k)
where 5 {
1/€ if1</€<§,
pR)=Y1_% 1
f— <k <1
2K Zf3 "
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Proof. We will prove Theorem 4.7(B). To do this, first consider the peri-

odic continued fraction
k(1 —K)
1+ k& 9
2 k(1 —K) ’
14+ kK 2
2 k(1 — k)
14+ kK 9
o 14k
5 .

(4.24)

which is equivalent to

. k(1 —K)
R 1+~
2 2k(1 —kK) (4.25)
(14 k)2
2k(1 — k)
_ AR
1— .

since
1+~

2

£ 0.

Obviously that
1 2r(1 — k)
_ < —_—,
4 (1+ k)2
i.e. the elements of continued fraction (4.25) satisfy the Theorem 1.1. According

to this theorem, the continued fraction (4.25) converges, and its value is

., l+= 1—2/1/4 —2k(1 — k) /(1 + k)2

ff=—0"11- =
2 2

1+k 1_1+/€—|1—3/€| 1+ k4|1 -3k

2 2(1 + k) B 4 '

The continued fraction (4.24), as equivalent to (4.25), also converges to the
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value f*. Moreover, the approximants

k(1 —K)
1+k 9
I 2 k(1 —K) y =5
1+k 9
2 L+s k(1 — k)
2 .2
1+kK
2
forms a monotonically descending sequence. Indeed, we set
o~ LR )
2
and
k(1 —K)
|
P = 2R 2 0<k<n-1,n>1,
2 k(1 — k)
1+k 9
2 L+s k(1 — k)
2 .2
1+k
2

where on the right side is a finite continued fraction with (n — k) levels. Then

k(1 —K)

S —

FW=2TR 2 gck<n—1,n>1,
k+1
and
k(1 —K)
1
fo= th_ %) ,n> 1.

2 Fln

Let n be an arbitrary natural number. By induction on k and (4.22) we

show that

1—~k

F" > >0, 1<k<n. (4.26)
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For k = n the inequalities (4.26) are obvious. Let (4.26) hold for k = r+1,

r <n — 1. Then for K = r we have

k(1 —K)
FT("):1+K— %) >
2 Fr+1
k(1 — k)
1+ kK 9 1—k
T 5 >0

which proves (4.26).
Now, using (1.15), (4.22), and (4.26) for n > 1 we have

n+1
04w“<ﬂ31@>+
k * n 2
fn—l—l_fn:(_l) n
(n+1) 1(n)
lj[lFi(r) Fir)

which proves that the sequence {f*},>1 is monotonically decreasing.

<0,

Again, let n be an arbitrary natural number and z be an arbitrary fixed

point in (4.21). We prove that
" (2)| > fin 0<k<n—1, (4.27)

where Fk(jn)(z)7 0 <k <n—1, are defined by (3.11) and (3.12).
Using (3.13), (4.21), and (4.22), from (3.13) for k = n — 1 we have

FO )] 21— ] - Ll
[ Fn 7 (2))]

l1+x kK(l—k

> 1 — |zo| — |unl|z1| > 5~ (2 )>
k(1 — k)
1+kK 9 s
9 I+=x = I
2

Assuming that the inequality (4.27) is true if K = k + 1 < n — 1. Then, for
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k = r from (3.13) we obtain

\Fr(n)(zﬂ >1— |2z — |uT+1|\z1| >

[E(2)]
k(1 — k)
1+ &k 2 s
2 :;—7“—1 B

Since f¥ > f* for all n > 1, then \Fk(n)(z)| > f*foreach 0 < k<n-—1
and n > 1. Considering z; # 0, we estimate the terms p,(fn)(z), 1<k<n-1,
which are defined in (4.18).

For any k, 1 < k <n — 1, one obtains

Uk 21
(n)
n upz1 b, (z)
o (2)] = 5| = -
' Fk(:i)l(Z)Fk( (2) 1 — 2y — I(L:)Zl
Fy 7 (2)
B 1 _ 1 g
1=z wm ‘_ 1—|z |
F(z)—1 F —1
2
1 i lf 1 < KR < =
G TG ey e el R = ¢ (r).
r m M) 1 if—<k<l1
4k(k — 1) 2k 3
Now, since z = (21, 22) € L, -, then
FV@)| > fig 0<k<n—1, (4.28)
and
7M@) < k), 1<k<n-—1, (4.29)

where F\Ign)(ﬁ), 0<k<n-1,and ﬁgl)(ﬁ), 1 <k <n—1, are defined in
(4.14)—(4.15) and (4.18), respectively. Further, from (4.21) and (4.18) it follows

k(1 — k) l—k

<
|Zl’k‘ 2T

Clu <7 1<k <n.
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Thus, from (4.19) we have
len| <

~ ~ -~ k—1
|| [21,k] (1 Br] + |on k] + Bl a1 k]) n
i 5] Lot
k

3

oyl
Il
j
3
5 —
—
N
\‘l\.'J
kol
Q
\’I\D
=

r=1

e < da «
(1+rk+1[3c—1))(1 — a)

11—k 2k(1 — k) « ~ 1
X 2
( > +1+5+Bm—u( +1—a>>k PR)T

which proves Theorem 4.7(B), since

i1 L= (k)"
ZQO(KJ) _ 1_@(,{)

Finally, we prove Theorem 4.7(A). From (4.23) it follows that there exists

a constant C' such that

C
el < =L n>1.
1 —«

Obviously that, if

€
|oq|§oz<8+—0, las| < a <

9

e+C

and
€
<a<——, k>1,
18k| < o k=2

then |e,| < e, n > 1, where ¢ is an arbitrary positive constant. This fact
proves that the conditions from Definition 4.1 are fulfilled, which, in turn,

proves Theorem 4.7(A) ]

Now, let { f.(z)},>1 and {ﬁ(z)}nzl be the sequences of approximants and
their computed values of the branched continued fraction (2.38), respectively.
We will find the formula for the relative errors

fu(2) = fu(2)
fn(2) =t
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Let n be an arbitrary natural number, and let aq, as, vy, 71, and S,
1 < k < n, be the relative errors in the rounded values zj, 2o, CTO, dy, /ﬁk,

1 <k <n,of z1, 29, dy, dy, and hy, 1 < k < n, respectively, so that
Z1 =214+ a1), 25 = 29(1 + ), (4.30)
and
do=do(1+7), i =di(1+), hg =he(1+8), 1<k <n, (4.31)

where dy, di, hy and hy, k > 2, are defined in (2.39) and (2.40), respectively.
Similarly, for 0 < k < n, let 5,(:) be the relative error in /W,g") (z) of computing
Wén)(z) using z, zs, c?o, c/l\l, and ﬁk, 1 <k < n. And, therefore,

Wi @) =wi(z)1+M), 0<k <n, (4.32)
with initial conditions
Wi (z) = w"(z) =1, e = 0. (4.33)
Also, let ay, as, o, 71, B\k, 1 <k <n,and é\gl), 0 < k < n, be the relative
errors defined by
2 =2(1+a1), 2 =21 +8), do=do(1+7), di = di(1+ 7).

and

hie = he(14B), 1<k <n, W (=) =W"@)1+"), 0<k<n,

respectively.
(n)

Next, we will establish the recurrence relations for g,7, 0 < k < n — 1.

