
VASYL STEFANYK CARPATHIAN NATIONAL UNIVERSITY

MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE

VASYL STEFANYK CARPATHIAN NATIONAL UNIVERSITY

MINISTRY OF EDUCATION AND SCIENCE OF UKRAINE

Qualifying scienti�c work as a manuscript

ILONA-ANNA LUTSIV

UDC 517.5

THESIS

APPROXIMATION OF SPECIAL CASES OF THE HORN

HYPERGEOMETRIC FUNCTIONS H4 BY BRANCHED

CONTINUED FRACTIONS

111 Mathematics

11 Mathematics and Statistics

Submitted for the degree of Doctor of Philosophy

The thesis contains the results of the original research. The use of ideas, re-

sults, and texts of other authors is referenced with the corresponding sources

I.-A. Lutsiv

Scienti�c supervisors: Roman Dmytryshyn, Doctor of Physical and Mathemat-

ical Science, Professor; Clemente Cesarano, Doctor of Philosophy, Professor.

IVANO-FRANKIVSK � 2026



2

ABSTRACT

Lutsiv I.-A. Approximation of special cases of the Horn hypergeometric func-

tions H4 by branched continued fractions. � Qualifying scienti�c work as a

manuscript.

Thesis for the scienti�c degree of Doctor of Philosophy in the specialty

111 Mathematics. � Vasyl Stefanyk Carpathian National University, Ministry

of Education and Science of Ukraine. � Vasyl Stefanyk Carpathian National

University, Ministry of Education and Science of Ukraine, Ivano-Frankivsk,

2026.

The thesis is related to the problems of establishing recurrence relations of

the Horn hypergeometric series H4, constructing the expansions of these series

and their ratios in special cases into branched continued fractions, studying

the convergence of branched continued fraction expansions, establishing the

domains of analytical continuation of the Horn hypergeometric functions H4

and their ratios in special cases, establishing estimates of the convergence rate

and sets of numerical stability of branched continued fraction expansions.

These problems concern rational approximations of analytic functions, one

of the main sections of the analytic theory of branched continued fractions.

Branched continued fractions, one of the multidimensional generalizations of

continued fractions, were introduced into consideration by V. Ya. Skorobo-

hatko in 1966 together with N. S. Droniuk, O. I. Bobyk, and B. Y. Ptashnyk.

The analytical theory of branched continued fractions was developed in the

works of P. I. Bodnarchuk, V. Ya. Skorobogatko, D. I. Bodnar, M. S. Siavavko,

Kh. Yo. Kuchminska, M. O. Nedashkovskyi, V. Siemaszko, M. O'Donohoe,

J. Murphy, B. Verdonk, A. Cuyt, T. M. Antonova, O. M. Sus, R. I. Dmytryshyn,

O. S. Manzii, N. P. Hoenko, V. R. Hladun, O. E. Baran, and others.

The second chapter, the �rst of the main sections of the thesis, is devoted to

the construction of expansions of special cases of the Horn hypergeometric series

H4 into branched continued fractions. Using transformations of double power

series, new three- and four-term recurrence relations for Horn hypergeometric
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functionsH4 are established. Based on these recurrence relations, in Section 2.2,

expansions of the Horn hypergeometric seriesH4 and their ratios in special cases

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
,

H4(a, c2 + 1; c1, c2; z)

H4(a+ 1, c2 + 1; c1, c2 + 1; z)
,

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)

into branched continued fractions

1− z2 −

(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

1− z2 −

(2c1 − a+ 1)(a+ 2)

(c1 + 1)(c1 + 2)
z1

1− z2 −

(2c1 − a+ 2)(a+ 3)

(c1 + 2)(c1 + 3)
z1

1− ...

,

1− c2 − a
c2

z2 −

2(a+ 1)

c1
z1

1− z2 −

(2c1 − a− 1)(a+ 2)

c1(c1 + 1)
z1

1− z2 −

(2c1 − a)(a+ 3)

(c1 + 1)(c1 + 2)
z1

1− ...

,

and

1 +

a

c2(c2 + 1)
z2

1 +

(
a

c2 + 1
− 1

)
z2 −

2(a+ 1)

c1
z1

1− z2 −

(2c1 − a− 1)(a+ 2)

c1(c1 + 1)
z1

1− ...

,

respectively, are constructed.

The third chapter is devoted to establishing the domains of analytic con-

tinuation of the Horn hypergeometric functions H4 and their ratios in special

cases. These domains are the domains of convergence of their expansions into
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branched continued fractions. The key role here is played by the principle of

correspondence between the formal double power series and the branched con-

tinued fraction. Approaches are considered in which the theorem on continua-

tion of convergence from an already known small domain (an open connected

set) to a larger one is used to establish the convergence criteria of branched

continued fractions.

As a result of the research in Section 3.1, convergence criteria for branched

continued fraction expansions with real coe�cients were established. It was

proved that Cartesian products of two planes with cuts are convergence do-

mains of the expansions of the Horn hypergeometric functions H4 and their

ratios in special cases, and, in addition, these domains are domains of ana-

lytic continuation of these functions. In particular, it was established that the

domain

Dτ =

{
z ∈ C2 : zk 6∈

[
1

4(1 + τ)
,+∞

)
, k = 1, 2

}
is the domain of analytic continuation for the functions

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
and H4(1, c2; c1, c2; z),

where τ > 0 and depends on the parameters a and c1, and for the ratio

H4(a, c2 + 1; c1, c2; z)/H4(a, c2 + 2; c1, c2 + 1; z) the domain of analytic con-

tinuation is the domain

Pτ =

{
z ∈ C2 : z1 6∈

[
1

8τ
,+∞

)
, z2 6∈

[
1

4 max{1, 1− a/(c2 + 1)}
,+∞

)}
,

where τ > 0 and depends on the parameters a, c1 and c2.

In Section 3.2, convergence criteria for branched continued fractions with

complex coe�cients are established. It is proved that the unions of bi-disks

and Cartesian products of cardioid domains and half-planes are the conver-

gence domains of these branched continued fractions, and, in addition, these

domains are also domains of analytic continuation of special cases of the Horn

hypergeometric functions H4. In particular, it was established that the domain
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Hκ,τ
µ,ν = Hµ,ν ∪Hκ,τ is the domain of analytic continuation for the functions

H4(a, c2 + 1; c1, c2; z)

H4(a+ 1, c2 + 1; c1, c2 + 1; z)
,

where

Hµ,ν =

{
z ∈ C2 : |z1| <

1 + cos(arg(z1))

2µ
,

Re(z2e
−(i/2) arg(z1)) <

ν

2
cos

(
arg(z1)

2

)}
,

Hκ,τ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2

}
,

µ is a positive number, 0 < ν < 1 and τ > 0 and depends on the parameters a

and c1, 0 < κ < 1, and for the ratio H4(a, c2 + 1; c1, c2; z)/H4(a, c2 + 2; c1, c2 +

1; z) the domain of analytic continuation is the domain Hκ,τ,υ
µ,ν,υ = Hµ,ν,υ∪Hκ,τ,υ,

where

Hµ,ν,υ =

{
z ∈ C2 : |z1| <

1 + cos(arg(z1))

2µ
,

Re(z2e
−(i/2) arg(z1)) > − ν

2υ
cos

(
arg(z1)

2

)}
,

Hκ,τ,υ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2υ

}
,

µ is a positive number, 0 < ν < 1, 0 < κ < 1, τ > 0 and υ > 0 and depends

on the parameters a, c1, and c2.

The fourth chapter is devoted to the study of the convergence rate and nu-

merical stability of expansions of special cases of the Horn hypergeometric series

H4 into branched continued fractions. Approaches are considered in which the

formula for the di�erence of two approximants of a branched continued frac-

tion is used to �nd estimates of the approximation errors for these expansions,

and the periodic continued fraction is used to establish sets of their numerical

stability.

As a result, in Section 4.1, estimates of approximation errors for branched

continued fractions with real coe�cients in regions (a domain which may include
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all, part, or none of its boundary) of the space R2, which are Cartesian products

of two semi-axes, are found. In particular, it is proved that for each z ∈ Rκ

branched continued fraction expansions of functions H4(a, c2; c1, c2; z)/H4(a+

1, c2; c1 + 1, c2; z) and H4(1, c2; c1, c2; z) converge at least as fast as geometric

series with ratio
τ |z1|

(1− z2)2 + τ |z1|
,

and it is also established that the domain Dτ ∪ Pτ ∪ Int(Rκ) is the domain of

analytic continuation of these functions, where

Dτ =

{
z ∈ C2 : zk 6∈

[
1

4(1 + τ)
,+∞

)
, k = 1, 2

}
,

Pτ =

{
z ∈ C2 : z1 6∈

[
1

8τ
,+∞

)
, z2 6∈

[
1

4
,+∞

)}
,

Rκ =
{
z ∈ R2 : z1 ≤ 0, z2 ≤ κ

}
, 0 < κ < 1.

τ > 0 and depends on the parameters a and c1,

In Section 4.2, the concept of the numerical stability set of a branched con-

tinued fraction is de�ned and explicit formulas for relative errors of computa-

tions of approximants of expansions of special cases of the Horn hypergeometric

series H4 into branched continued fractions are found and bi-disk sets of nu-

merical stability for these expansions with complex coe�cients are established.

In particular, it is proved that the set

Dκ,τ,υ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2υ

}
, κ ∈

(
0,

1

3

)
∪
(

1

3
, 1

)
is the numerical stability set for the expansion of ratio

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
,

where τ > 0 and υ > 0 and depends on the parameters a, c1, and c2.

Keywords: Horn hypergeometric function H4, branched continued frac-

tion, double power series, analytic function, approximation, continued fraction,

recurrence relation, analytic continuation, convergence, rate of convergence, set

of numerical stability, roundo� error.
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ÀÍÎÒÀÖIß

Ëóöiâ I.-À. Â. Íàáëèæåííÿ ñïåöiàëüíèõ âèïàäêiâ ãiïåðãåîìåòðè÷íèõ ôóíê-

öié ÃîðíàH4 ãiëëÿñòèìè ëàíöþãîâèìè äðîáàìè. � Êâàëiôiêàöiéíà íàóêîâà

ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ ñòóïåíÿ äîêòîðà ôiëîñîôi¨ çà ñïåöiàëüíiñòþ

111 Ìàòåìàòèêà. � Êàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ

Ñòåôàíèêà, Ìiíiñòåðñòâî îñâiòè i íàóêè Óêðà¨íè. � Êàðïàòñüêèé íàöiî-

íàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà, Ìiíiñòåðñòâî îñâiòè i íàóêè

Óêðà¨íè, Iâàíî-Ôðàíêiâñüê, 2026.

Äèñåðòàöiéíà ðîáîòà ïîâ'ÿçàíà iç çàäà÷àìè âñòàíîâëåííÿ ðåêóðåíòíèõ

ñïiââiäíîøåíü ãiïåðãåîìåòðè÷íèõ ðÿäiâ Ãîðíà H4, ïîáóäîâè ðîçâèíåíü öèõ

ðÿäiâ òà ¨õ âiäíîøåíü ó ñïåöiàëüíèõ âèïàäêàõ ó ãiëëÿñòi ëàíöþãîâi äðîáè,

äîñëiäæåííÿ çáiæíîñòi ãiëëÿñòèõ ëàíöþãîâèõ äðîáîâèõ ðîçâèíåíü, âñòà-

íîâëåííÿ îáëàñòåé àíàëiòè÷íîãî ïðîäîâæåííÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié

Ãîðíà H4 òà ¨õ âiäíîøåíü ó ñïåöiàëüíèõ âèïàäêàõ, âñòàíîâëåííÿ îöiíîê

øâèäêîñòi çáiæíîñòi òà ìíîæèí îá÷èñëþâàëüíî¨ ñòiéêîñòi ãiëëÿñòèõ ëàí-

öþãîâèõ äðîáîâèõ ðîçâèíåíü.

Öi çàäà÷i âiäíîñÿòüñÿ äî ðàöiîíàëüíèõ íàáëèæåíü àíàëiòè÷íèõ ôóíê-

öié � îäíîãî iç îñíîâíèõ ðîçäiëiâ àíàëiòè÷íî¨ òåîði¨ ãiëëÿñòèõ ëàíöþãîâèõ

äðîáiâ. Ãiëëÿñòi ëàíöþãîâi äðîáè � îäíå iç áàãàòîâèìiðíèõ óçàãàëüíåíü

íåïåðåðâíèõ äðîáiâ � ââåäåíî äî ðîçãëÿäó Â. ß. Ñêîðîáîãàòüêîì ó 1966

ðîöi ðàçîì ç Í. Ñ. Äðîíþê, Î. I. Áîáèêîì, Á. É. Ïòàøíèêîì. Àíàëiòè÷íà

òåîðiÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ðîçâèâàëàñÿ ó ïðàöÿõ

Ï. I. Áîäíàð÷óêà, Â. ß. Ñêîðîáîãàòüêà, Ä. I. Áîäíàðà, Ì. Ñ. Ñÿâàâêà,

Õ. É. Êó÷ìiíñüêî¨, Ì. Î. Íåäàøêîâñüêîãî, Â. Ñåìàøêà, Ì. Î'Äîíîãîå,

Äæ. Ìåðôi, Á. Âåðäîíê, À. Êàéò, Ò. Ì. Àíòîíîâî¨, Î. Ì. Ñóñü,

Ð. I. Äìèòðèøèíà, Î. Ñ. Ìàíçié, Í. Ï. Ãî¹íêî, Â. Ð. Ãëàäóíà, Î. �. Áàðàí

òà ií.

Äðóãèé ðîçäië, ïåðøèé iç îñíîâíèõ ðîçäiëiâ äèñåðòàöiéíî¨ ðîáîòè,

ïðèñâÿ÷åíî ïîáóäîâi ðîçâèíåíü ñïåöiàëüíèõ âèïàäêiâ ãiïåðãåîìåòðè÷íèõ
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ðÿäiâ Ãîðíà H4 ó ãiëëÿñòi ëàíöþãîâi äðîáè. Âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ

ïîäâiéíèõ ñòåïåíåâèõ ðÿäiâ, âñòàíîâëåíî íîâi òðüîõ- òà ÷îòèðüîõ-÷ëåííi

ðåêóðåíòíi ñïiââiäíîøåííÿ äëÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié Ãîðíà H4. Íà

îñíîâi öèõ ðåêóðåíòíèõ ñïiââiäíîøåíü ó ïiäðîçäiëi 2.2 ïîáóäîâàíî ðîçâèíå-

ííÿ ãiïåðãåîìåòðè÷íèõ ðÿäiâ Ãîðíà H4 òà ¨õ âiäíîøåíü ó ñïåöiàëüíèõ âè-

ïàäêàõ

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
,

H4(a, c2 + 1; c1, c2; z)

H4(a+ 1, c2 + 1; c1, c2 + 1; z)
,

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)

âiäïîâiäíî ó ãiëëÿñòi ëàíöþãîâi äðîáè

1− z2 −

(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

1− z2 −

(2c1 − a+ 1)(a+ 2)

(c1 + 1)(c1 + 2)
z1

1− z2 −

(2c1 − a+ 2)(a+ 3)

(c1 + 2)(c1 + 3)
z1

1− ...

,

1− c2 − a
c2

z2 −

2(a+ 1)

c1
z1

1− z2 −

(2c1 − a− 1)(a+ 2)

c1(c1 + 1)
z1

1− z2 −

(2c1 − a)(a+ 3)

(c1 + 1)(c1 + 2)
z1

1− ...

,

òà

1 +

a

c2(c2 + 1)
z2

1 +

(
a

c2 + 1
− 1

)
z2 −

2(a+ 1)

c1
z1

1− z2 −

(2c1 − a− 1)(a+ 2)

c1(c1 + 1)
z1

1− ...
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Òðåòié ðîçäië ïðèñâÿ÷åíèé âñòàíîâëåííþ îáëàñòåé àíàëiòè÷íîãî ïðî-

äîâæåííÿ ãiïåðãåîìåòðè÷íèõ ôóíêöié Ãîðíà H4 òà ¨õ âiäíîøåíü ó ñïåöiàëü-

íèõ âèïàäêàõ. Öi îáëàñòi ¹ îáëàñòÿìè çáiæíîñòi ¨õíiõ ðîçâèíåíü ó ãiëëÿñòi

ëàíöþãîâi äðîáè. Êëþ÷îâó ðîëü òóò âiäiãðà¹ ïðèíöèï âiäïîâiäíîñòi ìiæ

ôîðìàëüíèì ïîäâiéíèì ñòåïåíåâèì ðÿäîì i ãiëëÿñòèì ëàíöþãîâèì äðîáîì.

Ðîçãëÿíóòî ïiäõîäè, ó ÿêèõ äëÿ âñòàíîâëåííÿ îçíàê çáiæíîñòi ãiëëÿñòèõ

ëàíöþãîâèõ äðîáiâ âèêîðèñòîâó¹òüñÿ òåîðåìà ïðî ïðîäîâæåííÿ çáiæíîñòi

iç óæå âiäîìî¨ ìàëî¨ îáëàñòi äî áiëüøî¨.

Ó ðåçóëüòàòi äîñëiäæåíü ó ïiäðîçäiëi 3.1 âñòàíîâëåíî îçíàêè çáiæíîñòi

äëÿ ãiëëÿñòèõ ëàíöþãîâèõ äðîáîâèõ ðîçâèíåíü ç äiéñíèìè êîåôiöi¹íòàìè.

Äîâåäåíî, ùî äåêàðòîâi äîáóòêè äâîõ ïëîùèí ç ðîçðiçàìè ¹ îáëàñòÿìè

çáiæíîñòi ðîçâèíåíü ãiïåðãåîìåòðè÷íèõ ôóíêöié Ãîðíà H4 òà ¨õ âiäíîøåíü

ó ñïåöiàëüíèõ âèïàäêàõ, i, êðiì öüîãî, öi îáëàñòi ¹ îáëàñòÿìè àíàëiòè÷íîãî

ïðîäîâæåííÿ öèõ ôóíêöié. Çîêðåìà, âñòàíîâëåíî, ùî îáëàñòü

Dτ =

{
z ∈ C2 : zk 6∈

[
1

4(1 + τ)
,+∞

)
, k = 1, 2

}
,

äå τ > 0 i çàëåæèòü âiä ïàðàìåòðiâ a òà c1, ¹ îáëàñòþ àíàëiòè÷íîãî ïðîäîâ-

æåííÿ äëÿ ôóíêöié

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
òà H4(1, c2; c1, c2; z),

à äëÿ âiäíîøåííÿ H4(a, c2 + 1; c1, c2; z)/H4(a, c2 + 2; c1, c2 + 1; z) îáëàñòþ

àíàëiòè÷íîãî ïðîäîâæåííÿ ¹ îáëàñòü

Pτ =

{
z ∈ C2 : z1 6∈

[
1

8τ
,+∞

)
, z2 6∈

[
1

4 max{1, 1− a/(c2 + 1)}
,+∞

)}
,

äå τ > 0 i çàëåæèòü âiä ïàðàìåòðiâ a, c1 òà c2.

Ó ïiäðîçäiëi 3.2 âñòàíîâëåíî îçíàêè çáiæíîñòi äëÿ ãiëëÿñòèõ ëàíöþãî-

âèõ äðîáiâ ç êîìïëåêñíèìè êîåôiöi¹íòàìè. Äîâåäåíî, ùî îá'¹äíàííÿìè

áiêðóãiâ i äåêàðòîâèõ äîáóòêiâ êàðäiî¨äíèõ îáëàñòåé i ïiâïëîùèí ¹ îáëàñòÿ-

ìè çáiæíîñòi öèõ ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ, i, êðiì öüîãî, öi îáëàñòi ¹

òàêîæ îáëàñòÿìè àíàëiòè÷íîãî ïðîäîâæåííÿ ñïåöiàëüíèõ âèïàäêiâ ãiïåð-

ãåîìåòðè÷íèõ ôóíêöié Ãîðíà H4. Çîêðåìà, âñòàíîâëåíî, ùî îáëàñòü Hκ,τ
µ,ν =
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Hµ,ν ∪Hκ,τ , äå

Hµ,ν =

{
z ∈ C2 : |z1| <

1 + cos(arg(z1))

2µ
,

Re(z2e
−(i/2) arg(z1)) <

ν

2
cos

(
arg(z1)

2

)}
,

Hκ,τ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2

}
,

µ � äîäàòíå ÷èñëî, 0 < ν < 1 òà τ > 0 i çàëåæèòü âiä ïàðàìåòðiâ a òà c1,

0 < κ < 1, ¹ îáëàñòþ àíàëiòè÷íîãî ïðîäîâæåííÿ äëÿ ôóíêöi¨

H4(a, c2 + 1; c1, c2; z)

H4(a+ 1, c2 + 1; c1, c2 + 1; z)
,

à äëÿ âiäíîøåííÿ H4(a, c2 + 1; c1, c2; z)/H4(a, c2 + 2; c1, c2 + 1; z) îáëàñòþ

àíàëiòè÷íîãî ïðîäîâæåííÿ ¹ îáëàñòü Hκ,τ,υ
µ,ν,υ = Hµ,ν,υ ∪Hκ,τ,υ, äå

Hµ,ν,υ =

{
z ∈ C2 : |z1| <

1 + cos(arg(z1))

2µ
,

Re(z2e
−(i/2) arg(z1)) > − ν

2υ
cos

(
arg(z1)

2

)}
,

Hκ,τ,υ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2υ

}
,

µ � äîäàòíå ÷èñëî, 0 < ν < 1, 0 < κ < 1, τ > 0 òà υ > 0 i çàëåæèòü âiä

ïàðàìåòðiâ a, c1 òà c2.