For k£ = 0 we have

v .
<n>_WO<> RO <1+ dm)_l

80 _ o n =7 (n) /~
z> Wy (2) Wi (@)
d 1 1
14 o +”Vo )22 ( T?‘?) 1=
1+51 )

— 1.

o(1+ 70)22(1 + ao)(1 + A(n))
ng(z) Wy (z)W" (z)



124

Since
1 —1_ doZ2
Wy (z) Wy (2)Wy" (z)
then
(n) doz ~(n)
g =7 ——((1+7) (1 +a)(l+&")—1)=
Wy (2)Wi" (z)
dOZQ dQZQ /~(n)
= — = (0 + a2 +002) + — —— &) (4.34)
Wy (2)W" () Wy (2)Wy" (z)
For £k = 1 we obtain
5gn) Wl(”) (A) _ Wf”)(z) _ 1 (1 _ c/l\l/z\g B hl/Z\l ) 4
Wi (2) Wi (z) 3 (@)
1 hy(1 + 1+
BTG (1 — 1+ )21+ 0g) = 7 ) A <n?1)> o
Wy (Z) Wy (Z)(l + & )
1 A tm)a(lta) W+ A)al+a)+Eg))
Wi (z) Wi (z) Wi (2) Wy (z)
Since
(; =1+ %52 T W e W
Wy (Z> Wy (Z) Wy (Z)W2 (Z)
then
n diz
55 )= — (711)2 (’71 + o + ’71042)_
Wy (Z)
iz ~n)
=——0 ——((L+ )1+ a)(1+&7) 1) =
Wi (2)Wy" (z)
_ _dlZZ(% + g + 109) B hiz1(P1 + a1 + Bron) - hlzlgén)
Wi (z) Wi (2)Wy" () Wi (2)Wy" (2)
Similarly,
o) _ _57132@1 + 0 +7a0) hi2 (51 + @1 + Bid) B
1 5 (n) /~ 25 (n) /~ n
Wi (@) Wi @)Wy (z)
7 2
1 (4.35)

W @)W (z)
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For k, 2 <k <n—1, and for n > 3, we have
5/(;1) _ /ngn)(i) — Wk(n)(z) _ 1 (1 5 Aﬁk—z> B
Wy (z) W (z) Wi (@)
mu+ﬁ@au+ag>_l
Wi @)1+ 5
1 20(1 + o) hk(1+5k)21(1+041)(1+§§£21)

Wz wW(z) Wy ()W) (2)

—<1—ZQ(1—|—O{2)—

Since
1 29 hkzl

Wi ()WY (2)

Y

then

() _ __# 2(1 + ap)
g, = — —

Wiz Wi (z)
hkzl

o Qg gy 1y =

218 %) hiz1
- n - n 5(n A(Bk+a1+ﬁka1>_ n n
W@ W @W! @) W (2w (2)

hiz1 )
Eh+1-

Similarly, for §§€n), 2<k<n-—1,and for n > 3, we obtain

. Ha % S
A = i~ o e G i)
W, (z) W, (2)W,.;(z)
hiz1 (n)

= (4.36)
W @w @)

Now, from (4.34)(4.36) for n > 3 we get the following

(n) _ dOzZ( 0 + g + 70&2) dozﬁg n)

T D@ W@ (2

dOZQ(% + a2 + Yo2)

Wy ()W, (2)

h121(51 + a1 + B\lal)) W(()n)(z)
Wy (z) W (@)

—my (z)7" (2)ey”

+

+ <d132@1 + Qg + Y102)
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and
_/\(n) -~ h
7 (2)el = 7T(1_)(Z> <z2a2 n 2zl(ﬁzA+(nc)nA+ 62041)> _
Wy (2 W57 (z)
haz1 ~(1) 2y 2(n)
- pewaa(l| (Zz)ey " =
Wy" (2)W;" ()
n—1 ~ ~ ~ k—1
—1)k-t h -
= ( Nzn) <22,k042,k + 1214 10;11,)14 i Bkal’k)> H 7,
— W Wi r=2
where
z. if k even, o, if k even,
Zrk = Oy | — r=1,2,
2z, if k odd, a, if k odd,

~ B if k even, i hy if k even,

k — k

By if k odd, hy if k odd,
—(n) W,E:”)(z) if k even, ) Wk(n)(z) if k& even,
T = ET  —~
7(Z) if k odd, W™ (@) if k odd,
(n) Vp<2
1) P — (4.37)
Wy (2) (" ()
and, for 1 <k <[(n—1)/2],
(n) hay 21 ~(n) E%—fﬁ
oy (2) = —— Ty (Z) = = ———,  (4.38)
Wy ()W, (2) Wi, @)Wy (2)
where [.] denotes integer part.
Thus, for n > 3,
_doza(y0 + az + Y0a)
R OO
Wy (z)Wy(2)
A mz(By +ay + Bia (m)
( 2(V1 + Qg +7102) + EACH (7341 ﬁl&l)) /7T\o(n)(ZA) +
Wy (2) Wi (z)
-1 T Y = k—1
h n -
Z (22 KOk + 214G JLOZ;’)’“ 5 ko‘l’k)) ) TT7". (4.39)
k= Wk—|—1 r=1

Fmally, we prove the following theorem.
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Theorem 4.8. Let there exists a constant o, 0 < o < 1, such that
‘041| < a, |CE2‘ < a, h/()| < |’Yl‘ < o, ‘Bk| < a, k> 17 (440)

where ay, as, Yo, Y1, Bk, k > 1, are relative errors of z1, 29, dy, di, hy, k> 1,

respectively, which are defined in (4.30) and (4.31), z € Dy, +.,, where

k(1 — k) 11—k
Dyro = Cc?. — , 4.41
={reet <2 <L

T = max {sup |hi|, sup mk|} , v =max{dy, 1}, k € (0,1)\ {1/3}, (4.42)
keN keN

do, dy, hg, k > 1, are defined in (2.39) and (2.40), |do| < v, and vy > 0. Then:

(A) The set (4.41) forms the numerical stability set of the branched continued
fraction (2.38).

(B) If €,, denotes the relative errors of nth approximant of the branched con-
tinued fraction (2.38), then

2|do|(1 — k)
L <
el < i —an
( 2+« 4(1 — k)

X + X
v—|do]  v(1+kK+]|1—3k|)—2|d|(1— k)
4k(2 O

2 14+ K+ |1—3k| 1 — (k)
where
2 1
1 n fl<r<s.
p(k) = 1 — I: 1 (4.44)
f — 1.
P zf3 <K<

Proof. We will prove Theorem 4.7(B). Let n be an arbitrary natural
number that satisty the inequality n > 3 and z be an arbitrary fixed point in
the domain (4.41). We will show that

W N(2)| > fop, 1<k <n—1, (4.45)
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where W\ (z), 1 < k < n — 1, are defined in (3.25) and (3.26), fr, 1 < k <

n — 1, are the approximants of the continued fraction (4.24).
From (3.27) for k = n — 1 we have

l+x  kK(l1—K)

W (@) 2 1= vnalea] = Junalln] > — >
k(1 — k)
1+ kK 9
2 1+=r =i
2

Let (4.45) holds for k =7+ 1 < n — 1. Then, using the induction assumption,
for k = r from (3.27) we obtain

h, .
W ()] = 1= dpzp — — | > 1= d, 2] - %
Wr—l—l(z) |Wr—|—1 (Z)‘
k(1 — R)
1+kK 9 B
2 fnfs—l N fﬂ*bﬁ

which proves (4.45).

The sequence {f,} is monotonically descending, as is the sequence of the

equivalent continued fraction (4.24). Then f, > f, n > 1, and, therefore,

W (z)] > f, 1<k <n-—1,

where
1+ K41 =3k
;= —=
Now, we estimate the following
n doz2 |do|| 22]
Wi a)| = |1+ | 21— L
Wy (z) (Wi ()]
2|do|(1 — k) |do]
>1— >1—-—. 4.46
v(1+k+[1—=3k|) v (4.46)

Next, we estimate the terms Wén)(z), W;Z)(Z), 1 <k <[(n—1)/2], which
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are defined in (4.37) and (4.38). We have

|do|| 22|
() doz Wi ()]
o (@)l = | o | S [dol|z]
Wy ()W (z)| _ 1%0li=]
Wi ()]
2 1—
v(1 4k + |1 —3k|) — 2|do|(1 — k)
and for any &k, 1 <k < [(n —1)/2], we get
| hax |21
‘ﬂék)(zﬂ _‘ — 2kzl(n) < ‘ 2k+1(Z|f)L| HZ| <
Wo ()W y1(2) 1 — dop| 2| — #
|W2k+1(z)|
k(1 — R)
= 4.4
(1+ k) 1 — k(1 — k)

where (k) is defined by (4.44). Now, since z € D,, ,,,, where D, ., is defined
by (4.41), then

W@)| > for, 1<k<n-—1, (4.49)

and, therefore,

—1
7 (@) < p(k), 1<k < [n 5 ] : (4.50)

where /I/I?lﬂfn)(’z\), 1<k<n-—1,and %;Z)_l(/z\), 1 <k<](n—1)/2], are defined
in (4.33) and (4.38). In addition, from the conditions of this theorem it follows

1-— 1-— ~
(. /{)7 ‘227k‘< K’ \hi| <7, 1 <k <n.
2T v

Now, from (4.39) we have
|dol|22]
Wi (2)|[ W (2)]

|Zl,k| <

len| < ([v0] + || + |0l ez])+

+(|d1|32|(%| + [as] + Plae|)+
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o IllEIG5] £ 2] + mam) ()] |

W3 (2)] W @)
n—1,_(n) k—1
|7 (2)] [l 21l (1Be] + o] + |Brlai i) ~(n
# S sl + 17|
= (W Wi e
Using (4.41)—(4.50), we get
2 1— 2 4(1 —
o] < lvo|( K)o + « N ( K) y
1+ k+ |1 =36 \v—1v] v(1+x+]|1—-3k])—2vl(1l— k)
" 3+ « n 4m 24+ oz ol
> T iTreose) 2P
k=2
Since ,
< _ 1 — (k)" 2
p(r) = (k)
,; 1— (k)

then it follows (4.43), which proves Theorem 4.8(B).
Finally, we will prove Theorem 4.8(A). Let x € (0,1) \ {1/3}. Then we
consider the function ¥ () defined by the right side of (4.43). Since
lim (a) =

a—0t

then for any € > 0 there exists . > 0 such that for any 0 < o < 4,

P(a) < e.
Thus, if
o] < a <, |ag| <a < |y <a<ide, Il <a<d,
and
1Bk < a< b k> 1,
then

len] < U(a) <€, n >3,

which together with Definition 4.1 proves Theorem 4.8(A). u
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In this chapter, the estimates of the convergence rate of branched con-
tinued fraction expansions of Horn hypergeometric series Hy and their ratios
in special cases are established, as well as, the sets of numerical stability for
these expansion. In addition, the estimates of relative rounding errors produced
by the backward recurrence algorithm in computing the approximants of the
above-mentioned expansion are founded.

The results presented in this chapter were published in [58-60, 62,70, 71].
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CONCLUSIONS

The thesis is devoted to classical problems of establishing recurrence relations
of the Horn hypergeometric series Hy, constructing expansions of these series
and their ratios in special cases into branched continued fractions, establishing
convergence criteria of these expansions and estimates of approximation errors
for them, domains of analytical continuation of Horn hypergeometric functions
Hj4 and their ratios in special cases, and establishing sets of numerical stability
of branched continued expansions of these functions.

The following scientific results were obtained in the work:

1. New three- and four-term recurrence relations for the Horn hypergeo-
metric series H, are established.

2. Expansions of the Horn hypergeometric series Hy and their ratios in
special cases into branched continued fractions are constructed.

3. Convergence criteria are established for expansions of Horn hypergeo-
metric functions H, and their ratios in special cases into branched continued
fractions in the cases of real and complex parameters.

4. The domains of analytical continuation for the Horn hypergeometric
functions H, and their ratios in special cases into branched continued fractions
in the cases of real and complex parameters are established in the space C?;

5. Truncation error bounds are established for expansions of Horn hyper-
geometric functions Hy and their ratios in special cases into branched continued
fractions in some regions in the space R?;

6. Sets of numerical stability are established for expansions of ratios of
Horn hypergeometric functions Hy in special cases into branched continued
fractions in the space C2.