×åòâåðòèé ðîçäië ïðèñâÿ÷åíèé äîñëiäæåííþ øâèäêîñòi çáiæíîñòi òà

îá÷èñëþâàëüíié ñòiéêîñòi ðîçâèíåíü ñïåöiàëüíèõ âèïàäêiâ ãiïåðãåîìåòðè÷-

íèõ ðÿäiâ ÃîðíàH4 ó ãiëëÿñòi ëàíöþãîâi äðîáè. Ðîçãëÿíóòî ïiäõîäè, ó ÿêèõ

äëÿ çíàõîäæåííÿ îöiíîê ïîõèáîê íàáëèæåíü äëÿ öèõ ðîçâèíåíü âèêîðèñòî-

âó¹òüñÿ ôîðìóëà ðiçíèöi äâîõ ïiäõiäíèõ äðîáiâ ãiëëÿñòîãî ëàíöþãîâîãî

äðîáó, à äëÿ âñòàíîâëåííÿ ìíîæèí ¨õ îá÷èñëþâàëüíî¨ ñòiéêîñòi � ïåðiî-

äè÷íèé íåïåðåðâíèé äðiá.

Ó ðåçóëüòàòi ó ïiäðîçäiëi 4.1 çíàéäåíî îöiíêè ïîõèáîê íàáëèæåíü äëÿ

ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ ç äiéñíèìè êîåôiöi¹íòàìè ó çàìêíåíèõ îáëàñ-

òÿõ ïðîñòîðó R2, ùî ¹ äåêàðòîâèìè äîáóòêàìè äâîõ ïiâîñåé. Çîêðåìà,
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äîâåäåíî, ùî äëÿ êîæíîãî z ∈ Rκ, äå

Rκ =
{
z ∈ R2 : z1 ≤ 0, z2 ≤ κ

}
, 0 < κ < 1,

ãiëëÿñòi ëàíöþãîâi äðîáîâi ðîçâèíåííÿ ôóíêöié H4(a, c2; c1, c2; z)/H4(a +

1, c2; c1+1, c2; z) òàH4(1, c2; c1, c2; z) çáiãàþòüñÿ ïðèíàéìíi òàê ñàìî øâèäêî,

ÿê ãåîìåòðè÷íèé ðÿä ç ÷ëåíîì

τ |z1|
(1− z2)2 + τ |z1|

,

äå τ > 0 i çàëåæèòü âiä ïàðàìåòðiâ a òà c1, à òàêîæ âñòàíîâëåíî, ùî îáëàñòü

Dτ ∪ Pτ ∪ Int(Rκ), äå

Dτ =

{
z ∈ C2 : zk 6∈

[
1

4(1 + τ)
,+∞

)
, k = 1, 2

}
,

Pτ =

{
z ∈ C2 : z1 6∈

[
1

8τ
,+∞

)
, z2 6∈

[
1

4
,+∞

)}
,

¹ îáëàñòþ àíàëiòè÷íîãî ïðîäîâæåííÿ öèõ ôóíêöié.

Ó ïiäðîçäiëi 4.2 îçíà÷åíî ïîíÿòòÿ ìíîæèíè îá÷èñëþâàëüíî¨ ñòiéêîñòi

ãiëëÿñòîãî ëàíöþãîâîãî äðîáó òà çíàéäåíî ÿâíi ôîðìóëè âiäíîñíèõ ïîõèáîê

îá÷èñëåíü ïiäõiäíèõ äðîáiâ ðîçâèíåíü ñïåöiàëüíèõ âèïàäêiâ ãiïåðãåîìåò-

ðè÷íèõ ðÿäiâ Ãîðíà H4 ó ãiëëÿñòi ëàíöþãîâi äðîáè òà âñòàíîâëåíî áiêðóãîâi

ìíîæèíè îá÷èñëþâàëüíî¨ ñòiéêîñòi äëÿ öèõ ðîçâèíåíü ç êîìïëåêñíèìè êîå-

ôiöi¹íòàìè. Çîêðåìà, äîâåäåíî, ùî ìíîæèíà

Dκ,τ,υ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2υ

}
, κ ∈

(
0,

1

3

)
∪
(

1

3
, 1

)
,

äå τ > 0 òà υ > 0 i çàëåæèòü âiä ïàðàìåòðiâ a, c1 òà c2, ¹ ìíîæèíîþ

îá÷èñëþâàëüíî¨ ñòiéêîñòi äëÿ ðîçâèíåííÿ âiäíîøåííÿ

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
.

Êëþ÷îâi ñëîâà: ãiïåðãåîìåòðè÷íà ôóíêöiÿ ÃîðíàH4, ãiëëÿñòèé ëàíöþ-

ãîâèé äðiá, ïîäâiéíèé ñòåïåíåâèé ðÿä, àíàëiòè÷íà ôóíêöiÿ, íàáëèæåííÿ,

íåïåðåðâíèé äðiá, ðåêóðåíòíå ñïiââiäíîøåííÿ, àíàëiòè÷íå ïðîäîâæåííÿ,

çáiæíiñòü, øâèäêiñòü çáiæíîñòi, ìíîæèíà îá÷èñëþâàëüíî¨ ñòiéêîñòi, ïîõèá-

êà çàîêðóãëåííÿ.
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INTRODUCTION

Relevance of the topic. Special functions appear naturally in almost all �elds

of science and technology. Many of these functions are hypergeometric func-

tions or can be expressed in terms of them. The most famous is the Gaussian

hypergeometric function, which is de�ned by Gaussian hypergeometric series.

In approximation theory, an important problem is how to best approximate

functions by simpler functions, as well as quantifying the resulting errors. The

most common approximation methods include Taylor polynomial expansions,

spline interpolation, Fourier series, and rational functions.

Rational approximation owes its emergence to continued fractions, which

are closely related to number theory, the moment problem, the theory of orthog-

onal polynomials, quadrature formulas, interpolation problems in the theory of

functions of complex variable, the spectral theory of self-adjoint linear opera-

tors, etc. A signi�cant contribution to the theory of continued fractions was

made by such outstanding mathematicians as L. Euler [1�3], C. F. Gauss [4],

A.-M. Legendre [5], C. G. Jacobi [6], B. Riemann [7], T .Stieltjes [8, 9], and

many others.

A key role in the construction of rational approximations is played by the

principle of correspondence between the approximants of a continued fraction

and the formal Laurent series, which represents a given analytic function of one

variable. Although the basic ideas of correspondence belong to C. F. Gauss,

the general theory was described by W. B. Jones and W. J. Thron (see, [10,

Chapter 5]). More about studying of the continued fraction representations of

special functions, including hypergeometric functions, can be found in books

[10�16].

To construct rational approximations of analytical functions of several vari-

ables, a generalization of continued fractions � branched continued fractions �

is used, proposed by V. Ya. Skorobohatko in 1966 together with N. S. Droniuk,

O. I. Bobyk and B. Yo. Ptashnyk [17]. The analytical theory of branched con-

tinued fractions was developed in the works P. I. Bodnarchuk and V. Ya. Sko-
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robohatko [18], D. I. Bodnar [19], M. S. Siavavko [20], Kh. Yo. Kuchminska [21],

M. O. Nedashkovskyi [22], W. Siemaszko [23, 24], H. Waadeland [25], A. Cuyt

and B. Verdonk [26], J. A. Murphy and M. R. O'Donohoe [27], O. M. Sus

[28], T. M. Antonova [29, 30], R. I. Dmytryshyn [31, 32], O. S. Manzii [33],

N. P. Hoenko [34], V. R. Hladun [35], O. E. Baran [36], and many others.

The natural two-variable extension of the hypergeometric series is the dou-

ble hypergeometric series. J. Horn in 1931 listed all convergent hypergeometric

series of the second order: fourteen complete series and twenty of their con-

�uent cases [37]. Because of their applied importance, several books (see, for

instance, [38, 39]) and websites (see, for example, functions.wolfram.com) and

a large collection of articles have been devoted to these double hypergeometric

series.

First expansions of the ratios of Appell hypergeometric series F1 into

formal branched continued fractions were constructed by N. S. Droniuk in

[40]. However, no explicit formulas have been found for the coe�cients of

the constructed branched continued fractions, nor have criteria of their conver-

gence been established. Later, N. P. Molnar and O. S. Manzii in [41] obtained

the explicit formulas for such expansions. Other formal expansions for this

series can be found in [34]. T. M. Antonova and N. P. Hoenko (see, [42])

was proved that the constructed expansion into a branched continued frac-

tion converges to a function whose expansion is, and that it provides an an-

alytic extension of this function into some domain. Expansions of the ratios

of Appell hypergeometric series F2 into formal branched continued fractions

can be found in works D. I. Bodnar [43] and O. S. Manzii [33]. T. Antonova,

C. Cesarano, R. Dmytryshyn and S. Sharyn [44] and R. Dmytryshyn [45,46] in-

vestigated a special case of a branched continued fraction expansion constructed

by D. I. Bodnar in [43]. An expansion of the ratio of the Appell hypergeomet-

ric series F3 and F4 into formal branched continued fractions was constructed

and investigated, in particular, in [47] and [48], respectively. The expansions

of the Horn hypergeometric series ratios H3, H6, and H7 into branched contin-
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ued fractions were constructed and investigated in [49,50], [51�53], and [54�56],

respectively.

Despite signi�cant achievements in the approximation of analytic functions

by branched continued fractions, this topic remains one of the most important

in the analytic theory of continued and branched continued fractions and one

that still has many open problems, especially in the case of two variables.

One of the central problems is to establish recurrence relations for dou-

ble hypergeometric series, in particular, the Horn hypergeometric series H4,

that would provide the construction of branched continued fraction expansions.

Special attention is required to construct and study the expansions of Horn hy-

pergeometric series H4 and their ratios in special cases into branched continued

fractions.

It is well known that, compared to power series, continued fractions can

have wider convergence regions and better convergence rates. Here, the region

refers to a domain (an open connected set) which may include all, part, or

none of its boundary. These properties are also inherent to branched continued

fractions. Therefore, establishing the widest convergence regions and �nding

estimates of approximation errors of branched continued fraction expansions,

as well as proving that these branched continued fractions converge to the

functions whose expansions are, and that this provides an analytic continuation

of these functions into some domains, is an important scienti�c problem.

An equally important problem is the quanti�cation of the resulting er-

rors that arise when approximating analytic functions by branched continued

fractions.

Connection of work with scienti�c programs, plans, and topics.

The study was carried out within the framework of the scienti�c research topics

�Study of algebras generated by symmetric polynomial and rational mappings

in Banach spaces� (project registration number 0123U101791) and �Analysis

of the spectra of countably generated algebras of symmetric polynomials and

possible applications in quantum mechanics and computer science� (project
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registration number 2023.03/0198) of the Department of Mathematical and

Functional Analysis of the Vasyl Stefanyk Carpathian National University.

Goal and objectives of the research. The goal of the research is to

establish recurrence relations of the Horn hypergeometric series H4, construct

expansions of these series and their ratios in special cases into branched contin-

ued fractions, establish convergence criteria of these expansions and estimates

of approximation errors for them, domains of analytical continuation of Horn

hypergeometric functions H4 and their ratios in special cases, and establish sets

of numerical stability of branched continued expansions of these functions.

The object of research is the branched continued fraction expansions of

Horn hypergeometric functions H4 and their ratios in special cases.

Subject of research is the recurrence relations of the Horn hypergeometric

series H4, convergence criteria of the branched continued fraction expansions

and estimates of approximation errors for them, domains of analytical con-

tinuation of the Horn hypergeometric functions H4 and their ratios in special

cases, and sets of numerical stability of branched continued expansions of these

functions.

Research problems :

� to establish new recurrence relations for Horn hypergeometric series H4;

� to construct expansions of Horn hypergeometric series H4 and their

ratios in special cases into branched continued fractions;

� to establish convergence criteria for expansions of Horn hypergeometric

functions H4 and their ratios in special cases into branched continued fractions;

� to establish domains of analytical continuation of the Horn hypergeo-

metric functions H4 and their ratios in special cases;

� to establish truncation error bounds for expansions of Horn hypergeo-

metric functions H4 and their ratios in special cases into branched continued

fractions;

� to establish sets of numerical stability for expansions of ratios of Horn

hypergeometric functions H4 in special cases into branched continued fractions.
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Research methods. The work uses methods of mathematical and com-

plex analysis, as well as the analytical theory of continued and branched con-

tinued fractions.

Scienti�c novelty of the results obtained. All results of the thesis

are new and consist of the following:

� new three- and four-term recurrence relations for the Horn hypergeo-

metric series H4 are established;

� expansions of the Horn hypergeometric series H4 and their ratios in

special cases into branched continued fractions are constructed;

� convergence criteria are established for expansions of Horn hypergeo-

metric functions H4 and their ratios in special cases into branched continued

fractions in the cases of real and complex parameters;

� the domains of analytical continuation for the Horn hypergeometric

functions H4 and their ratios in special cases into branched continued fractions

in the cases of real and complex parameters are established in the space C2;

� truncation error bounds are established for expansions of Horn hyperge-
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CHAPTER 1

MAIN ASPECTS AND REFERENCE OVERVIEW

This chapter provides the necessary theoretical material on continued fractions

and their two-dimensional generalizations � branched continued fractions. An

overview of the results of the study of continued fraction and branched con-

tinued fraction expansions for special functions with one and two variables,

respectively, is presented.

1.1. Basics of continued fractions

Let N be the set of natural numbers, R be the set of real numbers, and C
be the set of complex numbers. We write Ĉ = C ∪ {∞}.

Continued fractions (see, [10�12,16]). Let 〈{ak}k≥1, {bk}k≥0〉 be an ordered
pair of sequences of complex numbers such that ak 6= 0, k ≥ 1, and {tk(ξ)}k≥0
and {Tk(ξ)}k≥0 be the sequences of linear fractional transformations de�ned as
follows

t0(ξ) = b0 + ξ, tk(ξ) =
ak

bk + ξ
, k ≥ 1,

T0(ξ) = t0(ξ), Tk(ξ) = Tk−1(tk(ξ)), k ≥ 1.

Let {fk}k≥0 be a sequence in Ĉ, given as

fk = Tk(0), k ≥ 0.

The ordered pair [72, p. 474]

〈〈{ak}k≥1, {bk}k≥0〉, {fk}k≥0〉

is the continued fraction denoted by the symbol

b0 +
a1

b1 +
a2

b2 +
a3

b3 + ...

. (1.1)
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The numbers ak and bk are called kth partial numerator and partial denomi-

nator of the continued fraction, respectively. They are also called elements of

(1.1). The value fk is called the kth approximant and is denoted by the symbol

fk = b0 +
a1

b1 +
a2

b2 + ...+
ak
bk

. (1.2)

For convenience, we will also denote a continued fraction by the symbol [73,

p. 148]

b0 +
a1
b1 +

a2
b2 +

a3
b3 +

. . .

and the symbol [74]

b0 +
∞

D
k=1

ak
bk
,

and its kth approximant by

fk = b0 +
a1
b1 +

a2
b2 +

. . .
+

ak
bk

and

fk = b0 +
k

D
n=1

an
bn
,

respectively.

We will also consider continued fractions, in which the partial numerators

can be zero. In this case, we assume the following: the approximant (1.2) does

not makes sense [16, p. 14] if we obtain an uncertainty of 0/0, when it is folded

from bottom to top without any reductions in intermediate operations.

A continued fraction (1.1) converges [16, p. 16], if at most a �nite number

of its approximants does not make sense, and the sequence {fk}k≥0 converges
to a �nite limit f, i.e.

f = lim
k→+∞

fk, f ∈ C.

In this case, f is called the value of the continued fraction (1.1). Otherwise,

the continued fraction (1.1) diverges.
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Let

d0 +
∞

D
k=1

ck
dk

(1.3)

be a continued fraction where dk−1 ∈ C, ck ∈ C \ {0}, k ≥ 1.

Two continued fractions (1.1) and (1.3) with sequences of approximants

{fk}k≥0 and {gk}k≥0, respectively, are called equivalent [75], if these sequences
coincide term by term, i.e.

fk = gk, k ≥ 0.

In this case, we will write (see [11, p. 15] and [14, p. 5])

b0 +
∞

D
k=1

ak
bk
≡ d0 +

∞

D
k=1

ck
dk
. (1.4)

The equivalence property (1.4) holds if and only if there exist nonzero

constants ρk, k ≥ 1, such that

d0 = b0, c1 = ρ1a1, ck+1 = ρkρk+1ak+1, dk = ρkbk, k ≥ 1. (1.5)

The transformation of a continued fraction (1.1) into (1.3), determined by

the relations (1.5) for some ρk, k ≥ 1, is called an equivalent transformation [75]

(see also [11, p. 15�16], [10, pp. 31�36], [14, � 2], [15, � 42], [16, pp. 19�20]).

If (1.1) is a continued fraction with positive elements, then the so-called

fork property holds [76,77], i.e.

f2k−2 < f2k < f2k+1 < f2k−1, k ≥ 1.

Many convergence criteria of continued fractions have been established,

including periodic continued fractions [10�14,16]. To prove our results, we will

use the following theorem.

Theorem 1.1 ([10, Theorem 3.2]). The periodic continued fraction

a

1 +
a

1 +
a

1 + ...
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converges for all non-zero complex numbers a unless a = −1/4 + c, where c is

real and negative number. For

a = −1

4
+ c, c = |c|eiγ, −π < γ < π

the value of this periodic continued fraction is

−1 + 2
√
|c|eiγ/2

2
.

There are several algorithms for computing the nth approximant of the

continued fraction (1.1), among which the most widely used is the backward

recurrence algorithm (see, for example, [10, p. 352]) which uses the the following

recurrence relations

F
(n)
k = bk +

ak+1

F
(n)
k+1

, n− 1 ≥ k ≥ 0, n ≥ 1,

with initial conditions

F (n)
n = bn, n ≥ 0.

Then

fn = F
(n)
0 , n ≥ 0.

The terms F (n)
k , 0 ≤ k ≤ n, are called tails of nth approximant of continued

fraction (1.1) [78].

An important application of continued fractions is the representation of

analytic functions by continued fractions of the form

b0(z) +
∞

D
k=1

ak(z)

bk(z)
, (1.6)

where bk−1(z), ak(z), k ≥ 1, are polynomials in z or 1/z. In this case, the

so-called concept of correspondence is used.

Correspondence (see, [11, pp. 30�35], [10, pp. 147�160], [13, pp. 241�290]).

The expression

L(z) =
+∞∑
k=r

ckz
k (1.7)
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is called the formal Laurent series at the point z = 0, where r ∈ Z, ck ∈ C,
k ≥ r, and cr 6= 0 or all ck = 0. Let the symbol 0 denote the neutral element

for the operation of addition of formal Laurent series. The set L of all formal

Laurent series at the point z = 0 forms a �eld over C with respect to the

operations of addition and multiplication. If r ≥ 0, then the expression (1.7)

is called the formal power series at the point z = 0.

For all L(z) ∈ L, we de�ne the function λ : L→ Z ∪ {+∞} as follows:

λ(L) =


r if L(z) =

+∞∑
k=r

ckz
k, cr 6= 0,

+∞ if L(z) ≡ 0.

(1.8)

For a function f(z), meromorphic at the point z = 0, we denote its ex-

pansion into a formal Laurent series at the origin (the one that coincides in

some neighborhood with the punctured point z = 0) by Λ(f), i.e. we de�ne

the mapping Λ : f(z)→ Λ(f).

The sequence of functions {fk(z)}k≥0, meromorphic at the origin, is cor-
responding to the formal Laurent series L(z) at the point z = 0, if

lim
k→+∞

λ(L− Λ(fk)) = +∞.

If the sequence {fk(z)}k≥0 is corresponding to the formal Laurent series L(z),

then the order of correspondence of the function fk(z) is de�ned as follows:

νk = λ(L− Λ(fk)).

In this case, by the de�nition of the function λ in (1.8) it follows that the formal

Laurent series L(z) and Λ(fk) converge term by term up to the term with the

power (νk − 1) inclusive.

A continued fraction of the form (1.6) is called corresponding to the formal

Laurent series L(z) at the point z = 0, if the sequence of its approximants

{fk(z)}k≥0 is corresponding to L(z) at the point z = 0. A sequence of functions

{fk(z)}k≥0 (or continued fraction (1.6)) is called corresponding at the point

z = 0 to the function f(z), meromorphic at the origin, if this sequence (or
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continued fraction) corresponds to the formal Laurent series Λ(f) at the point

z = 0.

Uniform convergence [10, p. 176]. Let D be some domain in C. Here, the
domain is an open connected subset of C.

A sequence {fk(z)}k≥1 of functions meromorphic in the domain D is said

to converge uniformly on a compact subset K of D if:

(i) there exists N(K) such that fk(z) is holomorphic in the domain K for all

k ≥ N(K), and

(ii) given ε > 0 there exists Nε > N(K) such that

sup
z∈K
|fk+r(z)− fk(z)| < ε, k ≥ Nε, r ≥ 0.

The sequence {fk(z)}k≥1 of functions holomorphic in the domain D is said

to be uniformly bounded on a compact subset K of D if there exist N(K) and

M(K) such that

sup
z∈K
|fk(z)| < M(K), k ≥ N(K).