The results of the thesis are a contribution to the analytical theory of con-
tinued and branched continued fractions. The proposed approaches to studying
the convergence and numerical stability of expansions of Horn hypergeometric
series H4 and their ratios in special cases into branched continued fractions

can be used to study the convergence of expansions of multiple hypergeometric
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series and their ratios into branched continued fractions, and the constructed
branched continued fraction expansions can be applied to the approximation of
analytical functions of two variables that arise in applied problems in mathe-

matics, physics, and engineering.



134
REFERENCES

. Euler L. De Fractionibus continuis: Dissertatio // Comment. Acad. Sci.
Imp. Petropolitanae: (MDCCXXXVII). — Petropoli: Typis Acad., MD-
CCXLIV. — Tom. IX. — P. 98-137.

. Eulero L. Commentatio in fractionem continuam, qua illustris La Grange
potestates binomiales expressit: conventui exhibuit die 20 Mart. 1780
// Mém. Acad. Imp. Sci. St. Pétersbourg. Hist. Acad.: (1813-1814). —
St. Pétersbourg: Impr. Acad. Imp. Sci., 1818. — Tom. VI. — P. 3-11.

. Eulero L. Introductio an analysin infinitorum: in 2 tom. Tom. 1. — Lau-
sannae: M.-M. Bousquet & Socios, MDCCXLVIII. — xvi+320 p.

. Gauss C. F. Disquisitiones generales circa seriem infinitam 1 4 %x +

—a(i ;17)(5 (f;gl):w: + a(aﬁlﬁéaj@)ff)ﬁgfé)ﬁ 2 13 et // Commentat. Soc. Reg.

Sci. Gott. Recent.: (MDCCCXI-XIII), Cl. Math.: (MDCCCXII). — Got-
tingae: H. Dieterich, MDCCCXIII. — Vol. II. — P. 3-46.

. Le Gendre A. M. Essai sur la théorie des nombres. — Paris: Ch. Duprat,
1798. — xxiv+472 p.

. Jacobi C. G. J. Note sur une nouvelle application de I’analyse des fonc-
tions elliptiques & 'algébre // J. Reine Angew. Math. — 1831. — Bd. 7.
— 5. 41-43.

. Riemann B. Sullo svolgimento del quoziente di due serie ipergeometriche
in frazione continua infinita // Gesammelte Werke. — Teubner: Leipzig,
1876. — P. 400-406.

. Stieltjes T. -J. Recherches sur les fractions continues // Ann. Fac. Sci.
Toulouse Math. — 1894. — Vol. 8, No. 4. — P. J1-J122.

. Stieltjes T. J. Recherches sur les fractions continues // (Euvres comp-
létes de Thomas Joannes Stieltjes, pub. par les soins de la Société

mathématique d’Amsterdam: in 2 tom. Tom 2. — Groningen: P. Noord-
hoff, 1918. — P. 402-566.



10

11.

12.

13.

14.

15.

16.

17.

135

Jones W. B., Thron W. J. Continued Fractions: Analytic Theory and
Applications. — London; Amsterdam; Don Mills; Ontario; Sydney; To-
kyo: Addison-Wesley Pub. Co., Inc, 1980. — xxviii-+428 p. — (Series
“Encyclopedia of Mathematics and its Applications™ in 12 vol.; vol. 11).
Cuyt A., Petersen V. B., Verdonk B., Waadeland H., Jones W. B.
Handbook of Continued Fractions for Special Functions. — Dordrecht:
Springer, 2008. — xvi+431 p.

Lorentzen L., Waadeland H. Continued Fractions. Vol. 1. Convergence
Theory. — 2d ed.— Amsterdam: Atlantis Press; World Scientific, 2008.
— xii+308 p. — (Series “Atlantis Studies in Mathematics for Engineering
and Science™ in 29 vol.; vol. 1).

Lorentzen L., Waadeland H. Continued Fractions with Applications. —
1st ed.— Amsterdam; London; New York; Tokyo: North-Holland, 1992.
— xvi+606 p. — (Series “Studies in Computational Mathematics™ in
16 vol.; vol. 3).

Perron O. Die Lehre von den Kettenbriichen. Bd. II: Analytisch-funk-
tinentheoretische Kettenbriiche. — 3e aufl. — Stuttgart: B. G. Teubner
Verlagsgesellschaft, 1957. — vi+316 s.

Perron O. Die Lehre von den Kettenbriichen. — Leipzig; Berlin: Druck
und verlag von B. G. Teubner, 1913. — xii+520 s. — (Reihe “B. G. Teub-
ners Sammlung von Lehrbiichern auf dem Gebiete der mathematischen
Wissenschaften mit Einschluff ihrer Anwendungen™ in 64 bd.; bd. 36)
Wall H. S. Analytic Theory of Continued Fractions. — New York, N. Y.
D. Van Nostrand Co., Inc, 1948. — xiii+433 p. — (Series “The University
series in higher mathematics™; vol. 1).

Cxopoborarsko B. 9., Hpontok H. C., Bobuk O. I., Iramuuk B. I1.
Tiuisicri sanigorosi jpodbu Ta ix 3acrocysanus // II nayk. komd.

MOJIOJIUX MareMmaTukiB Ykpainu. — Kuis: Hayk. nymka, 1966. — C. 561—
569.



18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

136

Bomnapuyk II. I., Ckopoborarsko B. 4. I'yiscti sanmnorosi gpobu Ta ix
zacrocyBanns. — Kuis: Hayk. jymka, 1974. — 272 c.

Bomnap /. U. Berssamuecs nennbie npodou. — Kues: Hayxk. qymka, 1986.
— 176 c.

Csasasko M. C. InterpaJbhi sanmorosi apodou. — Kuis: Haykoa myuka,
1994. — 205 c.

Kyumincoka X. V. JIsoBumipui menepepsni apobu. — JIbsis: ITIIIMM
im. A. C. Iligcrpuraga HAH Vkpainu, 2010. — 218 c.

Hepamkosebkuit M. O. Meroju Ta ajropurMu KOMII'IOTEPHOI ajaredpu
JUlsl  cUCTeM JHHIHUX —aJiredpaluHuX pIBHAHb 3  TOJIHOMIAJbHUMU
eJeMeHTaMu: JuC... 1-pa diz.-mar. mayk: 01.05.02. — Tepuomian: TAHTL,
1995. — 375 c..

Siemaszko W. Branched continued fractions for double power series // J.
Comput. Appl. Math. — 1980. — Vol. 6, Iss. 2. — P. 121-125.
Siemaszko W. On some conditions for convergence of branched continued
fractions // Padé Approx. and its Appl., Amsterdam 1980: Proc. of a
Conf. Held in Amsterdam, The Netherlands, Oct. 29-31, 1980: Lecture
Notes in Math. — Berlin; Heidelberg; New York: Springer-Verlag, 1981.
— Vol. 888. — P. 363-370.

Waadeland H. Worpitxky boundary theorem for N-branched continued
fraction // Communic. Anal. Theor. Contun. Frac. — 1993. — Vol. 2. —
P. 24-29.

Cuyt A., Verdonk B. A review of branched continued fraction theory for
the construction of multivariate rational approximants // Appl. Numer.
Math. — 1988. — Vol. 4, Iss. 2-4. — P. 263-271.

Murphy J. A., O'Donohoe M. R. A two-variable generalization of the
Stieltjes-type continued fraction // J. Comput. Appl. Math. — 1978. —
Vol. 4, Iss. 3. — P. 181-190.



28.

29.

30.

31.

32.

33.

34.

35.

36.

137

Cycor O. M. Amnanor teopemu Ilrepra-IllTonbiia misg IBOBEMIPHHX
nenepepsrux jipobis // Mar. meroju ra ¢bis. mex. nosst. — 2002, — T. 45,
Ne 4, — C. 119-123.

Anronosa T. M. Bararosumipre y3arajgbHeHHsI TeOpeMH PO apabosiaHi

obsacti 361HOCTI HerepepBHUX JipobiB // Mar. Meromn Ta diz.-mex.

nossg. — 1999. — T. 42, Ne 4. — C. 7-12.

Antonova T. On structure of branched continued fractions // Carpathian
Math. Publ. — 2024. — Vol. 16, Nt 2. — P. 391-400.

Hmurpuimmun P, [. BaratoBumiphi anajioru ¢-apo0iB, iX BJIaCTHBOCTI,
o3naku 30ikHocTi: Monorpadisi. — IBano-@pankisesk: HAIP, 2022. —
120 c.

Hmurpuriun P. 1. desiki kinacu pyHKIIOHAJIBHUX TLISCTUX JIQHITFOIOBUX
JIpo0IB 3 HEpIBHO3HAUYHMMU 3MIHHUMK 1 KpaTHI CTeIeHeBl psiiu:
JIC. ... JOKT. di3.-Mar. HaykK: 01.01.01. — IBano-®paHKiBCHK:
JABH3 “lIpukapnarcekuii HamioHaJbHUil yHIBepcuTer imeni Bacwnosi

Credannka”, 2019. — 340 c.

Mamsiit O. C. Habmmxenns: rimepreoMerpudaux GyHKINR Ammess
TUIISICTUME  JIAHITIOTOBUMK  IpoOaMM:  JIUC. ... KaHJ. (i3.-MaT. Hayk:

01.01.01. — JIssis: Y “JIbBiBchbka nositexnika’, 2000. — 142 c.

l'oenko H. II. Habuaumxennsi rinepreomerpudnux (ysxiiin Jlaypidesin

IJUISICTUMU  JIAHIIOTOBUMK ApobaMu: JIMC. ... KaHi. ¢i3.-MaT. HayK:

01.01.01. — JIpsis: IIIIIMM im. 4. C. Iligcrpuraga HAH Ykpainu, 2003.
— 125 c.

Inagya B. P. Amamis criiikocti 10 30ypeHb TIIISICTAX JIAHIIOTOBHX
JipobiB: guc. ... kauj. ¢piz.-mar. Hayk: 01.01.01. — JIbsiB: JIbBiBCHKMI
HallloHaJbHMI YHIBepcuTeT iMeni IBanma ®panka, 2007. — 160 c.

Bapan O. €. Habmmxkennsi ¢yHKIii OarathoX 3MIHHWX TIISICTHMA
JIAHTTIOTOBUMY JIpoOaM¥ 3 HEPIBHOZHAYHUMHU 3MIHHUMH: JIAC. ... KaH].
diz.-mar. mayk: 01.01.01. — JIssis: IIIIIMM im. 4. C. Iligcrpurasa HAH
Ykpaiau, 2014. — 166 c.



37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

138

Horn J. Hypergeometrische Funktionen zweier Verénderlichen // Math.
Ann. — 1931. — Vol. 105. — P. 381-407.

Erdélyi A. at al. Higher transcendental functions: volume 1. — New York:
McGraw-Hill Book Co., 1953. — xxvi+302 p.

Exton H. Multiple hypergeometric functions and applications. — Chich-
ester: Halsted Press, 1976. — 312 p.

Hpontok H. C. Poskias neskux byHKIH B MULIACTI JTAHIIOTOBI 1pobu //

IT nayk. koud. mosionnx maremarukip Ykpainu. — Kuis: Hayk. jymka,
1966. — C. 185-189.

Mosnap H. I1., Mansiit O. C. Po3BuHeHHs TiepreoMeTpuuHnx pyHKIIii
Annenst £y ra Jlaypivemin F l()N) y riusicri sanmnorosi jpobu // Bich.
JIbBiBCHKOTO y-TYy., Cep. mex-mat. — 1997. — Bun. 47. — C. 17-26.
Anronosa T. M., T'oenko H. II. Habnukenns simnomrenns QyHKITIA
Jlaypiuennu Fp riirgctuMm JaHmoroBuM jpobom tuny Heopayama y
KOMILIEKCHI# obsiacti // Mar. meroju ra ¢is.-mex. nossi. — 2004. — T. 47,
Ne 2. — C. 7-15.

Bomnap /1. . PazioxkeHue oTHOIIEHUS THIIEPreOMeTPHICCKUX DYHKITU
JIBYX LIEPEMEHHbIX B BeTBsilIMeCst 1eliHbie apobu // Mar. merosbt u dhus.-
mex. moJisg. — 1990. — Bei. 32. — C. 40-44.

Antonova T., Cesarano C., Dmytryshyn R., Sharyn S. An approximation

to Appell’s hypergeometric function F5 by branched continued fraction
// Dolomites Res. Notes Approx. — 2024. — Vol. 17, Iss. 1-3. — P. 22-31.

Dmytryshyn R. On the analytic continuation of Appell’s hypergeometric
function Iy to some symmetric domains in the space C? // Symmetry.
— 2024, — Vol. 16, Iss. 11. — Art. 1480.

Dmytryshyn R. Truncation error bounds for branched continued fraction
expansions of some Appell’s hypergeometric functions Fy // Symmetry.

— 2025. — Vol. 17, Iss. 8. — Art. 1204.

Boynap 1. I. Bararosumipui C-jipobu // Mar. meromu ta (is.-mex. 1oJisi.
— 1996. — T. 39, N\e 2. — C. 39-46.