A continued fraction (1.6) is said to converge at z = z0 if its sequence of

approximants {fk(z0)}k≥0 converges, and

lim
k→+∞

fk(z0)

is called its value.

A continued fraction (1.6) is said to converge uniformly on a compact

subset K of D if its sequence of approximants {fk(z)}k≥0 converges uniformly
on K.

Let O be some region in C. Here, the region refers to a domain which may
include all, part, or none of its boundary.

If for each z ∈ O the continued fraction (1.6) converges to the �nite value

f(z), then, for k ≥ 0,

f(z)− fk(z)
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is called the truncation error of the kth approximant [10, Chapter 8]. For k ≥ 0

the estimate of the form

|f(z)− fk(z)| ≤ Ck(z)

is called a priori bound (or truncation error bound), where Ck(z) ≥ 0, k ≥ 0,

and Ck(z)→ 0 as k → +∞ for z ∈ O.

1.2. Continued fraction representations of functions

Many special functions in mathematics, physics, and engineering are hy-

pergeometric functions or combinations thereof (see, [10�12,38,79,80]).

The hypergeometric function is de�ned as follows [4]

F (a, b; c; z) =
+∞∑
k=0

(a)k(b)k
(c)k

zk

k!
, (1.9)

where a, b, c ∈ C, c 6∈ {0,−1,−2, . . .}, z ∈ C,

(α)0 = 1, (α)k = α(α + 1)(α + 2) . . . (α + k − 1), α ∈ C, k ≥ 1,

is the Pochhammer symbol. This function is also known as the Gaussian hyper-

geometric function. The power series (1.9) converges for |z| < 1 and diverges

for |z| > 1.

Example 1.1 ([79, p. 556]). The following special functions are expressed

in terms of the hypergeometric functions

F (1/2, 1; 3/2; z2) =
1

2z
ln

(
1 + z

1− z

)
and

F (1/2,−1/2; 1/2; z2)

F (1/2, 1/2; 3/2; z2)
=
z
√

1− z2
arcsin(z)

.

Note that if f(z) is a multivalued function, then we will always take its

principal value.
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There exist 26 three-term recurrence relations of Gauss hypergeometric

functions [11, p. 294], also called contiguous relations [80, p. 94].

From the contiguous relation

F (a, b; c; z) = F (a, b+ 1; c+ 1; z)− a(c− b)
c(c+ 1)

zF (a+ 1, b+ 1; c+ 2; z)

we obtain the continued fraction [4]

F (a, b; c; z)

F (a, b+ 1; c+ 1; z)
= 1− u1z

1 −
u2z

1 −
. . . , z ∈ C \ [1,+∞),

also called the Gauss continued fraction, where a, b ∈ C, c 6∈ {0,−1,−2, . . .},

u2k−1 =
(a+ k − 1)(c− b+ k − 1)

(c+ 2k − 2)(c+ 2k − 1)
, u2k =

(b+ k)(c− a+ k)

(c+ 2k − 1)(c+ 2k)
, k ≥ 1.

Setting b = 0 and replacing c by c− 1, we have

F (a, 1; c; z) =
1

1−
v1z

1 −
v2z

1 −
. . . , z ∈ C \ [1,+∞), (1.10)

where a, c ∈ C, c 6∈ {1, 0,−1,−2, . . .}, and

v2k−1 =
(a+ k − 1)(c+ k − 2)

(c+ 2k − 3)(c+ 2k − 2)
, v2k =

k(c− a+ k − 1)

(c+ 2k − 2)(c+ 2k − 1)
, k ≥ 1.

Example 1.2 ([11, p. 297]). From (1.10) it follows that

F (1/2, 1; 3/2; z) =
1

2
√
z

ln

(
1 +
√
z

1−
√
z

)
has the continued fraction

F (1/2, 1; 3/2; z) =
1

1−
w1z

1 −
w2z

1 −
. . . , z ∈ C \ [1,+∞),

where

wk =
k2

4k2 − 1
, k ≥ 1.

Con�uent hypergeometric functions. The function de�ned by [79, p. 504]

M(a; b; z) =
+∞∑
k=0

(a)k
(b)k

zk

k!
, z ∈ C,
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is called a con�uent hypergeometric function, where a, b are complex constant

herewith b 6∈ {0,−1,−2, . . .}. The function M(a; b; z) also called the Kummer

function.

For function

M(a, b; z)

M(a+ 1; b+ 1; z)

we obtain (see, [10, p. 206])

M(a, b; z)

M(a+ 1; b+ 1; z)
= 1 +

h1z

1 +

h2z

1 +
. . . , z ∈ C, (1.11)

where a, b ∈ C, b 6∈ {1, 0,−1,−2, . . .}, and

h2k−1 = − b− a+ k − 1

(b+ 2k − 2)(b+ 2k − 1)
, h2k =

a+ k

(b+ 2k − 1)(b+ 2k)
, k ≥ 1.

From (1.11) we have the continued fraction

M(1; b+ 1; z) =
1

1 +

d1z

1 +

d2z

1 +
. . . , z ∈ C, (1.12)

where b ∈ C \ {0,−1,−2, . . .} and

d2k−1 = − b+ k − 1

(b+ 2k − 2)(b+ 2k − 1)
, h2k =

k

(b+ 2k − 1)(b+ 2k)
, k ≥ 1.

Example 1.3 ([11, p. 323]). From (1.12) it follows that

M(1; 2; z) =
ez − 1

z

has the continued fraction

M(1; 2; z) =
1

1 +

f1z

1 +

f2z

1 +
. . . , z ∈ C,

where

f2k−1 = − 1

2(2k − 1)
, f2k =

1

2(2k − 1)
, k ≥ 1.

More examples of representing of the special functions as continued frac-

tions can be found in books [10, Chapter 6], [11, pp. 193�400], [12, Appendix À],

[81, pp. 193�212], and [82, Chapter 2].
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1.3. Basics of branched continued fractions

As a generalization of continued fractions (1.1), branched continued frac-

tions
N∑
i1=1

ai1

bi1 +
N∑
i2=1

ai1,i2

bi1,2 +
N∑
i3=1

ai1,i2,i3
bi1,i2,i3 + . . .

were proposed by V. Skorobohatko in 1966 together with N. Droniuk, O. Bobyk

and B. Ptashnyk [17], where N is a �xed natural number, ai1, bi1, ai1,i2, bi1,i2, . . .

are the elements (this can be numbers, functions, etc.). The basics of the

analytic theory of branched continued fractions is presented in the books [18,

19,21].

We consider branched continued fractions with N = 2. Let i(0) = 0,

I0 = {0}, and

Ik = {i(k) : i(k) = (i1, i2, . . . , ik), 1 ≤ ir ≤ 2, 1 ≤ r ≤ k}, k ≥ 1,

be the sets of multiindices. For each l ≥ 1 the symbol u(l) (see, [19, p. 15])

denotes a vector in C2l with components uj(l), j(l) ∈ Il; for each l ≥ 1, k ≥ 1,

and for each multiindex i(k) ∈ Ik the symbol u(l)
i(k) is a vector in C2l with

components

ui(k),j(l), i(k) ∈ Ik, 1 ≤ jp ≤ 2, 1 ≤ p ≤ l, j0 = ik,

with the following order of components:

(i) un(l) ≺ um(l) (ui(k),n(l) ≺ ui(k),m(l)), if n(l) ≺ m(l);

(ii) n(l) ≺ m(l), if n1 < m1 or there exists index p, 1 ≤ p < l, such that

nr = mr, 1 ≤ r ≤ p, and np+1 < mp+1.

Let

〈{ai(k)}i(k)∈Ik, k≥1, {bi(k)}i(k)∈Ik, k≥0〉

be an ordered pair of sequences of complex numbers such that:
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(i) ai(k) 6= 0 for all i(k) ∈ Ik, k ≥ 1;

(ii) if for k ≥ 1 there exists a multiindex i(k) ∈ Ik such that bi(k) = 0, then

bi(k−1),j 6= 0 for 1 ≤ j ≤ ik−1 and j 6= ik.

Let

{ti(k)(ξ
(1)
i(k))}i(k)∈Ik, k≥0

herewith ξ
(1)
0 = ξ(1) and

{Tk(ξ(k+1))}k≥0

be the sequences of two-dimensional linear fractional transformations de�ned

as follows

t0(ξ
(1)) = b0 + ξ1 + ξ2,

ηi(k) = ti(k)(ξ
(1)
i(k)) =

ai(k)
bi(k) + ξi(k),1 + ξi(k),2

, i(k) ∈ Ik, k ≥ 1,

and

T0(ξ
(1)) = t0(ξ

(1)), Tk(ξ
(k+1)) = Tk−1(η

(k)), k ≥ 1.

Next, let {fk}k≥0 be a sequence in Ĉ given as

fk = Tk(0
(k+1)), k ≥ 0,

where 0(k+1) = (0, 0, . . . , 0) is a vector in C2k+1

.

The ordered pair

〈〈{ai(k)}i(k)∈Ik,k≥1, {bi(k)}i(k)∈Ik,k≥0〉, {fk}k≥0〉

is the branched continued fraction denoted by symbol

b0 +
2∑

i1=1

ai(1)

bi(1) +
2∑

i2=1

ai(2)

bi(2) +
2∑

i3=1

ai(3)
bi(3) + ...

. (1.13)
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The numbers ai(k), i(k) ∈ Ik, and bi(k), i(k) ∈ Ik, are called the kth par-

tial numerators and partial denominators, respectively, and are also called the

elements. The value

fk = b0 +
2∑

i1=1

ai(1)

bi(1) +
2∑

i2=1

ai(2)
bi(2) + . . .

+
2∑

ik=1

ai(k)
bi(k)

(1.14)

is called the kth approximant of the branched continued fraction (1.13).

To write a branched continued fraction, we will also use the following

symbols:

b0 +
2∑

i1=1

ai(1)
bi(1) +

2∑
i2=1

ai(2)
bi(2) +

2∑
i3=1

ai(3)
bi(3) +

. . .

and

b0 +
+∞

D
k=1

2∑
ik=1

ai(k)
bi(k)

,

and for kth approximant,

fk = b0 +
2∑

i1=1

ai(1)
bi(1) +

2∑
i2=1

ai(2)
bi(2) +

. . .
+

2∑
ik=1

ai(k)
bi(k)

and

fk = b0 +
k

D
n=1

2∑
in=1

ai(n)
bi(n)

,

respectively.

As in the one-dimensional case, we will also consider branched continued

fractions, in which the partial numerators and, under certain conditions, the

partial denominators can be zero. We assume that for all a ∈ C and b ∈ C

a

0
+
b

0
=

0

0
,
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and that the approximant (1.14) makes sense if we do not obtain the uncer-

tainty of 0/0, when it is folded from bottom to top without any reductions in

intermediate operations [19, pp. 20�27].

The branched continued fraction (1.13) converges [19, p. 46], if at most

a �nite number of its approximants does not make sense, and the sequence

{fk}k≥0 converges to a �nite limit f, i.e.

f = lim
k→+∞

fk, f ∈ C.

In this case, f is called the value of the branched continued fraction (1.13).

Otherwise, the branched continued fraction (1.13) diverges.

If (1.13) is a branched continued fraction with positive elements, then the

so-called fork property holds [19, p. 29], i.e.

f2k−2 < f2k < f2k+1 < f2k−1, k ≥ 1.

Formula of di�erence of two approximants [83]. Let F (n)
i(k)(z), i(k) ∈ Ik,

1 ≤ k ≤ n, n ≥ 1, denote the so-called tails of branched continued fraction

(1.13), that is

F
(n)
i(n) = bi(n), i(n) ∈ In, n ≥ 1,

and

F
(n)
i(k) = bi(k) +

2∑
ik+1=1

ai(k+1)

bi(k+1) +
2∑

ik+2=1

ai(k+2)

bi(k+2) + . . .
+

2∑
in=1

ai(n)
bi(n)

,

where i(k) ∈ Ik, 1 ≤ k ≤ n− 1, n ≥ 2. Then

F
(n)
i(k) = bi(k) +

2∑
ik+1=1

ai(k+1)

F
(n)
i(k+1)

, i(k) ∈ Ik, 1 ≤ k ≤ n− 1, n ≥ 2,

and

fn = b0 +
2∑

i1=1

ai(1)

F
(n)
i(1)

, n ≥ 1.
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If F (n)
i(k) 6= 0, i(k) ∈ Ik, 1 ≤ k ≤ n, n ≥ 1, then for m > n ≥ 1 the formula

holds

fm − fn = (−1)n
2∑

i1=1

ai(1)

F
(m)
i(1) F

(n)
i(1)

. . .
2∑

in=1

ai(n)

F
(m)
i(n)F

(n)
i(n)

2∑
in+1=1

ai(n+1)

F
(m)
i(n+1)

. (1.15)

Let

d0 +
+∞

D
k=1

2∑
ik=1

ci(k)
di(k)

(1.16)

be a branched continued fraction with sequences of approximants {gk}k≥0.
A branched continued fraction (1.16) is called the majorant [19, p. 51] of a

branched continued fraction (1.13) if there exist n0 > 0 and M > 0 such that

|fn+k − fn| ≤M |gn+k − gn|, n ≥ n0, k ≥ 0.

Let z = (z1, z2) ∈ C2 = C×C and Z≥0 be the set of nonnegative integers.
An important application of branched continued fractions is, in particular, to

represent special functions expressed by formal double power series at z = 0

L(z) =
+∞∑
p,q=0

ap,qz
p
1z

q
2

as branched continued fractions

b0(z) +
+∞

D
k=1

2∑
ik=1

ai(k)(z)

bi(k)(z)
, (1.17)

where ap,q ∈ C, p ≥ 0, q ≥ 0, b0(z), ai(k)(z), bi(k)(z), i(k) ∈ Ik, k ≥ 1, are

polynomials in z. The key points here are the correspondence principle and the

fork property.

Correspondence (see, [57] and [11, pp. 30�35]). Let L be the set of formal

double power series L(z) at the z = 0, f(z) be function holomorphic in a

neighbourhood of the origin z = 0, and let the mapping Λ : f(z) → Λ(f)

associate with f(z) its Taylor expansion in a neighbourhood of the origin.
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A sequence {fk(z)}k≥0 of functions holomorphic at the origin corresponds
to a formal double power series L(z) at z = 0 if

lim
k→+∞

λ(L− Λ(fk)) = +∞,

where λ : L→ Z≥0 ∪ {+∞} is the function de�ned as follows:

λ(L) =

k if L(z) 6≡ 0,

+∞ if L(z) ≡ 0,

where k is the smallest degree of homogeneous terms for which ap,q 6= 0, that

is k = p+ q.

If {fk(z)}k≥0 corresponds at z = 0 to a formal double power series L(z),

then the order of correspondence of fk(z) is de�ned to be

νk = λ(L− Λ(fk)).

By the de�nition of λ, the series L(z) and Λ(fk) agree for all homogeneous

terms up to and including degree (νk − 1).

A branched continued fraction (1.17), whose elements are polynomials in

C2, corresponds to a formal double power series L(z) at z = 0 if its sequence

of approximants corresponds to L(z).

To prove our results, we will use the following two theorems.

Theorem 1.2 (Weierstrass' Theorem [84, p. 23]). Let a sequence

{fk(z)}k≥1 of holomorphic functions in a domain D of C2 converges to a func-

tion f(z) uniformly on each compact subset in D, then f(z) is holomorphic in

the domain D, and for any p ≥ 0, q ≥ 0,

∂p+qfk(z)

∂zp1∂z
q
2

→ ∂p+qf(z)

∂zp1∂z
q
2

as k → +∞ on each compact subset in D.

Theorem 1.3 (Principle of analytic continuation [85, p. 39]). Let the func-

tions f1(z) and f2(z) be holomorphic in the domains D1 and D2 of C2, respec-

tively, and let D1 ∩ D2 be the domain. Let, further, in a real neighborhood of
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the point z0 from D1 ∩ D2 the functions f1(z) and f2(z) coincide. Then these

functions are an analytic continuation of one another, i.e., there is a unique

function f(z) that is holomorphic in D1 ∪ D2 and coincides with f1(z) in D1

and with f2(z) in D2.

Here, the domain is an open connected subset of C2.

Uniform convergence (see, [19, � 4] and [10, p. 176]). Let D be a domain

in C2. A sequence {fk(z)}k≥1 of functions holomorphic in the domain D is said

to converge uniformly on a compact subset K of D if:

(i) there exists N(K) such that fk(z) is holomorphic in the domain K for all

k ≥ N(K), and

(ii) given ε > 0 there exists Nε > N(K) such that

sup
z∈K
|fk+r(z)− fk(z)| < ε, k ≥ Nε, r ≥ 0.

The sequence {fk(z)}k≥1 of functions holomorphic in the domain D is said

to be uniformly bounded on a compact subset K of D if there exist N(K) and

M(K) such that

sup
z∈K
|fk(z)| < M(K), k ≥ N(K).

A branched continued fraction (1.17) is said to converge uniformly on a

compact subset K of D if its sequence of approximants {fk(z)}k≥0 converges
uniformly on K.

Let D be some region in C2. Here, the region refers to a domain (an open

connected set) which may include all, part, or none of its boundary. If for each

z ∈ D the branched continued fraction (1.17) converges to the �nite value f(z),

then, for k ≥ 0,

f(z)− fk(z)

is called the truncation error of the kth approximant (see, for example, [59]).

For k ≥ 0

|f(z)− fk(z)| ≤Mk(z)
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is called a priori bound (or truncation error bound), where Mk(z) ≥ 0, k ≥ 0

and, in addition, Mk(z)→ 0 as k → +∞ for all z ∈ D.
In addition, we will use the following lemma [86, Corollary 2] (see also

[10, Lemma 4.41]) and the following theorem [49, Theorem 3] (see also [19,

Theorem 2.17] and [16, Theorem 24.2]).

Lemma 1.1. If u ≥ τ > 0 and η2 ≤ 4ξ + 4, where ξ, η ∈ R, then

inf
−∞<v<+∞

Re

(
ξ + iη

u+ iv

)
= −

√
ξ2 + η2 − ξ

2u
.

Theorem 1.4 (Convergence continuation theorem). Let {fk(z)}k≥1 be a

sequence of functions, holomorphic in the domain D, D ⊂ C2, which is uni-

formly bounded on every compact subset of D. Let the sequence converge at

each point of the set E , E ⊂ D, which is the real neighborhood of the point z0

in D, i.e.,

R(z0, τ) = {z ∈ C2 : |z− z0| < τ, Im(z) = Im(z0)}, τ > 0.

Then, {fk(z)}k≥1 converges uniformly on every compact subset of D to a func-

tion holomorphic in D.

1.4. Branched continued fraction representations of functions

The natural two-variable extension of the series (1.9) is the double hy-

pergeometric series. In 1931, J. Horn [37] listed all convergent hypergeometric

series of the second order: fourteen complete series, including

F1(a, b1, b2; c; z) =
+∞∑
p,q=0

(a)p+q(b1)p(b2)q
(c)p+q

zp1z
q
2

p!q!
, |z1| < 1, |z2| < 1, (1.18)

F2(a, b1, b2; c1, c2; z) =
+∞∑
p,q=0

(a)p+q(b1)p(b2)q
(c1)p(c2)q

zp1z
q
2

p!q!
, |z1|+ |z2| < 1, (1.19)

F3(a1, a2, b1, b2; c; z) =

=
+∞∑
p,q=0

(a1)p(a2)q(b1)p(b2)q
(c)p+q

zp1z
q
2

p!q!
, |z1| < 1, |z2| < 1, (1.20)
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F4(a, b; c1, c2; z) =
+∞∑
p,q=0

(a)p+q(b)p+q
(c1)p(c2)q

zp1z
q
2

p!q!
, |z1|1/2 + |z2|1/2 < 1, (1.21)

H3(a, b; c; z) =

=
+∞∑
p,q=0

(a)2p+q(b)q
(c)p+q

zp1z
q
2

p!q!
, |z1| < r, |z2| < s, r +

(
s− 1

2

)2

=
1

4
, (1.22)

H4(a, b; c1, c2; z) =

=
+∞∑
p,q=0

(a)2p+q(b)q
(c1)p(c2)q

zp1z
q
2

p!q!
, |z1| < r, |z2| < s, 4r = (s− 1)2, (1.23)

and twenty of their con�uent cases, including

H6(a; c; z) =
+∞∑
p,q=0

(a)2p+q
(c)p+q

zp1z
q
2

p!q!
, |z1| <

1

4
, (1.24)

H7(a; c1, c2; z) =
+∞∑
p,q=0

(a)2p+q
(c1)p(c2)q

zp1z
q
2

p!q!
, |z1| <

1

4
, (1.25)

where a, a1, a2, b, b1, b2 ∈ C and c, c1, c2 ∈ C \ {0,−1,−2, . . .}, z ∈ C2. Note

that (1.18)�(1.21) are also called Appell's hypergeometric series [88]. A list of

systems of two partial di�erential equations, whose solutions are these thirty-

four functions, can be found in [38, Section 5.9]. In particular, the solutions of

partial di�erential equations

z1(1− 4z1)
∂2u

∂z21
− 4z1z2

∂2u

∂z1∂z2
− z22

∂2u

∂z22
+ (c1 − (4a+ 4)z1)

∂u

∂z1

−(3a+ 2)z2
∂u

∂z2
− a(a+ 1)u = 0,

−2z1z2
∂2u

∂z1∂z2
+ z2(1− z2)

∂2u

∂z22
− 2bz1

∂u

∂z1
+ (c2 − (a+ b)z2)

∂u

∂z2
− abu = 0

are expressed by means of Horn's hypergeometric function H4 [37] (see also [38,

p. 235]), where u is the unknown function of z. For more on hypergeomet-

ric functions from Horn's list, see, for example, [38, Sections 5.9�5.12], [39,

Chapter 1], and [87, Chapter 9]. In particular, the recurrence relations for the

function (1.23) can be found in [37,38,89,90].
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First expansions of the ratios of hypergeometric series

F1(a; b1, b2; c; z)

F1(a+ 1; b1 + δj1, b2 + δj2; c+ 1; z)
, j = 1, 2. (1.26)

into formal branched continued fractions were considered in [40], where δji is

the Kronecker symbol. However, no explicit formulas for the coe�cients of the

constructed branched continued fractions were found, nor the criteria of their

convergence were established. Later, in [41], the explicit formulas for such

expansions was obtained. Other formal expansions for (1.26) can be found

in [34]. Of all the constructed branched continued fractions, it was only proven

that for each i = 1, 2 the expansion (see, [42])

v
(i)
0 (z) +

2∑
i1=1

u
(i)
i(1)(z)

v
(i)
i(1)(z) +

2∑
i2=1

u
(i)
i(2)(z)

v
(i)
i(2)(z) +

2∑
i3=1

u
(i)
i(3)(z)

v
(i)
i(3)(z) + . . .

converges to a function whose expansion is, and that it provides an analytic

extension of this function into the domain

D =

{
z ∈ C2 : Re(z1) <

1

2
, Re(z2) <

1

2

}
under the conditions a ≥ 0, b1 ≥ 0, b2 ≥ 0, 2c ≥ a+ b1 + b2 + 1, where

v
(i)
0 (z) = 1− a+ 1

c
zi −

2∑
r=1

br
c
zr,

u
(i)
i(k)(z) =

(a+ k)(bik + %i(k))

(c+ k − 1)(c+ k)
zik(1− zik), i(k) ∈ Ik, k ≥ 1,

v
(i)
i(k)(z) = 1− a+ k

c+ k
zik −

2∑
r=1

br + %i(k),r
c+ k

zr, i(k) ∈ Ik, k ≥ 1,

%i(1) = δii1, i(1) ∈ I1, %i(k) =
k−1∑
r=1

δikir + δiik, i(k) ∈ Ik, k ≥ 2.

Expansions of the ratios of hypergeometric series (1.19) into formal bran-

ched continued fractions can be found in [33, 43]. In [44�46] a special case
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of a branched continued fraction, constructed in [43], was investigated. In

particular, the following result was obtained.

Theorem 1.5 ([45, Theorem 7]). Let a, b2, and c2 be real constants such

that 0 < uk ≤ τ, k ≥ 1, where

u2k−1 =
(b2 + k − 1)(c2 − a+ k − 1)

(c2 + 2k − 2)(c2 + 2k − 1)
, u2k =

(a+ k)(c2 − b2 + k)

(c2 + 2k − 1)(c2 + 2k)
, k ≥ 1,

τ is a positive number. Then the branched continued fraction

1− z1 −
u1z2

1− u2z2

1− z1 −
u3z2

1− u4z2
1− ...

converges uniformly on every compact subset of the domain

Dτ =

{
z ∈ C2 : z1 6∈ [1,+∞), z2 6∈

[
1

4τ
,+∞

)}
to a function f(z) holomorphic in Dτ , and, in addition, the f(z) is an analytic

continuation of function

F2(a, b1, b2; b1, c2; z)

F2(a+ 1, b1, b2; b1, c2 + 1; z)

in the domain Dτ .

The following theorem was proved in [33].

Theorem 1.6. Let a1, a2, b1, b2, and c be real positive numbers such that

c > max

{
b2 +

a1 + b1 + 1

2
, b1 +

a2 + b2 + 1

2

}
.

Then:

(A) The branched continued fraction

v0(z) +
2∑

i1=1

ui(1)(z)

vi(1)(z) +
2∑

i1=1

ui(2)(z)

vi(2)(z) +
2∑

i1=1

ui(3)(z)

vi(3)(z) + . . .
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converges to a �nite value f(z) for each z ∈ D, where

D =

{
z ∈ C3 :

1

2
− Re(zk) ≥

√
|zk||1− zk|, k = 1, 2,

}
v0(z) = 1− a1 + b1 + 1

c
z1,

ui(1)(z) =
(ai1 + δ1i1)(bi1 + δ1i1)

c(c+ 1)
zi1(1− δ1i1zi1), i(1) ∈ I1,

ui(k)(z) =
(aik + pi(k) − δ2ik)(bik + pi(k) − δ2ik)

(c+ n− 1)(c+ n)
zik(1− δ

ik
ik−1

zik),

i(k) ∈ Ik, k ≥ 2,

vi(k)(z) = 1−
aik + bik + 2pi(k) + (−1)δ

2
ik

c+ k
, i(k) ∈ Ik, k ≥ 1,

pi(k) =
k∑
r=1

δikir , i(k) ∈ Ik, k ≥ 1.

(B) The convergence is uniform on every compact subset of Int(D), and f(z)

is analytic on Int(D), where Int(D) is the interior of the region D.

(C) The function f(z) is an analytic continuation of the function

F3(a1, a2, b1, b2; c; z)

F3(a1 + 1, a2, b1 + 1, b2; c+ 1; z)

in the domain Int(D).

An expansion of the ratio of the series F4 into a formal branched continued

fraction was constructed in [47]. The expansions of the series ratios (1.22)

and (1.24) into branched continued fractions were constructed and investigated

in [49, 50] and [51�53], respectively. In [54�56], expansions of the series ratios

(1.25) into continued fractions were constructed and investigated.



44

CHAPTER 2

CONSTRUCTIONS OF BRANCHED CONTINUED

FRACTIONS

This chapter considers the Horn hypergeometric series H4. Contiguous and

recurrence relations play a key role in constructing expansions of hypergeomet-

ric series ratios into branched continued fractions. In Section 2.1, we establish

three- and four-term recurrence relations, and in Section 2.2, we construct

formal branched continued fraction expansions.

2.1. Contiguous and recurrence relations

We prove two contiguous recurrence relations for the Horn hypergeometric

series (1.23).

Theorem 2.1. The following assertion holds

H4(a, b; c1, c2; z1, z2)−H4(a, b+ 1; c1, c2; z1, z2) =

= − a
c2
z2H4(a+ 1, b+ 1; c1, c2 + 1; z1, z2). (2.1)

Proof. By formula (1.23), we obtain

H4(a, b; c1, c2; z1, z2)−H4(a, b+ 1; c1, c2; z1, z2) =

=
∞∑

p,q=0

(a)2p+q(b)q
(c1)p(c2)q

zp1z
q
2

p!q!
−

∞∑
p,q=0

(a)2p+q(b+ 1)q
(c1)p(c2)q

zp1z
q
2

p!q!
=

=
∑

p≥0, q≥1

(a)2p+q(b+ 1)q−1
(c1)p(c2)q

(b− b− q)z
p
1z

q
2

p!q!
=

= − a
c2
z2

∑
p≥0, q≥1

(a+ 1)2p+q−1(b+ 1)q−1
(c1)p(c2 + 1)q−1

zp1z
q−1
2

p!(q − 1)!
=

= − a
c2
z2

∑
p≥0, q≥0

(a+ 1)2p+q(b+ 1)q
(c1)p(c2 + 1)q

zp1z
q
2

p!q!
=

= − a
c2
z2H4(a+ 1, b+ 1; c1, c2 + 1; z1, z2).
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Thus, the recurrence relation (2.1) is proved. �

Theorem 2.2. The following assertion holds

H4(a, b; c1, c2; z1, z2)−H4(a, b+ 1; c1, c2 + 1; z1, z2) =

= − a(c2 − b)
c2(c2 + 1)

z2H4(a+ 1, b+ 1; c1, c2 + 2; z1, z2). (2.2)

Proof. Using the idea of proving relation (2.1), we obtain

H4(a, b; c1, c2; z1, z2)−H4(a, b+ 1; c1, c2 + 1; z1, z2) =

=
∑

p≥0, q≥1

(a)2p+q(b+ 1)q−1
(c1)p(c2 + 1)q−1

(
b

c2
− b+ q

c2 + q

)
zp1z

q
2

p!q!
=

= −
∑

p≥0, q≥1

(a)2p+q(b+ 1)q−1
(c1)p(c2 + 1)q−1

q(c2 − b)
c2(c2 + q)

zp1z
q
2

p!q!
=

= − a(c2 − b)
c2(c2 + 1)

z2
∑

p≥0, q≥1

(a+ 1)2p+q−1(b+ 1)q−1
(c1)p(c2 + 2)q−1

zp1z
q−1
2

p!(q − 1)!
=

= − a(c2 − b)
c2(c2 + 1)

z2H4(a+ 1, b+ 1; c1, c2 + 2; z1, z2).

The theorem is proved. �

Next, we also prove three four-term recurrence relations for the hypergeo-

metric series (1.23).

Theorem 2.3. The following assertion holds

H4(a, b; c1, c2; z1, z2)−H4(a+ 1, b; c1 + 1, c2; z1, z2) =

= −(2c1 − a)(a+ 1)

c1(c1 + 1)
z1H4(a+ 2, b; c1 + 2, c2; z1, z2)−

− b

c2
z2H4(a+ 1, b+ 1; c1 + 1, c2 + 1; z1, z2). (2.3)

Proof. In the left part (2.3) using (1.23) and separating the terms at

p = 0, we have

H4(a, b; c1, c2; z1, z2)−H4(a+ 1, b; c1 + 1, c2; z1, z2) =
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=
∞∑

p,q=0

(a)2p+q(b)q
(c1)p(c2)q

zp1z
q
2

p!q!
−

∞∑
p,q=0

(a+ 1)2p+q(b)q
(c1 + 1)p(c2)q

zp1z
q
2

p!q!
=

=
∞∑
q=0

(a)q(b)q
(c2)q

zq2
q!
−
∞∑
q=0

(a+ 1)q(b)q
(c2)q

zq2
q!

+

+
∑

p≥1, q≥0

(a+ 1)2p+q−1(b)q
(c1 + 1)p−1(c2)q

(
a

c1
− a+ 2p+ q

c1 + p

)
zp1z

q
2

p!q!
=

=
∞∑
q=1

(a+ 1)q−1(b)q
(c2)q

(a− a− q)z
q
2

q!
+

+
∑

p≥1, q≥0

(a+ 1)2p+q−1(b)q
(c1 + 1)p−1(c2)q

pa− 2pc1 − qc1
c1(c1 + p)

zp1z
q
2

p!q!
=

= − b

c2
z2

∞∑
q=1

(a+ 1)q−1(b+ 1)q−1
(c2 + 1)q−1

zq−12

q!
q +

∞∑
p=1

(a+ 1)2p−1
(c1 + 1)p−1

p(a− 2c1)

c1(c1 + p)

zp1
p!

+

+
∑

p≥1, q≥1

(a+ 1)2p+q−1(b)q
(c1 + 1)p−1(c2)q

pa− 2pc1 − qc1
c1(c1 + p)

zp1z
q
2

p!q!
=

= − b

c2
z2

∞∑
q=0

(a+ 1)q(b+ 1)q
(c2 + 1)q

zq2
q!
−

−(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

∞∑
p=1

(a+ 2)2p−2
(c1 + 2)p−1

zp−11

(p− 1)!
−

+
∑

p≥1, q≥1

(a+ 1)2p+q−1(b)q
(c1 + 1)p−1(c2)q

pa− 2pc1 − qc1
c1(c1 + p)

zp1z
q
2

p!q!
=

= − b

c2
z2

∞∑
q=0

(a+ 1)q(b+ 1)q
(c2 + 1)q

zq2
q!
− (2c1 − a)(a+ 1)

c1(c1 + 1)
z1

∞∑
p=0

(a+ 2)2p
(c1 + 2)p

zp1
p!

+

+
∑

p≥1, q≥1

(a+ 1)2p+q−1(b)q
(c1 + 1)p−1(c2)q

pa− 2pc1 − qc1
c1(c1 + p)

zp1z
q
2

p!q!
.

Since ∑
p≥1, q≥1

(a+ 1)2p+q−1(b)q
(c1 + 1)p−1(c2)q

zp1z
q
2

p!q!

pa− 2pc1 − qc1
c1(c1 + p)

=

= −(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

∑
p≥1, q≥1

(a+ 2)2(p−1)+q(b)q

(c1 + 2)p−1(c2)q

zp−11

(p− 1)!

zq2
q!
−
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− b

c2
z2

∑
p≥1, q≥1

(a+ 1)2p+q−1(b+ 1)q−1
(c1 + 1)p(c2 + 1)q−1

zp1z
q−1
2

p!(q − 1)!
=

= −(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

∑
p≥0, q≥1

(a+ 2)2p+q(b)q
(c1 + 2)p(c2)q

zp1z
q
2

p!q!
−

− b

c2
z2

∑
p≥1, q≥0

(a+ 1)2p+q(b+ 1)q
(c1 + 1)p(c2 + 1)q

zp1z
q
2

p!q!

and, consequently,

−(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

∞∑
p=0

(a+ 2)2p
(c1 + 2)p

zp1
p!
−

−(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

∑
p≥0, q≥1

(a+ 2)2p+q(b)q
(c1 + 2)p(c2)q

zp1z
q
2

p!q!
=

= −(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

∑
p≥0, q≥0

(a+ 2)2p+q(b)q
(c1 + 2)p(c2)q

zp1z
q
2

p!q!
, (2.4)

and

− b

c2
z2

∞∑
q=0

(a+ 1)q(b+ 1)q
(c2 + 1)q

zq2
q!
− b

c2
z2

∑
p≥1, q≥0

(a+ 1)2p+q(b+ 1)q
(c1 + 1)p(c2 + 1)q

zp1z
q
2

p!q!
=

= − b

c2
z2

∑
p≥0, q≥0

(a+ 1)2p+q(b+ 1)q
(c1 + 1)p(c2 + 1)q

zp1z
q
2

p!q!
, (2.5)

then, adding (2.4) to (2.5), we are convinced of the validity of four-term recur-

rence relation (2.3). �

Theorem 2.4. The following assertion holds

H4(a, b; c1, c2; z1, z2)−H4(a+ 1, b; c1, c2 + 1; z1, z2) =

= −2(a+ 1)

c1
z1H4(a+ 2, b; c1 + 1, c2 + 1; z1, z2)−

− b(c2 − a)

c2(c2 + 1)
z2H4(a+ 1, b+ 1; c1, c2 + 2; z1, z2). (2.6)

Proof. Using the idea of proving the relation (2.3) in the left part (2.6)
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with separation of terms at q = 0, we get

H4(a, b; c1, c2; z1, z2)−H4(a+ 1, b; c1, c2 + 1; z1, z2) =

=
∞∑
p=0

(a)2p
(c1)p

zp1
p!
−
∞∑
p=0

(a+ 1)2p
(c1)p

zp1
p!

+

+
∑

p≥0, q≥1

(a+ 1)2p+q−1(b)q
(c1)p(c2 + 1)q−1

(
a

c2
− a+ 2p+ q

c2 + q

)
zp1z

q
2

p!q!
=

= −2(a+ 1)

c1
z1

∞∑
p=1

(a+ 2)2(p−1)
(c1 + 1)p−1

zp−11

(p− 1)!
−

−
∑

p≥0, q≥1

(a+ 1)2p+q−1(b)q
(c1)p(c2 + 1)q−1

2pc2 + qc2 − qa
c2(c2 + q)

zp1z
q
2

p!q!
=

= −2(a+ 1)

c1
z1

∞∑
p=0

(a+ 2)2p
(c1 + 1)p

zp1
p!
−

−
∑

p≥0, q≥1

(a+ 1)2p+q−1(b)q
(c1)p(c2 + 1)q−1

2p

c2 + q

zp1z
q
2

p!q!
−

− b(c2 − a)

c2(c2 + 1)
z2

∑
p≥0, q≥1

(a+ 1)2p+q−1(b+ 1)q−1
(c1)p(c2 + 2)q−1

zp1z
q−1
2

p!(q − 1)!
=

= −2(a+ 1)

c1
z1

∞∑
p=0

(a+ 2)2p
(c1 + 1)p

zp1
p!
−

−2(a+ 1)

c1
z1

∑
p≥1, q≥1

(a+ 2)2p+q−2(b)q
(c1)p−1(c2 + 1)q

zp−11 zq2
(p− 1)!q!

−

− b(c2 − a)

c2(c2 + 1)
z2

∑
p≥0, q≥0

(a+ 1)2p+q(b+ 1)q
(c1)p(c2 + 2)q

zp1z
q
2

p!q!
=

= −2(a+ 1)

c1
z1

∞∑
p=0

(a+ 2)2p
(c1 + 1)p

zp1
p!
−

−2(a+ 1)

c1
z1

∑
p≥0, q≥1

(a+ 2)2p+q(b)q
(c1 + 1)p(c2 + 1)q

zp1z
q
2

p!q!
−

− b(c2 − a)

c2(c2 + 1)
z2

∑
p≥0, q≥0

(a+ 1)2p+q(b+ 1)q
(c1)p(c2 + 2)q

zp1z
q
2

p!q!
=

= −2(a+ 1)

c1
z1

∑
p≥0, q≥0

(a+ 2)2p+q(b)q
(c1 + 1)p(c2 + 1)q

zp1z
q
2

p!q!
−
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− b(c2 − a)

c2(c2 + 1)
z2

∑
p≥0, q≥0

(a+ 1)2p+q(b+ 1)q
(c)p(c2 + 2)q

zp1z
q
2

p!q!
.

Finally, in view of formula (1.23), we directly obtain the four-term recurrence

relation (2.6). �

We prove the following theorem.

Theorem 2.5. The following assertion holds

H4(a, b; c1, c2; z1, z2)−H4(a+ 1, b; c1, c2; z1, z2) =

= −2(a+ 1)

c1
z1H4(a+ 2, b; c1 + 1, c2; z1, z2)−

− b

c2
z2H4(a+ 1, b+ 1; c1, c2 + 1; z1, z2). (2.7)

Proof. We have

H4(a, b; c1, c2; z1, z2)−H4(a+ 1, b; c1, c2; z1, z2) =

=
∞∑

p,q=0

(a)2p+q(b)q
(c1)p(c2)q

zp1z
q
2

p!q!
−

∞∑
p,q=0

(a+ 1)2p+q(b)q
(c1)p(c2)q

zp1z
q
2

p!q!
=

=
∞∑
q=0

(a)q(b)q
(c2)q

zq2
q!
−
∞∑
q=0

(a+ 1)q(b)q
(c2)q

zq2
q!

+

+
∑

p≥1, q≥0

(a+ 1)2p+q−1(b)q
(c1)p(c2)q

(a− a− 2p− q)z
p
1z

q
2

p!q!
=

= −
∞∑
q=1

(a+ 1)q−1(b)q
(c2)q

q
zq2
q!
−

∑
p≥1, q≥0

(a+ 1)2p+q−1(b)q
(c1)p(c2)q

(2p+ q)
zp1z

q
2

p!q!
=

= − b

c2
z2

∞∑
q=1

(a+ 1)q−1(b+ 1)q−1
(c2 + 1)q−1

zq−12

(q − 1)!

−
∑

p≥1, q≥0

(a+ 1)2p+q−1(b)q
(c1 + 1)p−1(c2)q

2

c1

zp1
(p− 1)!

zq2
q!
−

−
∑

p≥1, q≥1

(a+ 1)2p+q−1(b+ 1)q−1
(c1)p(c2 + 1)q−1

b

c2

zp1
p!

zq2
(q − 1)!

=

= − b

c2
z2

∞∑
q=0

(a+ 1)q(b+ 1)q
(c2 + 1)q

zq2
q!
−
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−2(a+ 1)

c1
z1

∑
p≥1, q≥0

(a+ 2)2p+q−2(b)q
(c1 + 1)p−1(c2)q

zp−11 zq2
(p− 1)!q!

−

− b

c2
z2

∑
p≥1, q≥1

(a+ 1)2p+q−1(b+ 1)q−1
(c1)p(c2 + 1)q−1

zp1z
q−1
2

p!(q − 1)!
=

= −2(a+ 1)

c1
z1

∑
p≥0, q≥0

(a+ 2)2p+q(b)q
(c1 + 1)p(c2)q

zp1z
q
2

p!q!
−

− b

c2
z2

∑
p≥0, q≥0

(a+ 1)2p+q(b+ 1)q
(c1)p(c2 + 1)q

zp1z
q
2

p!q!
.

Finally, using the formula (1.23), we obtain the relation (2.7). �

2.2. Branched continued fraction expansions

We consider the following ratios

H4(a, b; c1, c2; z)

H4(a+ 1, b; c1 + 1, c2; z)
,

H4(a, b; c1, c2; z)

H4(a+ 1, b; c1, c2 + 1; z)
,

and

H4(a, b; c1, c2; z)

H4(a, b+ 1; c1, c2 + 1; z)
.