48.

49.

0.

ol.

02.

93.

o4.

39.

96.

139

Mamnsiit O. C. Hocnmimkenns PO3BUHEHHSI BITHOIIIEHHSI
rinepreomerpuuanx QGyHKIn Amnmens F3 y TrULISICTAR  JIAHIIONOBU
api6 // Teopisi nabavxkennsi dpyukiiit ta 17 3acrocysanns: [pani [n-ry
marem. HAH Vkpainn. — Kuis: Ia-t marem. HAH Vkpainn, 2000. —
T. 31. — C. 344-353.

Antonova T., Dmytryshyn R., Kravtsiv V. Branched continued fraction
expansions of Horn’s hypergeometric function Hj ratios // Mathematics.
— 2021. — Vol. 9, Iss. 2. — Art. 148.

Dmytryshyn R., Antonova T., Hladun S. On analytical continuation of
the Horn’s hypergeometric functions Hjz and their ratios // Axioms. —
2025. — Vol. 14, Iss. 1. — Art. 67.

Antonova T., Dmytryshyn R., Sharyn S. Branched continued fraction
representations of ratios of Horn’s confluent function Hg // Constr. Math.
Anal. — 2023. — Vol. 6, Iss. 1. — P. 22-37.

Dmytryshyn R., Antonova T., Dmytryshyn M. On the analytic extension
of the Horn’s confluent function Hg on domain in the space C* // Constr.
Math. Anal. — 2024. — Vol. 7, Iss. AT&A. — P. 11-26.

Hladun V. R., Dmytryshyn M. V., Kravtsiv V. V., Rusyn R. S. Numerical
stability of the branched continued fraction expansions of the ratios of

Horn’s confluent hypergeometric functions Hg // Math. Model. Comput.
— Vol. 11, Ne 4. — P. 1152-1166.

Antonova T., Dmytryshyn R., Kril P., Sharyn S. Representation of some
ratios of Horn’s hypergeometric functions H; by continued fractions //
Axioms. — 2023. — Vol. 12, Iss. 8. — Art. 738.

Hladun V., Kravtsiv V., Dmytryshyn M., Rusyn R. On numerical sta-
bility of continued fractions // Mat. Studii. — 2024. — Vol. 62, Ne 2. —
P. 168-183.

Hladun V., Rusyn R., Dmytryshyn M. On the analytic extension of three

ratios of Horn’s confluent hypergeometric function Hy // Res. Math. —
2024. — Vol. 32, Ne 1. — P. 60-70.



o7.

28.

29.

60.

61.

62.

63.

64.

140
Antonova T., Dmytryshyn R., Lutsiv I.-A., Sharyn S. On some

branched continued fraction expansions for Horn’s hypergeometric func-
tion Hy(a,b;c,d; z1, z9) ratios // Axioms. — 2023. — Vol. 12, Iss. 3. —
Art. 299.

Dmytryshyn M. V., Cesarano C., Kondur O., Lutsiv [.-A. On the numer-
ical stability of the branched continued fraction expansion of the ratio
Hy(a,d + 1;¢,d;z)/Hy(a,d + 2;¢,d + 1;z) // Mat. Stud. — 2025. —
Vol. 64, Ne 2. — P. 133-143.

Dmytryshyn R., Cesarano C., Dmytryshyn M., Lutsiv I.-A. A priori
bounds for truncation error of branched continued fraction expansions
of Horn’s hypergeometric functions Hy and their ratios // Res. Math. —
2025. — Vol. 33, Ne 1. — P. 13-22.

Dmytryshyn R., Cesarano C., Lutsiv [.-A., Dmytryshyn M. Numerical
stability of the branched continued fraction expansion of the Horn’s hy-
pergeometric function Hy // Mat. Stud. — 2024. — Vol. 61, N 1. —
P. 51-60.

Dmytryshyn R., Cesarano C., Lutsiv [.-A. On the analytical continuation
of the ratio Hy(a, 0+ 1;7,d; —2z)/Hy(a, 0 +2;7v,6+1; —z) // Res. Math.
— 2025. — Vol. 33, N\e 2. — P. 65—76.

Dmytryshyn R., Cesarano C., Lutsiv I.-A. Truncation error bounds of
branched continued fraction expansions of special ratios of Horn’s hy-
pergeometric functions Hy // Altay Conf. Proc. Math. — 2025. — Vol.2,
Ne 1. — P. 23-31.

Dmytryshyn R., Lutsiv I.-A., Bodnar O. On the domains of conver-
gence of the branched continued fraction expansion of ratio Hy(a,d +
L;e,d;z)/Hy(a,d+2;¢,d+ 1;2z) // Res. Math. — 2023. — Vol. 31, Ne 2.
— P. 19-26.

Dmytryshyn R., Lutsiv [.-A., Dmytryshyn M. On the analytic extension
of the Horn’s hypergeometric function Hy // Carpathian Math. Publ. —
2024. — Vol. 16, Ne 1. — P. 32-39.



65.

66.

67.

68.

69.

70.

71.

141
Hyurpumun P, Jlymis 1-A., Huurpummua M., Yesapano K. IIpo

Jlesikl obJjracti 3012KHOCT] IMULISICTUX JIAHIIONOBUX JIPOOOBUX PO3BUHEHD
BijiHOIIEHD rintepreomerpuunux Gyukuiii lopua Hy // Ykp. mar. ®KypH.
— 2024. — Tom. 76, Ne 4. — C. 502—508 (Engl. transl.: Dmytryshyn R.,
Lutsiv I.-A., Dmytryshyn M., Cesarano C. On some domains of conver-
gence of branched continued fraction expansions of the ratios of Horn
hypergeometric functions Hy // Ukr. Math. J. — 2024. Vol. 76, Ne 4. —
P. 559-565).

Dmytryshyn R. I., Lutsiv [.-A. V. Three- and four-term recurrence rela-
tions for Horn’s hypergeometric function Hy // Res. Math. — 2022. —
Vol. 30, Ne 1. — P. 21-29.

Hymurpumun P. 1., Jlymis [.-A. B. [Ipo 36ikHICTS MJISCTHX JTAHIIOTOBAX
JIpOOOBUX PO3BMHEHb BiJIHOLIEHb rinepreomerpudnux @GyHkiiit ['opha
Hy jist jlesikux 3uadenn napamerpis // Jles’sitaajiisra Mi>kHApP. HayK.
koH®. im. akaj. M. Kpasuyka (Kuis, 11-12 xostHst 2023 p.): Te3u jio1.
— Kuis, 2023. — C. 106-107.