Let (ij)0 = (i0, j0) be a double index and

I = {(1, 1); (1, 2); (2, 2)}

be a set of double indices. Then, for each (ij)0 ∈ I we set

R(ij)0(a, b; c1, c2; z) =
H4(a, b; c1, c2; z)

H4(a+ δ1i0, b+ δ2i0; c1 + δ1j0, c2 + δ2j0; z)
, (2.8)

where δji is the Kronecker symbol. Now, let (ij)k = (i1, j1, i2, j2, . . . , ik, jk) be

a multiindex. Then, for each pair (i0, j0) ∈ I we introduce the following sets

of multiindices

I(ij)0k = {(ij)k : 1 ≤ ik ≤ 2− δ2ik−1
, jk = ik + δ2ik−1

}, k ≥ 1.
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Example 2.1. If (ij)0 = (1, 1), then

I1,11 = {(1, 1); (2, 2)}, I1,12 = {(1, 1, 1, 1); (1, 1, 2, 2); (2, 2, 1, 2)},

I1,13 = {(1, 1, 1, 1, 1, 1); (1, 1, 1, 1, 2, 2); (1, 1, 2, 2, 1, 2);

(2, 2, 1, 2, 1, 1); (2, 2, 1, 2, 2, 2)}, etc.

Next, for each (ij)k ∈ I(ij)0k , k ≥ 1, we set

a
(ij)0
(ij)k

= a+
k−1∑
r=0

δ1ir , b
(ij)0
(ij)k

= b+
k−1∑
r=0

δ2ir , (2.9)

and

µ
(ij)0
(ij)k

= c1 +
k−1∑
r=0

δ1jr , ν
(ij)0
(ij)k

= c2 +
k−1∑
r=0

δ2jr . (2.10)

We prove the following theorem.

Theorem 2.6. For each (ij)0 ∈ I the ratio (2.8) has a formal branched

continued fraction

1−
2−δ2i0∑
i1=1

j1=i1+δ
2
i0

u
(ij)0
(ij)1

zj1

1 −

2−δ2i1∑
i2=1

j2=i2+δ
2
i1

u
(ij)0
(ij)2

zj2

1 −

2−δ2i2∑
i3=1

j3=i3+δ
2
i2

u
(ij)0
(ij)3

zj3

1 −
. . . , (2.11)

where for (ij)k ∈ I(ij)0k , k ≥ 1, (ij)0 ∈ I,

u
(ij)0
(ij)k

=

(
2c1 − a+

k−2∑
r=0

(2δ1jr − δ
1
ir

)

)(
a+ 1 +

k−2∑
r=0

δ1ir

)
(
c1 +

k−2∑
r=0

δ1jr

)(
c1 + 1 +

k−2∑
r=0

δ1jr

) (2.12)

if ik−1 = jk−1 = ik = jk = 1,

u
(ij)0
(ij)k

=

b+
k−2∑
r=0

δ2ir

c2 +
k−2∑
r=0

δ2jr

, (2.13)
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if ik−1 = jk−1 = 1, ik = jk = 2,

u
(ij)0
(ij)k

=

2

(
a+ 1 +

k−2∑
r=0

δ1ir

)

c1 +
k−2∑
r=0

δ1jr

(2.14)

if jk−1 = 2, ik−1 = ik = jk = 1,

u
(ij)0
(ij)k

=

(
b+

k−2∑
r=0

δ2ir

)(
c2 − a+

k−2∑
r=0

(δ2jr − δ
1
ir

)

)
(
c2 +

k−2∑
r=0

δ2jr

)(
c2 + 1 +

k−2∑
r=0

δ2jr

) (2.15)

if ik−1 = 1, jk−1 = ik = jk = 2,

u
(ij)0
(ij)k

=

(
a+

k−2∑
r=0

δ1ir

)(
c2 − b+

k−2∑
r=0

(δ2jr − δ
1
ir

)

)
(
c2 +

k−2∑
r=0

δ2jr

)(
c2 + 1 +

k−2∑
r=0

δ2jr

) (2.16)

if jk−1 = ik−1 = jk = 2, ik = 1.

Proof. Dividing the relation (2.3) by H4(a + 1, b; c1 + 1, c2; z), (2.6) by

H4(a+ 1, b; c1, c2 + 1; z), and (2.2) by H4(a, b+ 1; c1, c2 + 1; z), we obtain

R1,1(a, b; c1, c2; z) =

= 1−

(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

R1,1(a+ 1, b; c1 + 1, c2; z)
−

b

c2
z2

R2,2(a+ 1, b; c1 + 1, c2; z)
, (2.17)

R1,2(a, b; c1, c2; z) =

= 1−

2(a+ 1)

c1
z1

R1,1(a+ 1, b; c1, c2 + 1; z)
−

b(c2 − a)

c2(c2 + 1)
z2

R2,2(a+ 1, b; c1, c2 + 1; z)
, (2.18)

and

R2,2(a, b; c1, c2; z) = 1−

a(c2 − b)
c2(c2 + 1)

z2

R1,2(a, b+ 1; c1, c2 + 1; z)
, (2.19)
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respectively.

Hence, for any (ij)0 ∈ I it follows

R(ij)0(a, b; c1, c2; z) =

= 1−
2−δ2i0∑
i1=1

j1=i1+δ
2
i0

u
(ij)0
(ij)1

zj1

Ri1,j1(a+ δ1i0, b+ δ2i0; c1 + δ1j0, c2 + δ2j0; z)
, (2.20)

where u(ij)0(ij)1
, (ij)1 ∈ I(ij)01 , (ij)0 ∈ I, are de�ned by (2.12)�(2.16). Furthermore,

this is the �rst step to constructing branched continued fraction expansions.

By analogy, it is clear that for

(ij)k−1 ∈ I(ij)0k−1 , k ≥ 2, (ij)0 ∈ I,

the following relation holds

Rik−1,jk−1
(a

(ij)0
(ij)k−1

, b
(ij)0
(ij)k−1

;µ
(ij)0
(ij)k−1

, ν
(ij)0
(ij)k−1

; z) =

= 1−
2−δ2ik−1∑
ik=1

jk=ik+δ
2
ik−1

u
(ij)0
(ij)k

zjk

Rik,jk(a
(ij)0
(ij)k

, b
(ij)0
(ij)k

;µ
(ij)0
(ij)k

, ν
(ij)0
(ij)k

; z)
, (2.21)

where u(ij)0(ij)k
, (ij)k ∈ I(ij)0k , k ≥ 2, (ij)0 ∈ I, are de�ned by (2.12)�(2.16), a(ij)0(ij)k

,

b
(ij)0
(ij)k

and µ(ij)0(ij)k
, ν

(ij)0
(ij)k

, (ij)k ∈ I(ij)0k , k ≥ 1, (ij)0 ∈ I, are de�ned by (2.9) and

(2.10), respectively.

Substituting relation (2.21) at k = 2 in formula (2.20) on the second step

for any (ij)0 ∈ I we obtain

R(ij)0(a, b; c1, c2; z) =

= 1−
2−δ2i0∑
i1=1

j1=i1+δ
2
i0

u
(ij)0
(ij)1

zj1

1−
2−δ2i1∑
i2=1

j2=i2+δ
2
i1

u
(ij)0
(ij)2

zj2

Ri2,j2(a
(ij)0
(ij)2

, b
(ij)0
(ij)2

;µ
(ij)0
(ij)2

, ν
(ij)0
(ij)2

; z)

.
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Next, applying recurrence relation (2.21) after n steps, we have

R(ij)0(a, b; c1, c2; z) =

= 1−
2−δ2i0∑
i1=1

j1=i1+δ
2
i0

u
(ij)0
(ij)1

zj1

1 −

2−δ2i1∑
i2=1

j2=i2+δ
2
i1

u
(ij)0
(ij)2

zj2

1 −
. . .
−

2−δ2in−2∑
in−1=1

jn−1=in−1+δ
2
in−2

u
(ij)0
(ij)n−1

zjn−1

1 −

−

2−δ2in−1∑
in=1

jn=in+δ
2
in−1

u
(ij)0
(ij)n

zjn

Rin,jn(a
(ij)0
(ij)n

, b
(ij)0
(ij)n

;µ
(ij)0
(ij)n

, ν
(ij)0
(ij)n

; z)
, (2.22)

where u(ij)0(ij)k
, (ij)k ∈ I(ij)0k , 1 ≤ k ≤ n, (ij)0 ∈ I, are de�ned by (2.12)�(2.16),

a
(ij)0
(ij)n

, b
(ij)0
(ij)n

and µ(ij)0(ij)n
, ν

(ij)0
(ij)n

, (ij)n ∈ I(ij)0n , (ij)0 ∈ I, are de�ned by (2.9) and

(2.10), respectively.

Finally, by the recurrence relation (2.21), from (2.22) we obtain the formal

branched continued fraction (2.11) for the ratio (2.8) for each (ij)0 ∈ I. �

Note that there are three di�erent branched continued fractions in (2.11).

Example 2.2. The ratio R1,1(a, b; c1, c2; z) has a formal branched contin-

ued fraction

1−
c1,11,1z1

1−
c1,11,1,1,1z1

1−
c1,11,1,1,1,1,1z1

1− ...

−
c1,11,1,1,1,2,2z2

1− ...

−
c1,11,1,2,2z2

1−
c1,11,1,2,2,1,2z2

1− ...

−

−
c1,12,2z2

1−
c1,12,2,1,2z2

1−
c1,12,2,1,2,1,1z1

1− ...

−
c1,12,2,1,2,2,2z2

1− ...

.

Next, we will consider the following special cases

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
, (2.23)

H4(a, c2 + 1; c1, c2; z)

H4(a+ 1, c2 + 1; c1, c2 + 1; z)
, (2.24)
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and

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
. (2.25)

The following theorem holds.

Theorem 2.7. The ratio (2.23) has a formal branched continued fraction

1− z2 −
u1z1

1− z2 −
u2z1

1− z2 −
u3z1

1− ...

, (2.26)

where

uk =
(2c1 − a+ k − 1)(a+ k)

(c1 + k − 1)(c1 + k)
, k ≥ 1. (2.27)

Proof. Let b = c2 and (ij)0 = (1, 1) in Theorem 2.6. Then, in the �rst

step, from (2.17) we get

R1,1(a, c2; c1, c2; z) =

= 1−

(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

R1,1(a+ 1, c2; c1 + 1, c2; z)
− z2
R2,2(a+ 1, c2; c1 + 1, c2; z)

. (2.28)

Replacing a by a+ 1 and c1 by c1 + 1 in (2.17), in the second step we have

R1,1(a+ 1, c2; c1 + 1, c2; z) =

= 1−

(2(c1 + 1)− (a+ 1))((a+ 1) + 1)

(c1 + 1)((c1 + 1) + 1)
z1

R1,1(a+ 2, c2; c1 + 2, c2; z)
−

− z2
R2,2(a+ 2, c2; c1 + 2, c2; z)

= 1−

(2c1 − a+ 1)(a+ 2)

(c1 + 1)(c1 + 2)
z1

R1,1(a+ 2, c2; c1 + 2, c2; z)
−

− z2
R2,2(a+ 2, c2; c1 + 2, c2; z)

.

Again replacing a by a+ 1 and c1 by c1 + 1, but now in (2.19), we get

R2,2(a+ 1, c2; c1 + 1, c2; z) = 1−

(a+ 1)(c2 − c2)
c2(c2 + 1)

z2

R1,2(a+ 1, c2 + 1; c1 + 1, c2 + 1; z)
= 1.
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Next, substituting the obtained results into (2.28), we obtain that

R1,1(a, c2; c1, c2; z) = 1− z2−

−

(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

1−

(2c1 − a+ 1)(a+ 2)

(c1 + 1)(c1 + 2)
z1

R1,1(a+ 2, c2; c1 + 2, c2; z)
− z2
R2,2(a+ 2, c2; c1 + 2, c2; z)

. (2.29)

By analogy, for k ≥ 1 the following relations hold

R1,1(a+ k − 1, c2; c1 + k − 1, c2; z) =

= 1− z2
R2,2(a+ k, c2; c1 + k, c2; z)

−

(2c1 − a+ k − 1)(a+ k)

(c1 + k − 1)(c1 + k)
z1

R1,1(a+ k, c2; c1 + k, c2; z)
. (2.30)

and

R2,2(a+ k, c2; c1 + k, c2; z) = 1. (2.31)

Applying the relations (2.30) and (2.31), after n step we obtain

R1,1(a, c2; c1, c2; z) =

= 1− z2 −

(2c1 − a)(a+ 1)

c1(c1 + 1)
z1

1− z2 −

(2c1 − a+ 1)(a+ 2)

(c1 + 1)(c1 + 2)
z1

1− ... −z2 −

(2c1 − a+ n− 1)(a+ n)

(c1 + n− 1)(c1 + n)
z1

R1,1(a+ n, c2; c1 + n, c2; z)

. (2.32)

Finally, by (2.30) and (2.31), from (2.32) we obtain the branched continued

fraction (2.26) with coe�cients de�ned as (2.27) for the ratio (2.23). �

If we set b = c2 +1 and choose (ij)0 = (1, 2) in Theorem 2.6, the following

result can be proved in much the same way as Theorem 2.7.

Theorem 2.8. The ratio (2.24) has a formal branched continued fraction

1− c2 − a
c2

z2 −
v1z1

1− z2 −
v2z1

1− z2 −
v3z1

1− ...

, (2.33)
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where

v1 =
2(a+ 1)

c1
, vk =

(2c1 − a+ k − 3)(a+ k)

(c1 + k − 2)(c1 + k − 1)
, k ≥ 2. (2.34)

Setting a = 0 and replacing c1 by c1 − 1 in Theorem 2.7 or setting a = 0

and replacing c2 by c2 − 1 in Theorem 2.8, we have the following result.

Corollary 2.1. The function

H4(1, c2; c1, c2; z) (2.35)

has a formal branched continued fraction

1

1− z2 −
w1z1

1− z2 −
w2z1

1− ...

, (2.36)

where

wk =
k(2c1 + k − 3)

(c1 + k − 2)(c1 + k − 1)
, k ≥ 1. (2.37)

Finally, we prove the following theorem.

Theorem 2.9. The ratio (2.25) has a formal branched continued fraction

1 +
d0z2

1− d1z2 −
h1z1

1− d2z2 −
h2z1

1− ...

, (2.38)

where

d0 =
a

c2(c2 + 1)
, d1 = 1− a

c2 + 1
, h1 =

2(a+ 1)

c1
, (2.39)

dk = 1, hk =
(2c1 − a+ k − 3)(a+ k)

(c1 + k − 2)(c1 + k − 1)
, k ≥ 2. (2.40)

Proof. Let b = c2 + 1 and (ij)0 = (2, 2) in Theorem 2.6. Then, in the

�rst step, from (2.19) we obtain

R2,2(a, c2 + 1; c1, c2; z) = 1 +

a

c2(c2 + 1)
z2

R1,2(a, c2 + 2; c1, c2 + 1; z)
. (2.41)
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In the second step, replacing c2 by c2 + 1 and b by c2 + 2 in the relation

(2.18), we have

R1,2(a, c2 + 2; c1, c2 + 1; z) =

= 1−

2(a+ 1)

c1
z1

R1,1(a+ 1, c2 + 2; c1, c2 + 2; z)
−

c2 + 1− a
c2 + 1

z2

R2,2(a+ 1, c2 + 2; c1, c2 + 2; z)
.

Substituting the obtained results into (2.41), we obtain that

R2,2(a, c2 + 1; c1, c2; z) =

= 1 +

a

c2(c2 + 1)
z2

1 +

(
a

c2 + 1
− 1

)
z2

R2,2(a+ 1, c2 + 2; c1, c2 + 2; z)
−

2(a+ 1)

c1
z1

R1,1(a+ 1, c2 + 2; c1, c2 + 2; z)

.

In the third step, replacing a by a + 1, b by c2 + 2, c2 by c2 + 2 in the

relation (2.17), we have

R1,1(a+ 1, c2 + 2; c1, c2 + 2; z) =

= 1−

(2c1 − a− 1)(a+ 2)

c1(c1 + 1)
z1

R1,1(a+ 2, c2 + 2; c1 + 1, c2 + 2; z)
−

− z2
R2,2(a+ 2, c2 + 2; c1 + 1, c2 + 2; z)

.

Again replacing a by a+ 1, b by c2 + 2 and c2 by c2 + 2, but now in (2.19), we

get

R2,2(a+ 1, c2 + 2; c1, c2 + 2; z) =

= 1−

(a+ 1)(c2 + 2− (c2 + 2))

(c2 + 2)(c2 + 3)
z2

R1,2(a+ 1, c2 + 3; c1, c2 + 3; z)
= 1.
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Then,

R2,2(a, c2 + 1; c1, c2; z) = 1 +

a

c2(c2 + 1)
z2

1 +

+

((
a

c2 + 1
− 1

)
z2 −

2(a+ 1)

c1
z1

1 −

(
z2

R2,2(a+ 2, c2 + 2; c1 + 1, c2 + 2; z)
+

+

(2c1 − a− 1)(a+ 2)

c1(c1 + 1)
z1

R1,1(a+ 2, c2 + 2; c1 + 1, c2 + 2; z)

))
.

By analogy, for k ≥ 1 the following relations hold

R1,1(a+ k, c2 + 2; c1 + k − 1, c2 + 2; z)

= 1− z2 −

(2c1 − a+ k − 2)(a+ k + 1)

(c1 + k − 1)(c1 + k)
z1

R1,1(a+ k + 1, c2 + 2; c1 + k, c2 + 2; z)
(2.42)

and

R2,2(a+ k, c2 + 2; c1 + k − 1, c2 + 2; z) = 1. (2.43)

After step n, using (2.42) and (2.43), we get

R2,2(a, c2 + 1; c1, c2; z) = 1 +

a

c2(c2 + 1)
z2

1 +

+

((
a

c2 + 1
− 1

)
z2 −

2(a+ 1)

c1
z1

1 −

(
z2 +

(2c1 − a− 1)(a+ 2)

c1(c1 + 1)
z1

1 −
. . .
−

−

(
z2 +

(2c1 − a+ n− 4)(a+ n− 1)

(c1 + n− 3)(c1 + n− 2)
z1

R1,1(a+ n− 1, c2 + 2; c1 + n− 2, c2 + 2; z)

)
. . .

))
. (2.44)

Finally, by (2.42) and (2.43), from (2.44) we obtain the branched continued

fraction (2.38) with coe�cients de�ned as (2.39) and (2.40) for ratio (2.25). �

In this chapter, new three- and four-term recurrence relations of Horn

hypergeometric series H4 are obtained. The expansions of the ratios of these
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series into formal branched continued fractions are constructed and their special

cases are highlighted. The constructed branched continued fractions can be

used to establish the domains of analytic continuation of functions, represented

by the Horn hypergeometric series H4 and their ratios.

The results presented in this chapter were published in [57,66�69].
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CHAPTER 3

CONVERGENCE AND ANALYTICAL

CONTINUATION

An important application of branched continued fractions is the approxima-

tion of analytic functions represented by hypergeometric series. The concept

of correspondence plays an important role here. This chapter establishes the

domains of analytic continuation of the Horn hypergeometric functions H4 and

their ratios of special cases. These domains will be the domains of convergence

of their expansions into branched continued fractions.

3.1. Real parameters cases

First, let us prove the following auxiliary result.

Theorem 3.1. Let g1,0 and g0,k, k ≥ 1, be real numbers such that

0 < g1,0 ≤ 1, 0 < g0,k ≤ 1, k ≥ 1. (3.1)

Then:

(A) The branched continued fraction

1− g1,0z1,0−

− g0,1z0,1

1− (1− g0,1)z1,1 −
g0,2(1− g0,1)z0,2

1− (1− g0,2)z1,2 −
g0,3(1− g0,2)z0,3

1− ...

(3.2)

converges for

|z1,k−1| ≤
1

2
, |z0,k| ≤

1

2
, k ≥ 1. (3.3)

(B) If fn denotes the nth approximant of (3.2), then |fn − 1| ≤ 1, n ≥ 1.
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Proof. We will use the idea of proving Theorem 1 from [91] (see also [92,

Theorem 1]). To prove Theorem 3.1(A), we show that the majorant of (3.2), is

a branched continued fraction

1− g1,0/2−
g0,1/2

1− (1− g0,1)/2−
g0,2(1− g0,1)/2

1− (1− g0,2)/2−
g0,3(1− g0,2)/2

1− ...

. (3.4)

Let F (n)
n = F̂

(n)
n = 1, n ≥ 1,

F
(n)
k = 1− (1− g0,k)z1,k−

− g0,k+1(1− g0,k)z0,k+1

1− (1− g0,k+1)z1,k+1 −
g0,k+2(1− g0,k+1)z0,k+2

1− ...−(1− g0,n−1)z1,n−1 − g0,n(1− g0,n−1)z0,n
and

F̂
(n)
k = 1− (1− g0,k)/2−

− g0,k+1(1− g0,k)/2

1− (1− g0,k+1)/2−
g0,k+2(1− g0,k+1)/2

1− ...−(1− g0,n−1)/2− g0,n(1− g0,n−1)/2

,

where 1 ≤ k ≤ n− 1, n ≥ 2. Then the following recurrence relations hold

F
(n)
k = 1− (1− g0,k)z1,k −

g0,k+1(1− g0,k)z0,k+1

F
(n)
k+1

(3.5)

and

F̂
(n)
k = 1− (1− g0,k)/2−

g0,k+1(1− g0,k)/2
F̂

(n)
k+1

, (3.6)

where 1 ≤ k ≤ n−1, n ≥ 2.And, thus, for n ≥ 1 we write the nth approximants

of (3.2) and (3.4) as

fn = 1− g1,0z1,0 −
g0,1z0,1

F
(n)
1

, f̂n = 1− g1,0/2−
g0,1/2

F̂
(n)
1

,

respectively.
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Let n be an arbitrary natural number. Using the inequalities (3.1), (3.3),

and the recurrence relations (3.5) and (3.6), induction on k, we show the validity

of the inequalities

F
(n)
k ≥ F̂

(n)
k ≥ g0,k, 1 ≤ k ≤ n, n ≥ 1. (3.7)

For k = n we have

F (n)
n = F̂ (n)

n = 1 ≥ g0,n.

Assuming the validity of (3.7) for k = r + 1, where r + 1 ≤ n, for k = r we

obtain

|F (n)
r | =

∣∣∣∣∣1− (1− g0,r)z1,r −
g0,r+1(1− g0,r)z0,r+1

F
(n)
r+1

∣∣∣∣∣ ≥
≥ 1− (1− g0,r)|z1,r| −

g0,r+1(1− g0,r)|z0,r+1|
|F (n)

r+1|
≥

≥ 1− (1− g0,r)/2−
g0,r+1(1− g0,r)/2

F̂
(n)
r+1

.

Since, by the inequalities (3.3) and (3.7) F̂ (n)
r+1 6= 0, then, replacing g0,r+1 with

F̂
(n)
r+1, we obtain (3.7) for k = r.

From this it follows that F (n)
k 6= 0 and F̂

(n)
k 6= 0, 1 ≤ k ≤ n, n ≥ 1.

Applying the formula (1.15), for n ≥ 1 and k ≥ 1 we obtain

|fn+k − fn| ≤
g0,1|z0,1|

n+1∏
r=2

g0,r(1− g0,r−1)|z0,r|

n+1∏
r=1

|F (n+k)
r |

n∏
r=1

F (n)
r |

≤ (−1)n
(−1)n+1(g0,1/2)

n+1∏
r=2

g0,r(1− g0,r−1)/2

n+1∏
r=1

F̂ (n+k)
r

n∏
r=1

F̂ (n)
r

= −(f̂n+k − f̂n). (3.8)
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It follows that the sequence {f̂n}n≥1 is monotonically decreasing. Moreover, by

the inequalities (3.7) we have for n ≥ 1

f̂n = 1− g1,0/2−
g0,1/2

F̂
(n)
1

≥ 0.

That is, the sequence {f̂n}n≥1 is bounded from below. Therefore, there exists

a limit

f̂ = lim
n→+∞

f̂n,

which proves Theorem 3.1(A).

Finally, we prove Theorem 3.1(B). By (3.3) and (3.7) for n ≥ 1 we get

|fn − 1| ≤ g1,0|z1,0|+
g0,1|z0,1|
|F (n)

1 |
≤ 1

2
+

1

2
= 1

and the proof follows. �

We prove the following theorem.

Theorem 3.2. Let a and c1 be real constants such that

c1 6= 0, u1 > 0, 0 < uk ≤ τ, k ≥ 2, (3.9)

where uk, k ≥ 1, are de�ned by (2.27), τ is a positive number. Then:

(A) The branched continued fraction (2.26) converges uniformly on every com-

pact subset of the domain

Dτ =

{
z ∈ C2 : zk 6∈

[
1

4(1 + τ)
,+∞

)
, k = 1, 2

}
(3.10)

to a function f(z) holomorphic in (3.10).

(B) The function f(z) is an analytic continuation of function (2.23) in the

domain (3.10).

Proof. To prove Theorem 3.2(A), we will use the idea of proving Theo-

rem 2 from [93] and modify the scheme of its proof.
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We set

F (n)
n (z) = 1, n ≥ 1, (3.11)

and

F
(n)
k (z) = 1− z2 −

uk+1z1

1− z2 −
uk+2z1

1− ...−z2 − unz1

, (3.12)

where 1 ≤ k ≤ n− 1, n ≥ 2. Then the following relations

F
(n)
k (z) = 1− z2 −

uk+1z1

F
(n)
k+1(z)

, 1 ≤ k ≤ n− 1, n ≥ 2, (3.13)

are valid. Let

fn(z) = 1− z2 −
u1z1

F
(n)
1 (z)

be the nth approximant of (2.26), n ≥ 1. We set

Dτ,α =

{
z ∈ C2 : |zk|+ Re(zke

−2iα) <
cos2(α)

2(1 + τ)
, k = 1, 2

}
, (3.14)

where α ∈ (−π/2, π/2).

Let n be an arbitrary natural number, α be an arbitrary number from

the interval (−π/2, π/2), and z be an arbitrary �xed point in (3.14). Using

inequalities (3.9), relations (3.11), (3.13), and Lemma 1.1 by induction on k we

show that the following inequalities are valid

Re(F
(n)
k (z)e−iα) >

cos(α)

2
> 0, 1 ≤ k ≤ n. (3.15)

For k = n we have

Re(F (n)
n (z)e−iα) = cosα >

cos(α)

2
> 0.

By induction hypothesis that (3.15) hold for k = r + 1, r ≤ n − 1, we prove

(3.15) for k = r. Indeed, use of relations (3.13) lead to

F (n)
r (z)e−iα = e−iα − z2e

−2iα

e−iα
− up+1z1e

−2iα

F
(n)
r+1(z)e−iα

.



66

We set

ξ = −Re(ur+1z1e
−2iα), η = − Im(ur+1z1e

−2iα), u = Re(F
(n)
r+1(z)e−iα),

v = Im(F
(n)
r+1(z)e−iα).

Then it follows from (3.9) and (3.14) that

|ur+1z1e
−2iα|+ Re(ur+1z1e

−2iα) <
cos2(α)

2
.

From this inequality it follows that η2 < 4 − 4ξ. Now, using Lemma 1.1,

inequalities (3.9), (3.14), (3.15), and induction hypothesis, we obtain

Re(F (n)
r (z)e−iα) ≥

≥ cos(α)− |z2| − Re(z2e
−2iα)

2 Re(e−iα)
− ur+1

|z1| − Re(z1e
−2iα)

2 Re(F
(n)
r+1(z)e−iα)

>

> cos(α)− cos(α)

2(1 + τ)
− ur+1

cos(α)

2(1 + τ)
≥ cos(α)

2
> 0,

which proves (3.15).

It follows from (3.15) that F (n)
k (z) 6= 0 for all indices. Thus, the ap-

proximants of branched continued fraction (2.26) form a sequence of functions

holomorphic in the domain (3.14), and, consequently, in (3.10) by virtue of

arbitrariness α.

Now, let K be an arbitrary compact subset of the domain (3.10). Then

there exists an open bi-disk

Oκ = {z ∈ C2 : |zk| < κ, k = 1, 2},

containing K. Let us cover K with domains of the form Dτ,α,κ = Dτ,α ∩ Oκ.
From this cover we choose the �nite subcover

Dτ,α1,κ, Dτ,α1,κ, . . . , Dτ,αk,κ.

Using (3.9) and (3.15), for the arbitrary r ∈ {1, 2, . . . , k} we obtain for any

z ∈ Dτ,αr,κ and n ≥ 1

|fn(z)| ≤ 1 + |z2|+
u1|z1|

Re(F
(n)
1 (z)e−iαr)

<

< 1 + κ+
2u1κ

cosαr
= C(Dτ,αr,κ).
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We set

C(K) = max
1≤r≤k

Dτ,αr,κ.

Then for arbitrary z ∈ K we obtain |fn(z)| ≤ C(K), for n ≥ 1, i.e., the sequence

{fn(z)}n≥1 is uniformly bounded on every compact subset of the domain (3.10).
Next, let

χ = min

{
1

4
,

1

4|u1|
,

1

4τ

}
and

Lχ = {z ∈ R2 : −χ < zk < 0, k = 1, 2}.

Then for the arbitrary z ∈ Lχ, Lχ ⊂ Dτ , we obtain

|u1z1| < |u1|χ <
1

4
, |ukz1| < τχ <

1

4
, k ≥ 2.

It follows from Theorem 3.1(A), with g0,k = 1/2, k ≥ 1, that (2.26) converges in

the domain Lχ. Hence, by Theorem 1.4, the branched continued fraction (2.26)

converges uniformly on compact subsets of the domain (3.10) to a function f(z)

holomorphic in this domain, which proves Theorem 3.2(A).

We prove Theorem 3.2(B) similarly as [49, Theorem 2]. Let

E(n)
n (z) =

H4(a+ n, c2; c1 + n, c2; z)

H4(a+ n+ 1, c2; c1 + n+ 1, c2; z)
, n ≥ 1, (3.16)

where from (2.8), (2.30), and (2.31) it follows that

H4(a+ n, c2; c1 + n, c2; z)

H4(a+ n+ 1, c2; c1 + n+ 1, c2; z)
=

= 1− z2 −
un+1z1

H4(a+ n+ 1, c2; c1 + n+ 1, c2; z)

H4(a+ n+ 2, c2; c1 + n+ 2, c2; z)

, n ≥ 1.

And let

E
(n)
k (z) = 1− z2 −

uk+1z1

1− z2 −
uk+2z1

1− ...−z2 −
unz1

E
(n)
n (z)

, 1 ≤ k ≤ n− 1, n ≥ 2.
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Then

E
(n)
k (z) = 1− z2 −

uk+1z1

E
(n)
k+1(z)

, 1 ≤ k ≤ n− 1, n ≥ 2. (3.17)

From (2.27), (2.32), (3.16), and (3.17) it follows that for each n ≥ 1

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
=

= 1− z2 −
u1z1

1− z2 −
u2z1

1− ...−z2 −
unz1

1− z2 −
un+1z1

E
(n+1)
n (z)

=

= 1− z2 −
u1z1

E
(n+1)
1 (z)

.

Now, since F (n)
k (0) = 1 and E(n)

k (0) = 1, 1 ≤ k ≤ n and n ≥ 1, then for

each 1 ≤ k ≤ n and n ≥ 1 there exist Λ(1/F
(n)
k ) and Λ(1/E

(n)
k ), where Λ(·)

is the Taylor expansion of a function holomorphic in some neighborhood of the

origin. In addition, it is clear that F (n)
k (z) 6≡ 0 and E(n)

k (z) 6≡ 0 for all indices.

Applying the method suggested in [19, p. 28] and relations (3.11), (3.13), and

(3.17), for any n ≥ 1 on the �rst step we obtain

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
− fn(z) =

= 1− z2 −
u1z1

E
(n+1)
1 (z)

−

(
1− z2 −

u1z1

F
(n)
1 (z)

)
=

u1z1

E
(n+1)
1 (z)F

(n)
1 (z)

(E
(n+1)
1 (z)− F (n)

1 (z)).

Let k be an arbitrary integer number such that 1 ≤ k ≤ n, n ≥ 1. Then we

have

E
(n+1)
k (z)− F (n)

k (z) = 1− z2 −
uk+1z1

E
(n+1)
k+1 (z)

−

(
1− z2 −

uk+1z1

F
(n)
k+1(z)

)
=

=
uk+1z1

E
(n+1)
k+1 (z)F

(n)
k+1(z)

(E
(n+1)
k+1 (z)− F (n)

k+1(z)). (3.18)
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Next, applying recurrence relations (3.18) and taking into account that

E(n+1)
n (z)− F (n)

n (z) = 1− z2 −
un+1z1

E
(n+1)
n+1 (z)

− 1 = −z2 −
un+1z1

F
(n+1)
n+1 (z)

for any n ≥ 1 one obtains

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
− fn(z) =

= −
n∏
r=1

urz1

E
(n+1)
r (z)F

(n)
r (z)

(
z2 +

un+1z1

E
(n+1)
n+1 (z)

)
. (3.19)

From (3.19) it follows that in a neighborhood of zero for any n ≥ 1 we have

Λ

(
H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)

)
− Λ(fn) =

∑
p+q≥n+1
p≥0, q≥0

η(n)p,q z
p
1z

q
2, (3.20)

where η(n)p,q , p ≥ 0, q ≥ 0, p + q ≥ n + 1, are some coe�cients. From (3.20) it

follows that

λ

(
Λ

(
H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)

)
− Λ(fn)

)
= n+ 1

tends monotonically to +∞ as n→ +∞, i.e., the branched continued fraction
(2.26) corresponds (at z = 0) to a formal double power series

Λ

(
H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)

)
. (3.21)

Let D be the neighborhood of the origin which contained in (3.10) and in

which

Λ

(
H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)

)
=

+∞∑
p,q=0

ηp,qz
p
1z

q
2.

Then, from Theorem 3.2(A) it follows that the sequence {fn(z)}k≥1 converges
uniformly on every compact subset of D to a function f(z) holomorphic in D.
By Theorem 1.2 for arbitrary p+ q, p ≥ 0, q ≥ 0, we have

∂p+qfn(z)

∂zp1∂z
q
2

→ ∂p+qf(z)

∂zp1∂z
p
2

as n→ +∞
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on each compact subset of D. Furthermore, according to the above, for each

n ≥ 1 the Λ(fn) and (3.21) agree for all homogeneous terms up to and including

degree n. Thus, for any p+ q, p ≥ 0, q ≥ 0, one obtains

lim
n→+∞

(
∂p+qfn
∂zp1∂z

q
2

(0)

)
=

∂p+qf

∂zp1∂z
q
2

(0) = p!q!ηp,q.

Hence, for all z ∈ D,

f(z) =
+∞∑
p,q=0

(
∂p+qf

∂zp1∂z
q
2

(0)

)
zp1
p!

zq2
q!

=
+∞∑
p,q=0

ηp,qz
p
1z

q
2.

Finally, by Theorem 1.3 and Theorem 3.2(A), Theorem 3.2(B) follows. �

Remark 3.1. Conditions (3.9) are satis�ed when

a > −1, c1 6= 0, 2c1 > a, c1 > −1.

The following result can be proved in much the same way as Theorem 3.2.

Theorem 3.3. Let a, c1, c2 be real constants such that

a > 0, c2 > a, v1 > 0, 0 < vk ≤ τ, k ≥ 2, (3.22)

where vk, k ≥ 1, are de�ned by (2.34), τ is a positive number. Then:

(A) The branched continued fraction (2.33) converges uniformly on every com-

pact subset of the domain (3.10) to a function f(z) holomorphic in this

domain.

(B) The function f(z) is an analytic continuation of (2.24) in (3.10).

Remark 3.2. Conditions (3.22) are satis�ed when

a > 0, c2 > a, 2c1 − a > 1, c1 > 0.

Setting a = 0 and replacing c1 by c1 − 1 in Theorem 3.2 or setting a = 0

and replacing c2 by c2 − 1 in Theorem 3.3, we have the following corollary.
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Corollary 3.1. Let c1 be real constant such that

0 < wk ≤ τ, k ≥ 1, (3.23)

where wk, k ≥ 1, are de�ned by (2.37), τ is a positive number. Then the

branched continued fraction (2.36) converges uniformly on every compact subset

of the domain (3.10) to a function f(z) holomorphic in this domain, and, in

addition, the f(z) is an analytic continuation of (2.35) in (3.10).

For the validity of Corollary 3.1, it su�ces to show that if {fn(z)}n≥1
denotes the sequence of approximant of the branched continued fraction (2.36),

then

f1(z) = 1 = F
(0)
0 (z)

and

fn(z) =
1

1− z2 −
w1z1

1− z2 −
w2z1

1− ...−z2 − wn−1z1

=

=
1

F
(n−1)
0 (z)

, n ≥ 2,

By analogy to prove the inequalities (3.15) it can be shown that

Re(F
(n−1)
0 (z)) >

cos(α)

2
> 0, n ≥ 1, z ∈ Dτ ,

where Dτ is de�ned by (3.10). Hence {fn(z)}n≥1 is a sequence of functions

holomorphic in the domain (3.10).

Remark 3.3. Conditions (3.23) are satis�ed when 2c1 > 1.

Now, we prove the following theorem.

Theorem 3.4. Let a, c1, and c2 be real constants such that

d0 6= 0, d1 > 0, h1 > 0, d1 + h1 ≤ 1 + τ, 0 < hk ≤ τ, k ≥ 2, (3.24)

where τ is a positive number, d0, d1, h1 and hk, k ≥ 2, are de�ned in (2.39)

and (2.40), respectively. Then:
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(A) The branched continued fraction (2.38) converges uniformly on every com-

pact subset of the domain (3.10) to a function f(z) holomorphic in this

domain.

(B) The function f(z) is an analytic continuation of function (2.25) in the

domain (3.10).

Proof. To prove Theorem 3.4, in much the same way as Theorem 3.2. We

set

W (n)
n (z) = 1, n ≥ 1, (3.25)

and

W
(n)
k (z) = 1− dkz2 −

hkz1

1− dk+1z2 −
hk+1z1

1− ...−dn−1z2 − hn−1z1

, (3.26)

where 1 ≤ k ≤ n− 1, n ≥ 2. Then

W
(n)
k (z) = 1− dkz2 −

hkz1

W
(n)
k+1(z)

, 1 ≤ k ≤ n− 1, n ≥ 2, (3.27)

Let

fn(z) = 1 +
d0z2

W
(n)
1 (z)

be the nth approximant of (2.38), n ≥ 1.

Let n be an arbitrary natural number, α be an arbitrary number from the

interval (−π/2, π/2), and z be an arbitrary �xed point in (3.14). By induction

on k we show that the following inequalities are valid

Re(W
(n)
k (z)e−iα) >

cos(α)

2
> 0, 1 ≤ k ≤ n. (3.28)

For k = n the inequalities are obvious. By induction hypothesis that (3.28)

hold for k = r+1, r ≤ n−1, we prove (3.28) for k = r. Indeed, use of relations
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(3.27) and Lemma 1.1 lead to

Re(W (n)
r (z)e−iα) =

= Re(e−iα)− Re

(
drz2e

−2iα

e−iα

)
− Re

(
hrz1e

−2iα

W
(n)
r+1(z)e−iα

)
≥

≥ cos(α)− dr
|z2| − Re(z2e

−2iα)

2 Re(e−iα)
− hr

|z1| − Re(z1e
−2iα)

2 Re(W
(n)
r+1(z)e−iα)

>

> cos(α)− dr
cos(α)

2(1 + τ)
− hr

cos(α)

2(1 + τ)
=

= cos(α)− cos(α)

2(1 + τ)
(dr + hr) ≥

cos(α)

2
> 0,

which proves (3.28).

It follows from (3.28) that W (n)
k (z) 6= 0 for all indices. Thus, the ap-

proximants of branched continued fraction (2.38) form a sequence of functions

holomorphic in the domain (3.14), and, consequently, in (3.10) by virtue of

arbitrariness α.

Now, let K be an arbitrary compact subset of the domain (3.10). Then

there exists an open bi-disk

Oκ = {z ∈ C2 : |zk| < κ, k = 1, 2},

containing K. Let us cover K with domains of the form

Dτ,α,κ = Dτ,α ∩ Oκ,

where Dτ,α is de�ned by (3.14). From this cover we choose the �nite subcover

Dτ,α1,κ, Dτ,α1,κ, . . . , Dτ,αk,κ.

Using (3.15) and (3.24), for the arbitrary r ∈ {1, 2, . . . , k} we obtain for any
z ∈ Dτ,αr,κ and n ≥ 1

|fn(z)| ≤ 1 +
|d0||z2|

Re(W
(n)
1 (z)e−iαr)

<

< 1 +
2|d0|κ
cosαr

= C(Dτ,αr,κ).
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We set

C(K) = max
1≤r≤k

Dτ,αr,κ.

Then for arbitrary z ∈ K we obtain |fn(z)| ≤ C(K), for n ≥ 1, i.e., the sequence

{fn(z)}n≥1 is uniformly bounded on every compact subset of the domain (3.10).
Next, let

χ = min

{
1

4
,

1

4τ
,

1

4|d1|
,

1

4|h1|

}
and

Lχ = {z ∈ R2 : −χ < zk < 0, k = 1, 2}.

Then for the arbitrary z ∈ Lχ, Lχ ⊂ Dτ , we obtain

|d1z1| < |d1|χ <
1

4
, |h1z1| < |h1|χ <

1

4
, |hkz1| < τχ <

1

4
, k ≥ 2.

It follows from Theorem 3.1(A), with g0,k = 1/2, k ≥ 1, that branched contin-

ued fraction (2.38) converges in the domain Lχ. Hence, by Theorem 1.4, the

branched continued fraction (2.38) converges uniformly on compact subsets of

the domain (3.10) to a function f(z) holomorphic in this domain, which proves

Theorem 3.4(A).

Next, we prove Theorem 3.4(B). Let

V
(1)
1 (z) =

H4(a, c2 + 2; c1, c2 + 1; z)

H4(a+ 1, c2 + 2; c1, c2 + 2; z)
,

V (n)
n (z) =

H4(a+ n− 1, c2 + 2; c1 + n− 2, c2 + 2; z)

H4(a+ n, c2 + 2; c1 + n− 1, c2 + 2; z)
, n ≥ 2,

and

V
(n)
k (z) = 1− dkz2 −

hkz1

1− dk+1z2 −
hk+1z1

1− ...−dn−1z2 −
hn−1z1

V
(n)
n (z)

,

where 1 ≤ k ≤ n− 1, n ≥ 2. Then

V
(n)
k (z) = 1− dkz2 −

hkz1

V
(n)
k+1(z)

, 1 ≤ k ≤ n− 1, n ≥ 2. (3.29)
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Thus, for each n ≥ 1 we have the following

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
=

= 1 +
d0z2

1− d1z2 −
h1z1

1− d2z2 −
h2z1

1− ...−dn−1z2 −
hn−1z1

V
(n+1)
n (z)

=

= 1 +
d0z2

V
(n+1)
1 (z)

.