Lutsiv [.-A. V. An approximation to Horn’s hypergeometric function Hy
by branched continued fraction // Int. Workshop on Current Trends in
Anal. and Approx. Theory (July 18, 2023, Rome, Italy): Proc. Book. —
Rome, 2023. — P. 61-63.

Lutsiv I.-A. V. Branched continued fraction expansions for ratios of
Horn’s hypergeometric function Hy // Intern. Online Conf. “Current
Trends in Abstract and Applied Analysis” (Ivano-Frankivsk, May 12-15,
2022): Book of Abstracts. — Ivano-Frankivsk, 2022. — P. 49-50.

Lutsiv I.-A. Numerical stability of the branched continued fraction ex-
pansion of the ratio Hy(a,b;c,b;2)/Hy(a+1,b;¢c+1,b;2) // V Mixkuap.
KoHbD. mpucssdeHa 145-piaaio 3 aus Hapokenns [anca [ana (YepHwisiy,
23-27 Bepecus 2024 p.): resu koud. — Yepninmi, 2024. — C. 154-155.
Lutsiv I.-A. Truncation error bounds of branched continued fraction ex-

pansions of some Horn’s hypergeometric functions Hy // Int. Workshop



72.

73.

74.

75.

76.

e

78.

79.

80.

142

on Modern Probl. of Anal., Optim., Approx. and Their Appl. (June 25-
27, 2025, Rome, Italy): Proc. Book. — Rome, 2025. — P. 59-60.

Henrici P. Applied and Computational Complex Analysis: in 2 vol. Vol. 2:
Special functions, Integral transforms, Asymptotics, Continued fractions.
— New York; London; Sydney; Toronto: Wiley-Interscience publ., 1977.
— x+662 p.

Herschel J. W. A Collection of Examples of the Applications of the Calcu-
lus of Finite Differences. — Cambridge: J. Smith etc., 1820. — vi+171 p.

Caemmucekiit M. B. JlokazareiabCcTBO CyIIECTBOBaHisA HLKOTOPBIX
npegbiosb /) Banucku  mar.  orabia.  Hosopocciiickaro — 00-Ba
ecrecTBoucHbITaTesieit. — 1888, — T. VIII. — C. 129-137.

Seidel L. Bemerkungen iiber den Zusammenhang zwischen dem Bildungs-
gesetze eines Kettenbriiches und der Art des Fortgangs seiner Naherungs-
briiche // Abh. d. Math.-Phys. Cl. d. Konigl. Bayer. Akad. d. Wiss. —
1855. — Bd. 7. — S. 559-602.

Seidel L. Untersuchungen iiber die Convergenz und Divergenz der Ketten-
briiche: Akad. Abh., eingereicht pro impetranda venia legendi bei d.
philosoph. Fak. d. Konigl. Ludwigs-Maximilians-Universitédt. — Miinchen:
Gedruckt bei Georg Franz, 1846. — 16 s.

Stern M. A. Uber die Kennzeichen der Konvergenz eines Kettenbriichs
// J. Reine Angew. Math. — 1848. — Bd. 37. — S. 255--272.
Waadeland H. Tales about tails // Proc. Amer. math. Soc. — 1984. —
Vol. 90, Ne 1. — P. 57—64.

Abramowitz M., Stegun I. A. Handbook of mathematical functions with
formulas, graphs and mathematical tables. — Washington: U.S. Govern-
ment Printing Office, NBS, 1964. — x1v-+1046 p.

Andrews G. E., Askey R., Roy R. Special Functions. — Cambridge: Uni-
versity Press, 1999. — xvi+664 p. — (Series “Encyclopedia of Mathematics
and its Applications™ vol. 71).



81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

143

Brezinski C. History of Continued Fractions and Padé Approximants.
— Berlin; Heidelberg; New York; London; Paris; Tokyo; Hong Kong;
Barcelona: Springer-Verlag, 1991. — 551 p. — (Series “Springer Series in
Computational Mathematics™ in 12 vol.; vol. 12).

[Taripa M. M. Habiaumxxenns ¢yHKII# JaHIIOTOBUMHU JIpodaMu. —
Vaxropog: I'paxa, 2016. — 412 c.

Bognap . N., Osexkcup M. . O cxonuMOCTH BETBSIIIUXCS EITHBIX
npobeii ¢ HeOTPHUNATEIbHBIME UjieHaMu // YKp. Mat. )KypH. — 1976, —
T. 28, Ne 3. — C. 373-377.

Shabat B. V. Introduction to complex analysis. Part II. Functions of
several variables. — Providence: American Mathematical Society, 1992.
— 371 p.

Vladimirov V. S. Methods of the theory of functions of many complex
variables. — Cambridge: The MIT Press, 1966. — xii+353 p.

Antonova T., Dmytryshyn R., Goran V. On the analytic continuation
of Lauricella-Saran hypergeometric function Fy(aq, as, by, ba; ay, ba, c3; z)
// Mathematics. — 2023. — Vol. 11, Iss. 21. — Art. 4487.

Bailey W. N. Generalised hypergeometric series. — Cambridge: Cam-
bridge University Press, 1935. — 108 p.

Appell P. Sur les séries hyper géométriques de deux variables et sur des
équations différentielles lineaires aux dérivées partielles // C. R. Acad.
Sci. Paris. — 1880. — Vol. 90. — P. 296298, 731-734.

Brychkov Yu. A., Savischenko N. V. On some formulas for the Horn
functions Hy(a, b; ¢, d;w, z) and Héc)(a; ¢, csw, z) // Integral Transforms
Spec. Funct. — 2021. — Vol. 32, Iss. 2, — P. 969-987.

Shehata A. On basic Horn hypergeometric functions Hs and Hy // Adv.
Differ. Equ. — 2020. — Vol. 2020. — Art. 595.

Bomunap /. I., Amurpumun P. 1. ITpo neski o3nHaku 30i12KHOCTI T1JIJISICTAX

JIAHIIOrOBUX JIpOOIB 3 HepiBHOBHAYHUMU 3MinHuMK // Bich. JIbBiBChbKOIO
yu-Ty. Cep. Mex.-mar. — 2008. — Bum. 68. — C. 28-36.



144

92. Bapan O. €. [eski o3Haku 3012KHOCTI I'JIJIAICTHX JIQHIFOI'OBUX JIPOOIB 3

HepiBnoznaunumu 3minnumu // Bicauk 1Y “JIbsiBebka nosirexnika’. —

1998. — Ne 341. — C. 18-23.
93. Bodnar O. S., Dmytryshyn R. I. On the convergence of multidimensional

S-fractions with independent variables // Carpathian Math. Publ. —
2018. — Vol. 10, Ne 1. — P. 58-64.