Let the mapping Λ : f(z)→ Λ(f) associate with f(z) its Taylor expansion

in a neighbourhood of the origin. Let n be an arbitrary natural number. Since

W
(n)
k (0) = 1 and V (n)

k (0) = 1, 1 ≤ k ≤ n, n ≥ 1, then for each 1 ≤ k ≤ n

and n ≥ 1 there exist Λ(1/W
(n)
k ) and Λ(1/V

(n)
k ). In addition, it is clear that

W
(n)
k (z) 6≡ 0 and V (r)

k (z) 6≡ 0, where 1 ≤ k ≤ n and n ≥ 1.

Using recurrence relations (3.27), (3.29) and the idea of constructing the

di�erence of two approximants of a branched continued fraction [19, p. 28], for

n ≥ 1 on the �rst step we have

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
− fn(z)

== 1 +
d0z2

V
(n+1)
1 (z)

−

(
1 +

d0z2

W
(n)
1 (z)

)
=

= − d0z2

V
(n+1)
1 (z)W

(n)
1 (z)

(V
(n+1)
1 (z)−W (n)

1 (z)).

Let k be an arbitrary integer number that satisfy the inequalities 1 ≤ k ≤
n− 1 and n ≥ 2. Then

V
(n+1)
k (z)−W (n)

k (z) =

= 1− dkz2 −
hkz1

V
(n+1)
k+1 (z)

−

(
1− dkz2 −

hkz1

W
(n)
k+1(z)

)
=

=
hkz1

V
(n+1)
k+1 (z)W

(n)
k+1(z)

(V
(n+1)
k+1 (z)−W (n)

k+1(z)). (3.30)
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Since

V (n+1)
n (z)−W (n)

n (z) =

= 1− dnz2 −
hnz1

V
(n+1)
n+1 (z)

− 1 = −dnz2 −
hnz1

V
(n+1)
n+1 (z)

,

then by recurrence relations (3.30) on the nth step we obtain

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
− fn(z) =

= d0z
n−1
1 z2

(
z2 +

hnz1

V
(n+1)
n+1 (z)

)
n−1∏
r=1

hr

V
(n+1)
r (z)W

(n)
r (z)

. (3.31)

Thus, from (3.31) in a neighborhood of origin for any n ≥ 1 we get

Λ

(
H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)

)
− Λ(fn) =

∑
p+q≥n+1
p≥0, q≥0

η(n)p,q z
p
1z

q
2, (3.32)

where η(n)p,q , p ≥ 0, q ≥ 0, p+ q ≥ n+ 1, are some coe�cients.

From (3.32) it follows that

λ

(
Λ

(
H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)

)
− Λ(fn)

)
= n+ 1

tends monotonically to +∞ as n → +∞,. This means that the branched

continued fraction (2.38) corresponds to a

Λ

(
H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)

)
(3.33)

at z = 0.

Let D be the neighborhood of the origin such that D ⊂ Dτ , where Dτ is
de�ned by (3.10), and such that

Λ

(
H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)

)
=

∑
p+q≥0
p≥0, q≥0

ηp,qz
p
1z

q
2.

Then, from above proof it follows that the branched continued fraction (2.38)

converges uniformly on every compact subset of D to a function f(z) holomor-

phic in the domain D. Next, by Theorem 1.2 for arbitrary p+ q, p ≥ 0, q ≥ 0,
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we get
∂p+qfn(z)

∂zp1∂z
q
2

→ ∂p+qf(z)

∂zp1∂z
q
2

as n → +∞ on each compact subset of D. In addition, as in the above proof,

for each n ≥ 1 the Λ(fn) and (3.33) agree for all homogeneous terms up to and

including degree n. Thus, for an arbitrary p + q such that p ≥ 0, q ≥ 0, we

have

lim
n→+∞

(
∂p+qfn
∂zp1∂z

q
2

(0)

)
=

∂p+qf

∂zp1∂z
q
2

(0) = p!q!ηp,q.

Hence, for all D,

f(z) =
∑
p+q≥0
p≥0, q≥0

(
∂p+qf

∂zp1∂z
q
2

(0)

)
zp1
p!

zq2
q!

=
∑
p+q≥0
p≥0, q≥0

ηp,qz
p
1z

q
2.

Finally, according to Theorem 1.3 and Theorem 3.4(A), Theorem 3.4(B)

follows. �

Remark 3.4. Conditions (3.24) are satis�ed when 0 < a < c2 + 1 and

a+ 1 < 2c1.

Next, we prove the following theorem.

Theorem 3.5. Let a and c1 be real constants satisfying the inequalities

(3.9), where uk, k ≥ 1, are de�ned by (2.27), τ is a positive number. Then:

(A) The branched continued fraction (2.26) converges uniformly on every com-

pact subset of the domain

Pτ =

{
z ∈ C2 : z1 6∈

[
1

8τ
,+∞

)
, z2 6∈

[
1

4
,+∞

)}
(3.34)

to a function f(z) holomorphic in (3.34).

(B) The function f(z) is an analytic continuation of function (2.23) in the

domain (3.34).
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Proof. As in the proof of Theorem 3.2, we show that the inequalities

(3.15) is valid. We set

Pτ,α =

{
z ∈ C2 : |z1|+ Re(z1e

−2iα) <
cos2(α)

4τ
,

Re(z2e
−iα) <

cos(α)

4

}
, (3.35)

where α ∈ (−π/2, π/2).

Let n be an arbitrary natural number, α be an arbitrary number from the

interval (−π/2, π/2), and z be an arbitrary �xed point in Pτ,α. From (3.11) it

is clear that for k = n the inequalities (3.15) hold. By induction hypothesis

that (3.15) hold for k = r + 1, r ≤ n − 1, we prove (3.15) for k = r. Indeed,

use of Lemma 1.1, relations (3.13), and inequalities (3.9), (3.13)�(3.15), lead to

Re(F (n)
r (z)e−iα) =

= Re(e−iα)− Re(z2e
−iα)− Re

(
ur+1z1e

−2iα

F
(n)
r+1(z)e−iα

)
≥

≥ cos(α)− Re(z2e
−iα)− ur+1

|z1| − Re(z1e
−2iα)

2Re(F
(n)
r+1(z)e−iα)

>

> cos(α)− cos(α)

4
− ur+1

cos(α)

4τ
≥ cos(α)

2
> 0,

which proves (3.15).

It follows from (3.15) that F (n)
k (z) 6= 0 for all indices. Thus, the approxi-

mants of (2.26) form a sequence of functions holomorphic in the domain (3.35),

and, consequently, in (3.34) by virtue of arbitrariness α.

Now, let K be an arbitrary compact subset of the domain (3.34), and fn(z),

n ≥ 1, be approximants of the branched continued fraction (2.26). Then there

exists an open bi-disk

Oκ = {z ∈ C2 : |zk| < κ, k = 1, 2},

containing K. Let us cover K with domains of the form

Pτ,α,κ = Pτ,α ∩ Oκ,
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where Pτ,α is de�ned by (3.35). From this cover we choose the �nite subcover

Pτ,α1,κ, Pτ,α1,κ, . . . , Pτ,αk,κ.

Using (3.9) and (3.15), for the arbitrary r ∈ {1, 2, . . . , k} we obtain for any

z ∈ Pτ,αr,κ and n ≥ 1

|fn(z)| ≤ 1 + |z2|+
u1|z1|

Re(F
(n)
1 (z)e−iαr)

< 1 + κ+
2u1κ

cosαr
= C(Pτ,αr,κ).

We set

C(K) = max
1≤r≤k

Pτ,αr,κ.

Then for arbitrary z ∈ K we obtain |fn(z)| ≤ C(K), for n ≥ 1, i.e., the sequence

{fn(z)}n≥1 is uniformly bounded on every compact subset of the domain (3.34).
Next, let

χ = min

{
1

4
,

1

4u1
,

1

4τ

}
and

Lχ = {z ∈ R2 : −χ < zk < 0, k = 1, 2}.

Then for the arbitrary z ∈ Lχ, Lχ ⊂ Pτ , we obtain

|u1z1| < u1χ <
1

4
, |ukz1| < τχ <

1

4
, k ≥ 2.

It follows from Theorem 3.1(A), with g0,k = 1/2, k ≥ 1, that (2.26) converges in

the domain Lχ. Hence, by Theorem 1.4, the branched continued fraction (2.26)

converges uniformly on compact subsets of the domain (3.34) to a function f(z)

holomorphic in this domain, which proves Theorem 3.5(A).

Finally, from Theorem 3.2(B) it follows that the branched continued frac-

tion (2.26) corresponds at z = 0 to the function (2.23). Therefore, according

to Theorem 1.3 and Theorem 3.5(A), Theorem 3.5(B) follows. �

We consider the following example.
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Example 3.1. From [89] and Theorem 3.5 it follows

1− z2 +
√

(1− z2)2 − 4z1
2

=
H4(−1/2, c2; 1/2, c2; z)

H4(1/2, c2; 3/2, c2; z)
=

= 1− z2 −
z1

1− z2 −
z1

1− z2 − ...

, (3.36)

where the branched continued fraction converges and represents a single-valued

branch of the analytic function

1− z2 +
√

(1− z2)2 − 4z1
2

(3.37)

in the domain

P =

{
z ∈ C2 : z1 6∈

[
1

8
,+∞

)
, z2 6∈

[
1

4
,+∞

)}
. (3.38)

The following result can be proved in much the same way as Theorem 3.5.

Theorem 3.6. Let a, c1, c2 be real constants satisfying the inequalities

(3.22), where vk, k ≥ 1, are de�ned by (2.34), τ is a positive number. Then

the branched continued fraction (2.33) converges uniformly on every compact

subset of the domain (3.34) to a function f(z) holomorphic in this domain,

and, in addition, the function f(z) is an analytic continuation of (2.24) in the

domain (3.34).

Setting a = 0 and replacing c1 by c1 − 1 in Theorem 3.5 or setting a = 0

and replacing c2 by c2 − 1 in Theorem 3.6, we have the following corollary.

Corollary 3.2. Let c1 be real constant satisfying the inequalities (3.23),

where wk, k ≥ 1, are de�ned by (2.37), τ is a positive number. Then the

branched continued fraction (2.36) converges uniformly on every compact subset

of the domain (3.34) to a function f(z) holomorphic in this domain, and, in

addition, the f(z) is an analytic continuation of the function (2.35) in (3.34).

We consider the following example.
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Example 3.2. From [89] and Corollary 3.2 it follows that

((1− z2)2 − 4z1)
−1/2 = H4(1, b; 1, b; z) =

=
1

1− z2 −
2z1

1− z2 −
z1

1− z2 −
z1

1− ...

(3.39)

and, in addition, the branched continued fraction in (3.39) converges and rep-

resents a single-valued branch of the analytic function of two variables

((1− z2)2 − 4z1)
−1/2 (3.40)

in the domain (3.38).

Let us consider another example.

Example 3.3. From [89] and Corollary 3.2 it follows that

arctan
2
√
−z1

1− z2
= 2
√
−z1H4(1, b; 3/2, b; z) =

=
2
√
−z1

1− z2 −

4

3
z1

1− z2 −

16

15
z1

1− ...
−z2 −

k2

k2 − 1/4
z1

1− ...

, (3.41)

where the branched continued fraction converges and represents a single-valued

branch of the analytic function of two variables

arctan
2
√
−z1

1− z2
(3.42)

in the domain

T =

{
z ∈ C2 : z1 6∈ [0,+∞), z2 6∈

[
1

4
,+∞

)}
. (3.43)
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Finally, the following result can also be proved in much the same way as

Theorem 3.5.

Theorem 3.7. Let a, c1, and c2 be real constants such that

c2 6∈ {−1, 0}, d0 > 0, d1 > 0, 0 < hk ≤ τ, k ≥ 1, (3.44)

where τ is a positive number, d0, d1, h1 and hk, k ≥ 2, are de�ned in (2.39)

and (2.40), respectively. Then the branched continued fraction (2.38) converges

uniformly on every compact subset of the domain

Pτ =

{
z ∈ C2 : z1 6∈

[
1

8τ
,+∞

)
, z2 6∈

[
1

4 max{1, d1}
,+∞

)}
(3.45)

to a function f(z) holomorphic in this domain, and, in addition, the function

f(z) is an analytic continuation of (2.25) in the domain Pτ .

Remark 3.5. In Theorems 3.2�3.7 and Corollaries 3.1 and 3.2, the as-

sumption on the sequence coe�cients (2.27), (2.34), (2.37), (2.39), and (2.40)

(involves (together with positivity) an upper bound τ, and that the domains of

the analytic continuation also depends on this τ ; and the smaller τ, the larger

domains.

3.2. Complex parameters cases

Let us prove the following theorem.

Theorem 3.8. Let a and c1 be complex constants such that

|uk|+ Re(uk) ≤ µν(1− ν), k ≥ 2, (3.46)

where uk, k ≥ 2, are de�ned by (2.27), c1 6∈ {0,−1,−2, . . .}, µ is a positive

number, and 0 < ν < 1. Then:

(A) The branched continued fraction (2.26) converges uniformly on every com-

pact subset of the domain

Hκ,τ
µ,ν = Hµ,ν ∪Hκ,τ (3.47)
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to a function f(z) holomorphic in (3.47), where

Hµ,ν =

{
z ∈ C2 : |z1| <

1 + cos(arg(z1))

2µ
,

Re(z2e
−(i/2) arg(z1)) <

ν

2
cos

(
arg(z1)

2

)}
(3.48)

and

Hκ,τ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2

}
, (3.49)

with

τ = max
k≥2
{|uk|}, 0 < κ < 1. (3.50)

(B) The function f(z) is an analytic continuation of (2.23) in (3.47).

Proof. An application of Theorem 3.1(A), with g1,0 = 1 and

g0,k = κ, k ≥ 1, 0 < κ < 1,

shows that the branched continued fraction (2.26) converges for all z ∈ Hκ,τ .

Theorem 3.1(B) implies that the approximants of branched continued fraction

(2.26) all lie in |w−1| ≤ 1 if z ∈ Hκ,τ . Hence, by Theorem 1.4, the convergence

of branched continued fraction (2.26) is uniform on every compact subset of the

domain (3.49).

Let us prove the uniform convergence of the branched continued fraction

(2.26) on every compact subset of the domain (3.48). Let n be an arbitrary

natural number, arg(z1) = ϕ, and z be an arbitrary �xed point in the domain

(3.48). Let us prove that

Re(F
(n)
k (z)e−iϕ/2) > (1− ν) cos(ϕ/2) ≥ c > 0, 1 ≤ k ≤ n, n ≥ 1, (3.51)

where F (n)
k (z), 1 ≤ k ≤ n, n ≥ 1, are de�ned by (3.11) and (3.12).

From an arbitrary �xed point z, z ∈ Hµ,ν, it follows that for its arbitrary

neighborhood, there exists ε, 0 < ε ≤ π/2, such that |ϕ/2| ≤ π/2 − ε and,

thus,

(1− ν) cos(ϕ/2) ≥ (1− ν) cos(ϕ/2− σ) = (1− ν) sin(ε) = c > 0.
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If k = n, then

Re(F (n)
n (z)e−iϕ/2) = cos(ϕ/2) > (1− ν) cos(ϕ/2).

Assuming that the �rst inequality in (3.51) is true if k = r + 1 ≤ n. Then, for

k = r from (3.13) we obtain

F (n)
r (z)e−iϕ/2 = e−iϕ/2 − z2e−iϕ/2 −

ur+1z1e
−iϕ

F
(n)
r+1(z)e−iϕ/2

. (3.52)

Using Lemma 1.1, (3.46), (3.48), and (3.51), from (3.52) we get

Re(F (n)
r (z)e−iϕ/2) =

= Re(e−iϕ/2)− Re(z2e
−iϕ/2)− Re

(
ur+1z1e

−iϕ

F
(n)
r+1(z)e−iϕ/2

)
≥

≥ cos(ϕ/2)− Re(z2e
−iϕ/2)− |ur+1|+ Re(ur+1)

2 Re(F
(n)
r+1(z)e−iϕ/2)

|z1| >

> cos(ϕ/2)− ν cos(ϕ/2)

2
− µν(1− ν)

2(1− ν) cos(ϕ/2)

1 + cos(ϕ)

2µ
=

= (1− ν) cos(ϕ/2).

Thus, F (n)
1 (z) 6= 0, n ≥ 1, and z ∈ Hµ,ν, i.e. that each approximant of

branched continued fraction (2.26) is a holomorphic function in (3.48).

Now, let K be an arbitrary compact subset of (3.48), and fn(z), n ≥ 1, be

approximants of the branched continued fraction (2.26), then there exists an

open bi-disk

Oη = {z ∈ C2 : |zk| < η, k = 1, 2}

of radius η, η > 0, such that K ⊂ Oη. Then, for any n ≥ 1 and

z ∈ Hµ,ν ∩Oη

from we get

|fn(z)| ≤ 1 + η +
|u1|η

Re(F
(n)
1 (z)e−iϕ/2)

<

< 1 + η +
τη

(1− ν) cos(ϕ/2)
= C(K),
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i.e. the sequence {fn(z)}≥1 is uniformly bounded on every compact subset of

the domain Hµ,ν.

It is clear that for every χ such that

0 < χ < min

{
1− κ

2
,
κ(1− κ)

2τ
,

1

µ
,
ν

2

}
the domain

Lχ = {z ∈ R2 : 0 < zk < χ, k = 1, 2}

contained in Hµ,ν, in particular Lχ/2 ⊂ Hµ,ν. Using (3.50), for any z ∈ Lχ,
Lχ ⊂ Hµ,ν, we have

|z2| <
1− κ

2
, |ukz1| <

κ(1− κ)

2
, k ≥ 2,

i.e. the elements of branched continued fraction (2.26) satisfy Theorem 3.1, with

g1,0 = 1, g0,k = κ, k ≥ 1.

It shows that branched continued fraction (2.26) converges for all z ∈ Lχ, Lχ ⊂
Hµ,ν. Therefore, by Theorem 1.4, the convergence of the branched continued

fraction (2.26) is uniform on compact subsets of the domain (3.48), and hence

(3.47), which proves Theorem 3.8(A).

Finally, Theorem 3.8(B) follows from Theorem 1.3, Theorem 3.2(B), and

Theorem 3.8(A). �

The following theorem can be proved in much the same way as Theo-

rem 3.8.

Theorem 3.9. Let a, c1, and c2 be complex constants such that

|vk|+ Re(vk) ≤ µν(1− ν), k ≥ 2,

where vk, k ≥ 2, are de�ned by (2.34), c1, c2 6∈ {0,−1,−2, . . .}, µ is a positive

number, and 0 < ν < 1. Then:

(A) The branched continued fraction (2.33) converges uniformly on every com-

pact subset of the domain (3.47) to a function f(z) holomorphic in (3.47),

where

τ = max
k≥2
{|vk|}.
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(B) The function f(z) is an analytic continuation of the function (2.24) in the

domain (3.47).

Now, setting a = 0 and replacing c1 by c1 − 1 in Theorem 3.8 or setting

a = 0 and replacing c2 by c2−1 in Theorem 3.9, we obtain the following result.

Corollary 3.3. Let c1 be complex constants such that

|wk|+ Re(wk) ≤ µν(1− ν), k ≥ 1,

where wk, k ≥ 1, are de�ned by (2.37), c1 6∈ {0,−1,−2, . . .}, µ is a positive

number, and 0 < ν < 1. Then the branched continued fraction (2.36) converges

uniformly on every compact subset of the domain (3.47) to a function f(z)

holomorphic in this domain, and, in addition, the function f(z) is an analytic

continuation of the function (2.35) in the domain (3.47), where

τ = max
k≥1
{|wk|}.

Now, we prove the following theorem.

Theorem 3.10. Let a, c1, and c2 be complex constants such that

|hk|+ Re(hk) ≤ µν(1− ν), k ≥ 1, (3.53)

where hk, k ≥ 1, are de�ned in (2.39) and (2.40), c1, c2 6∈ {0,−1,−2, . . .}, µ
is a positive number, and 0 < ν < 1. Then:

(A) The branched continued fraction (2.38) converges uniformly on every com-

pact subset of the domain

Hκ,τ,υ
µ,ν,υ = Hµ,ν,υ ∪Hκ,τ,υ (3.54)

to a function f(z) holomorphic in Hκ,τ,υ
µ,ν,υ, where

Hµ,ν,υ =

{
z ∈ C2 : |z1| <

1 + cos(arg(z1))

2µ
,

Re(z2e
−(i/2) arg(z1)) > − ν

2υ
cos

(
arg(z1)

2

)}
(3.55)
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and

Hκ,τ,υ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2υ

}
, (3.56)

with

τ = sup
k≥1
{|hk|}, υ = max{d1, 1}, 0 < κ < 1, (3.57)

where d1 is de�ned in (2.39).

(B) The function f(z) is an analytic continuation of function (2.25) in the

domain (3.54).