145
APPENDICES

List of publications on the topic of the thesis

. Avwrpurmun P, JIynis 1-A., Jvwurpumun M., HYesapano K. Ilpo npesiki
obJiacTi 301:KHOCTI TLIISCTUX JIAHIIOTOBUX JIPOOOBUX PO3BUHEHL BIIHO-
menb rinepreomerpuunux Qyukiiii Lopua Hy // YKp. mar. KypH. —
2024. — Tom. 76, Ne 4. — C. 502—508 (Engl. transl.: Dmytryshyn R.,
Lutsiv I.-A., Dmytryshyn M., Cesarano C. On some domains of conver-
gence of branched continued fraction expansions of the ratios of Horn hy-
pergeometric functions Hy // Ukr. Math. J. — 2024. Vol. 76, Ne 4. —
P. 559-565).

. Avwrpurmun P. 1L, JIymis [.-A. B. [Ipo 36ikHICTH MJLIsicTUX JAHIIOTOBAX
JIpoOOBUX PO3BUHEHDb BIJIHOIIEHD TrinepreoMerpudnux yHKIiin I'opna Hy
JIst JIesiKuX 3HavdeHb napamerpis // Jle’sirHa isita Mi>kHAP. HAyK. KOH.
im. akaj. M. Kpasuyka (Kuis, 11-12 »ostas 2023 p.): re3u mon. — Kuis,
2023. — C. 106-107.

. Antonova T., Dmytryshyn R., Lutsiv I.-A., Sharyn S. On some branched
continued fraction expansions for Horn’s hypergeometric function Hy(a, b;
c,d; 21, z9) ratios // Axioms. — 2023. — Vol. 12, Iss. 3. — Art. 299.

. Dmytryshyn R., Cesarano C., Dmytryshyn M., Lutsiv [.-A. A priori
bounds for truncation error of branched continued fraction expansions of
Horn’s hypergeometric functions Hy and their ratios // Res. Math. —
2025. — Vol. 33, Ne 1. — P. 13-22.

. Dmytryshyn M. V., Cesarano C., Kondur O., Lutsiv I.-A. On the numerical
stability of the branched continued fraction expansion of the ratio Hy(a, d+
L;e,d;z)/Hy(a,d + 2;¢,d + 1;2z) // Mat. Stud. — 2025. — Vol. 64, Ne 2.
— P. 133-143.

. Dmytryshyn R., Cesarano C., Lutsiv [.-A., Dmytryshyn M. Numerical
stability of the branched continued fraction expansion of the Horn’s hy-
pergeometric function Hy // Mat. Stud. — 2024. — Vol. 61, Ne 1. —
P. 51-60.



10.

11.

12.

13.

14.

15.

146
Dmytryshyn R., Cesarano C., Lutsiv I.-A. On the analytical continuation
of the ratio Hy(o, 6+ 1;,0; —z) /Hy(cr,6 +2;v,0 + 1; —2z) // Res. Math.
— 2025. — Vol. 33, Ne 2. — P. 65—76.

. Dmytryshyn R., Cesarano C., Lutsiv [.-A. Truncation error bounds of

branched continued fraction expansions of special ratios of Horn’s hyper-
geometric functions Hy // Altay Conf. Proc. Math. — 2025. — Vol.2,
Ne 1. — P. 23-31.

. Dmytryshyn R., Lutsiv [.-A., Bodnar O. On the domains of convergence

of the branched continued fraction expansion of ratio Hy(a,d + 1;¢,d;z)/
Hy(a,d+2;¢,d+1;2) // Res. Math. —2023. — Vol. 31, Ne 2. — P. 19-26.
Dmytryshyn R., Lutsiv [.-A., Dmytryshyn M. On the analytic extension
of the Horn’s hypergeometric function Hy // Carpathian Math. Publ. —
2024. — Vol. 16, Ne 1. — P. 32-39.

Dmytryshyn R. I., Lutsiv I.-A. V. Three- and four-term recurrence rela-
tions for Horn’s hypergeometric function Hy // Res. Math. — 2022. —
Vol. 30, Ne 1. — P. 21-29.

Lutsiv I.-A. V. An approximation to Horn’s hypergeometric function Hy
by branched continued fraction // Int. Workshop on Current Trends in
Anal. and Approx. Theory (July 18, 2023, Rome, Italy): Proc. Book. —
Rome, 2023. — P. 61-63.

Lutsiv I.-A. V. Branched continued fraction expansions for ratios of Horn’s
hypergeometric function Hy // Intern. Online Conf. “Current Trends
in Abstract and Applied Analysis” (Ivano-Frankivsk, May 12-15, 2022):
Book of Abstracts. — Ivano-Frankivsk, 2022. — P. 49-50.

Lutsiv I.-A. Numerical stability of the branched continued fraction ex-
pansion of the ratio Hy(a, b;c,b;z)/Hy(a+ 1,b;¢+ 1,b;z) // V Mixknap.
KoH®D. npucssiuena 145-piudto 3 jHs Hapojkenns Lanca Tana (Hepuisig,
23-27 Bepechst 2024 p.): Te3u koud. — Yepnisni, 2024. — C. 154-155.
Lutsiv [.-A. Truncation error bounds of branched continued fraction ex-

pansions of some Horn’s hypergeometric functions Hy // Int. Workshop



147

on Modern Probl. of Anal., Optim., Approx. and Their Appl. (June
25-27, 2025, Rome, Italy): Proc. Book. — Rome, 2025. — P. 59-60.

Information on approval of thesis results

The results of the thesis work were reported and discussed at the following

conferences, workshops and scientific seminars:

1.

Nineteenth International Conference Academician Mykhailo Kravchuk
(Kyiv, Ukraine, October 11-12, 2023).

V International Conference dedicated to the 145th anniversary of the birth
of Hans Hahn (Chernivtsi, Ukraine, September 23-27, 2024).

. International Workshop on Current Trends in Analysis and Approximation

Theory (Rome, Italy, July 18, 2023)

. International Online Conference “Current Trends in Abstract and Applied

Analysis” (Ivano-Frankivsk, Ukraine, May 12-15, 2022).

. International Workshop on Modern Problems of Analysis, Optimization,

Approximation and Their Applications (Rome, Italy, June 25-27, 2025)
Scientific seminar of the Department of Mathematical and Functional
Analysis of Vasyl Stefanyk Carpathian National University (Ivano-Fran-
kivsk, November 13, 2024, November 11, 2025, seminar leader: Prof. Dr.
A. V. Zagorodnyuk).