Proof. We prove Theorem 3.10(A). Since by (3.56) and (3.57) for arbitrary

k ≥ 1

|hkz1| = |hk||z1| < τ
κ(1− κ)

2τ
=
κ(1− κ)

2

and

|dkz2| = |dk||z2| < υ
1− κ

2υ
=

1− κ
2

,

then from Theorem 3.1(A), where g0,k = κ, k ≥ 1, it follows that the branched

continued fraction (2.38) converges for z ∈ Hκ,τ,υ. Moreover, from Theo-

rem 3.1(B) implies that the approximants of the branched continued fraction

(2.38) all lie in the region

O = {w ∈ C : |w − 1| ≤ 1}

if z ∈ Hκ,τ,υ. Thus, by Theorem 1.4, the convergence of the branched continued

fraction (2.38) is uniform on every compact subset of (3.56).

Next, we prove the convergence of the branched continued fraction (2.38)

in the domain (3.55). Let n be an arbitrary natural number, arg(z1) = ϕ, and

z be an arbitrary �xed point in the domain (3.55). We prove that

Re(W
(n)
k (z)e−iϕ/2) > (1− ν) cos(ϕ/2) ≥ c > 0, 1 ≤ k ≤ n, n ≥ 1, (3.58)

where W (n)
k (z), 1 ≤ k ≤ n, n ≥ 1, are de�ned by (3.25) and (3.26).
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From the above assumption it follows that for an arbitrary neighborhood

of the point z, z ∈ Hµ,ν,υ, there exists ε, 0 < ε ≤ π/2, such that |ϕ/2| ≤ π/2−ε
and, thus,

(1− q) cos(ϕ/2) ≥ (1− q) cos(ϕ/2− ε) = (1− q) sin(ε) = c > 0.

If k = n, we have

Re(W (n)
n (z)e−iϕ/2) = cos(ϕ/2) > (1− ν) cos(ϕ/2).

Let the �rst inequality of (3.58) holds for k = r+ 1 ≤ n. Then, for k = r from

(3.25) we obtain

W (n)
r (z)e−iϕ/2 = e−iϕ/2 + dr+1z2e

−iϕ/2 +
hr+1z1e

−iϕ

W
(n)
s+1(z)e−iϕ/2

.

Using (3.53), (3.55), and Lemma 1.1, we obtain

Re(W (n)
r (z)e−iϕ/2) =

= cos(ϕ/2) + dr+1 Re(z2e
−iϕ/2) + Re

(
hr+1|z1|

W
(n)
r+1(z)e−iϕ/2

)
>

> cos(ϕ/2)− dr+1
ν cos(ϕ/2)

2υ
− |hr+1| − Re(hr+1)

2 Re(W
(n)
r+1(z)e−iϕ/2)

|z1| >

> cos(ϕ/2)− ν cos(ϕ/2)

2
− µν(1− ν)

2(1− ν) cos(ϕ/2)

1 + cos(ϕ)

2µ
=

= (1− ν) cos(ϕ/2).

From the inequalities (3.58) it follows thatW (n)
1 (z) 6= 0, n ≥ 1, z ∈ Hµ,ν,υ.

This means that the approximants of the branched continued continued (2.38)

form a sequence of holomorphic functions in the domain (3.55).

Let K be an arbitrary compact subset of the domain (3.55), and fn(z),

n ≥ 1, be approximants of the branched continued fraction (2.38). Then there

exists

Oη = {z ∈ C2 : |zk| < η, k = 1, 2}, η > 0,

that satisfy K ⊂ Oη. Then, for arbitrary n ≥ 1 and for arbitrary

z ∈ Hµ,ν,υ ∩ Oη,
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we obtain

|fn(z)| ≤ 1 +
|d0||z2||e−iϕ/2|
|W (n)

1 (z)e−iϕ/2|
< 1 +

|d0|η
Re(W

(n)
1 (z)e−iϕ/2)

<

< 1 +
|d0|η

(1− ν) cos(ϕ/2)
= C(K).

This proves that the sequence {fn(z)} is uniformly bounded on every compact
subset of the domain Hµ,ν,υ.

Let

Lχ = {z ∈ R2 : 0 < zk < χ, k = 1, 2},

where

0 < χ < min

{
κ(1− κ)

4τ
,
1− κ

4υ
,

1

2µ
,
ν

4υ

}
.

Then it is clear that the domain Lχ contained in Hµ,ν,υ, in particular Lχ/2 ⊂
Hµ,ν,υ. From the above proof it follows that branched continued fraction (2.38)

converges in the domain Lχ, Lχ ⊂ Hµ,ν,υ. By Theorem 1.4, the convergence

of the branched continue fraction (2.38) is uniform on compact subsets of the

Hµ,ν,υ, and hence (3.54), which proves Theorem 3.10(A).

Finally, from Theorem 3.4(B) it follows that the branched continued frac-

tion (2.38) corresponds at z = 0 to the function (2.25). Therefore, according

to Theorem 1.3 and Theorem 3.10(A), Theorem 3.10(B) follows. �

Next, we prove the following theorem.

Theorem 3.11. Let a, c1, and c2 be complex constants such that

|hk|+ 2|dk|+ Re(hk + 2dk) ≤
%

2
, k ≥ 1, (3.59)

where hk, dk, k ≥ 1, are de�ned in (2.39) and (2.40), c1, c2 6∈ {0,−1,−2, . . .},
% is a positive number. Then:

(A) The branched continued fraction (2.38) converges uniformly on every com-

pact subset of the domain

Hκ,τ,υ
% = H% ∪Hκ,τ,υ (3.60)
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to a function f(z) holomorphic in Hκ,τ,υ
% , where

H% =

{
z ∈ C2 : |zk| <

1 + cos(arg(zk))

%
,

arg(z1) = arg(z2), k = 1, 2

}
(3.61)

and Hκ,τ,υ is de�ned by (3.56) with (3.57).

(B) The function f(z) is an analytic continuation of function (2.25) in the

domain (3.60).

Proof. By Theorem 3.10(A), the statement of Theorem 3.11(A) is valid

in the domain (3.56). We will show the validity of Theorem 3.11(A) in the

domain (3.61).

We set arg(z1) = ϕ. Let n be an arbitrary natural number, z be an ar-

bitrary �xed point in (3.61). In the neighborhood of z, by induction on k, we

prove the following inequalities

Re(W
(n)
k (z)e−iϕ/2) >

cos(ϕ/2)

2
≥ c > 0, 1 ≤ k ≤ n, n ≥ 1, (3.62)

where W (n)
k (z), 1 ≤ k ≤ n, n ≥ 1, are de�ned by (3.25) and (3.26).

Since z is an arbitrary �xed point from domain (3.61), then for its arbitrary

neighborhood there exists ε, 0 < ε ≤ π/2, such that |ϕ/2| ≤ π/2 − ε and,

therefore,
cos(ϕ/2)

2
≥ cos(π/2− ε)

2
=

sin(ε)

2
= c > 0.

Let us show the validity of the �rst inequality in (3.61). At k = n, this

inequality is obvious. Assuming that the �rst inequality in (3.62) are true if

k = r + 1 ≤ n, we show it for k = r. From (3.26) we obtain

W (n)
r (z)e−iϕ/2 = e−iϕ/2 +

dr+1z2e
−iϕ

e−iϕ/2
+

hr+1z1e
−iϕ

W
(n)
r+1(z)e−iϕ/2

. (3.63)



91

Using Lemma 1.1, (3.59), (3.61), from (3.63) we have

Re(W (n)
r (z)e−iϕ/2) =

= Re(e−iϕ/2)− Re

(
dr+1z2e

−iϕ

e−iϕ/2

)
− Re

(
hr+1z1e

−iϕ/2

W
(n)
r+1(z)e−iϕ/2)

)
≥

≥ cos(ϕ/2)− |dr+1| − Re(dr+1)

2 Re(e−iϕ/2)
|z2| −

|hs+1| − Re(hr+1)

2 Re(W
(n)
s+1(z)e−iϕ/2)

|z1|

> cos(ϕ/2)− [|dr+1| − Re(dr+1) + 2(|hs+1| − Re(hr+1))]
1 + cos(ϕ)

2% cos(ϕ/2)

> cos(ϕ/2)− cos(ϕ/2)

2
=

cos(ϕ/2)

2
.

Thus, W (n)
1 (z) 6= 0 for all n ≥ 1 and z ∈ H%, i.e., that each approximant

the branched continued fraction (2.38) is a holomorphic function in (3.61).

Let K be an arbitrary compact subset of (3.61), and fn(z), n ≥ 1, be

approximants of the branched continued fraction (2.38). Then there exists an

open bi-disk

Oη = {z ∈ C2 : |zk| < η, k = 1, 2}

of radius η, η > 0, such that K ⊂ Oη.Moreover, for any n ≥ 1 and z ∈ H%∩Oη
we obtain

|fn(z)| ≤ 1 +
|d0|η

Re(W
(n)
1 (z)e−iϕ/2)

<

< 1 +
2|d0|η

cos(ϕ/2)
= C(K),

i.e., the sequence {fn(z)} is uniformly bounded on every compact subset of the
domain H%.

Since

d1 =
a

c2 + 1
− 1, dk = −1, k ≥ 2, and lim

k→+∞
hk = −1,

then exists a constant ζ > 0 such that

|dk| ≤ ζ and |hk| ≤ ζ, k ≥ 1. (3.64)
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It is clear that for every χ such that

0 < χ < min

{
1

4ζ
,

1

8ζ
,
2

%

}
the domain

Lχ = {z ∈ R2 : 0 < zk < χ, k = 1, 2}

contained in H%, in particular Lχ/2 ⊂ H%.

Using (3.64), for any k ≥ 1 and z ∈ Lχ, Lχ ⊂ H%, it is clear that

|dkz2| <
1

4
, |hkz1| <

1

8
, k ≥ 1,

i.e. the elements of the branched continued fraction (2.38) satisfy Theorem 3.1,

with

z1,0 = 0, g0,k =
1

2
, k ≥ 1.

It follows from this theorem that the branched continued fraction (2.38) con-

verges in the domain Lχ, Lχ ⊂ H%, Therefore, by Theorem 1.4 the convergence

of the branched continued fraction (2.38) is uniform on compact subsets of H%,

and hence (3.56), which proves Theorem 3.11(A).

Theorem 3.11(B) follows from Theorem 1.3, Theorem 3.4(B), and Theo-

rem 3.11(A). �

Finally, we consider the following example.

Example 3.4. Using (h) in [89, Subsection 2.10] and the Mellin-Barnes

integral [79, Formula (15.3.2)], by Theorem 3.10 we have

H4(1/2, 2; 1/2, 1; z)

H4(1/2, 3; 1/2, 2; z)
=

=

2

∫ +i∞

−i∞

Γ(ξ + 1/2)Γ(ξ + 2)Γ(−ξ)
Γ(ξ + 1)

h(ξ; z)dξ∫ +i∞

−i∞

Γ(ξ + 1/2)Γ(ξ + 3)Γ(−ξ)
Γ(ξ + 2)

h(ξ; z)dξ

=
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= 1−

1

4
z2

1 +
3

4
z2 +

6z1

1 + z2 −

5

3
z1

1 + z2 −

7

15
z1

1 + ...

, (3.65)

where

h(ξ; z) = (1− 2
√
z1)
−i/2

(
−z2

1− 2
√
z1

)−ξ
+ (1 + 2

√
z1)
−i/2

(
−z2

1 + 2
√
z1

)−ξ
.

Here the branched continued fraction converges and represents a single-valued

branch of the analytic function on the left side of (3.65) in the domain Hκ,τ,υ
µ,ν,υ∩

H, where Hκ,τ,υ
µ,ν,υ is de�ned by (3.54) with

µν(1− ν) ≥ 10

3
, υ = 1, τ = 6,

and

H =

{
z ∈ C2 :

∣∣∣∣arg

(
−z2

1± 2
√
z1

)∣∣∣∣ < π, Re(1± 2
√
z1) > 0

}
(3.66)

(the principal branch of the square root is assumed). In addition, by Theo-

rem 3.11 the branched continued fraction (3.65) converges and represents a

single-valued branch of the analytic function on the left side of (3.65) in the

domain Hκ,τ,υ
% ∩H, where Hκ,τ,υ

% is de�ned by (3.60) with

% ≥ 40

3
, υ = 1, τ = 6,

and H is de�ned by (3.66), and, thus, in the domain(
Hκ,τ,υ
µ,ν,υ ∪Hκ,τ,υ

%

)
∩H

with

µν(1− ν) ≥ 10

3
, % ≥ 40

3
, υ = 1, τ = 6.
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This chapter establishes the domains of analytic continuation of the Horn

hypergeometric functions H4 and their ratios in special cases that have ex-

pansions into branched continued fractions. These domains are obtained as

domains of convergence of the above-mentioned expansions. Examples of an-

alytical functions represented by branched continued fractions are also given

here. The obtained results can be used to approximate analytic functions rep-

resented by the Horn hypergeometric series H4 and their ratios in special cases.

The results presented in this chapter were published in [57,61,63�65,67,68].
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CHAPTER 4

CONVERGENCE RATE AND NUMERICAL

STABILITY

The chapter investigates the convergence rate and the numerical stability of

branched continued fraction expansions of Horn hypergeometric series H4 and

their ratios in special cases. These problems have considerable importance for

the computation of functions using branched continued fraction representations.

In Section 4.1 we �nd truncation error bounds of the approximants of the

above-mention expansions, and in Section 4.2, we �nd estimates of the relative

roundo� errors in computing these approximants by the backward recurrence

algorithm.

4.1. Truncation error bounds

The following theorem holds.

Theorem 4.1. Let a and c1 be real constants satisfying the inequalities

(3.9), where uk, k ≥ 1, are de�ned by (2.27), τ is a positive number. Then:

(A) The branched continued fraction (2.26) converges to a �nite value f(z) for

each z ∈ Rκ, where

Rκ =
{
z ∈ R2 : z1 ≤ 0, z2 ≤ κ

}
, 0 < κ < 1. (4.1)

(B) The convergence is uniform on every compact subset of Int(Rκ), and the

function f(z) is analytic on Int(Rκ).

(C) If fn(z) denotes the nth approximant of the branched continued fraction

(2.26), then for each z ∈ Rκ

|f(z)− fn(z)| ≤ |u1|(|z2|(1− z2) + τ |z1|)τn−1|z1|n

(1− z2)3(1− z2 + τ |z1|)((1− z2)2 + τ |z1|)n−2
, n ≥ 2.

(D) The function f(z) is an analytic continuation of the function (2.23) in the

domain Int(Rκ).
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Proof. First, we will prove Theorem 4.1(A). To this, for n ≥ 1 and k ≥ 1

we estimate

|fn+k(z)− fn(z)|.

Let z be an arbitrary �xed point in the region (4.1). It is obvious that

under conditions (4.1) the coe�cients (2.27) are positive. Thus, by inequalities

in (4.1) from (3.11) and (3.13) for 1 ≤ k ≤ n− 1 and n ≥ 2 we have

F
(n)
k (z) = 1− z2 −

uk+1z1

F
(n)
k+1(z)

≥ 1− z2 ≥ 1− κ > 0. (4.2)

Condition (4.2) allows us to use the formula (1.15), namely for any n ≥ 2 and

k ≥ 1

fn+k(z)− fn(z) = −zn1

(
z2 +

un+1z1

F
(n+k)
n+1 (z)

)
n∏
r=1

ur

F
(n+k)
r (z)F

(n)
r (z)

.

For convenience, we write this formula as

fn+k(z)− fn(z) = − u1z
n
1

F
(q)
1 (z)F

(n+k)
n (z)

(
z2 +

un+1z1

F
(n+k)
n+1 (z)

)
×

×
[n/2]∏
r=1

u2r

F
(p)
2r−1(z)F

(p)
2r (z)

[(n−1)/2]∏
r=1

u2r+1

F
(q)
2r (z)F

(q)
2r+1(z)

, (4.3)

where [.] denotes integer part, q = n+k, p = n, if n = 2s, and q = n, p = n+k,

if n = 2s− 1, s ≥ 1.

By the inequalities (4.1) and (4.2) for any m ≥ 2 and k ≥ 2 we obtain

u1z1

F
(m)
1 (z)

≤ |u1||z1|
F

(m)
1 (z)

≤ |u1||z1|
1− z2

and

1

F
(m+k)
m (z)

(
z2 +

um+1z1

F
(m+k)
m+1 (z)

)
≤ 1

F
(m+k)
m (z)

(
|z2|+

um+1|z1|
F

(m+k)
m+1 (z)

)
≤

≤ 1

1− z2

(
|z2|+

τ |z1|
1− z2

)
.
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Moreover, by the relations (3.13) for any 1 ≤ k ≤ m− 1 and m ≥ 2 we have

uk+1z1

F
(m+1)
k (z)F

(m+1)
k+1 (z)

=

uk+1z1

F
(m+1)
k+1 (z)

1− z2 −
uk+1z1

F
(m+1)
k+1 (z)

≤

≤

uk+1|z1|
F

(m+1)
k+1 (z)

1− z2 +
uk+1|z1|
F

(m+1)
k+1 (z)

≤ τ |z1|
(1− z2)2 + τ |z1|

.

Finally, by the relations (3.11), (3.13) and the inequalities (3.9), (4.2) for any

m ≥ 2 we get

um+1z1

F
(m+1)
m (z)F

(m+1)
m+1 (z)

=
um+1z1(

1− z2 −
um+1z1

F
(m+1)
m+1

)
F

(m+1)
m+1

=

=
um+1z1

1− z2 − um+1z1
≤ τ |z1|

1− z2 + τ |z1|
.

Thus, from (4.3) for n ≥ 2 and k ≥ 2 we obtain

|fn+k(z)− fn(z)| ≤ |u1||z1|n

F
(q)
1 (z)F

(n+k)
n (z)

(
|z2|+

un+1|z1|
F

(n+k)
n+1 (z)

)
×

×
[n/2]∏
r=1

u2r

F
(p)
2r−1(z)F

(p)
2r (z)

[(n−1)/2]∏
r=1

u2r+1

F
(q)
2r (z)F

(q)
2r+1(z)

≤

≤ |u1|(|z2|(1− z2) + τ |z1|)τn−1|z1|n

(1− z2)3(1− z2 + τ |z1|)((1− z2)2 + τ |z1|)n−2
. (4.4)

Since for an arbitrary �xed z ∈ Rκ

|u1|(|z2|(1− z2) + τ |z1|)τn−1|z1|n

(1− z2)3(1− z2 + τ |z1|)((1− z2)2 + τ |z1|)n−2
→ 0

as n→ +∞, then from the arbitrariness of k it follows Theorem 4.1(A).

Now, we will prove Theorem 4.1(B). Let K be an arbitrary compact subset

of the domain Int(Rκ). Then there exists an open bi-disk

Oη = {z ∈ C2 : |zk| < η, k = 1, 2}
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of radius η, η > 0, such that K ⊂ Oη. Then, for n ≥ 2 and k ≥ 2 we have

|fn+k(z)− fn(z)| ≤

≤ |u1|(|z2|(1− z2) + τ |z1|)τn−1|z1|n

(1− z2)3(1− z2 + τ |z1|)((1− z2)2 + τ |z1|)n−2
<

<
|u1|(η(1− κ) + τη)τn−1ηn

(1− κ)3(1− κ+ τη)((1− κ)2 + τη)n−2

=
|u1|(1− κ+ τ)τn−1ηn+1

(1− κ)3(1− κ+ τη)((1− κ)2 + τη)n−2

for all z ∈ K. Moreover, if q and p are arbitrary integer numbers such that

q ≥ 2 and p ≥ n ≥ 2, then, for all z ∈ K,

|fp+q(z)− fp(z)| ≤ |fp+q(z)− fn(z)|+ |fp(z)− fn(z)|.

Since
|u1|(1− κ+ τ)τn−1ηn+1

(1− κ)3(1− κ+ τη)((1− κ)2 + τη)n−2
→ 0

as n→ +∞, this proves Theorem 4.1(B).

Theorem 4.1(C) follows from (4.4) if we pass to the limit as k → +∞.

Next, we will prove Theorem 4.1(D). It is clear that

H4(a, c2; c1, c2;0)

H4(a+ 1, c2; c1 + 1, c2;0)
= 1.

Then, there exists 0 < ε < 1 such that function (2.23) is analytic in domain

Dr,s,ε =
{
z ∈ R2 : −rε < z1 < 0, −sε < z2 < 0

}
(4.5)

and

Dr,s,ε ⊂ (Dr,s ∩ Int(Rκ)),

where

Dr,s =
{
z ∈ C2 : |z1| < r, |z2| < s

}
, (4.6)

r and s are positive numbers such that 4r = (s − 1)2 herewith s 6= 1, Rκ is

de�ned by (4.1). In particular,

Dr,s,1/2 ⊂ (Dr,s ∩ Int(Dη)).
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Let z be an arbitrary �xed point in Dr,s,ε. It is obvious that the elements
of the branched continued fraction (2.26) are positive. Then the approximants

of this branched continued fraction have the property of fork, namely

f2n(z) < f2n+2(z) < f2n+1(z) < f2n−1(z), n ≥ 1,

and, therefore, the sequences of even and odd approximants of branched con-

tinued fraction (2.26) converge to a �nite value f(z).

Now, we will consider

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
− fn(z), n ≥ 1,

where (see, Theorem 2.7)

H4(a, b; c, b; z)

H4(a+ 1, b; c+ 1, b; z)
=

= 1− z2 −
u1z1

1− z2 −
u2z1

1− ...−z2 −
un+1z1

E
(n+1)
n+1 (z)

,

and, for n ≥ 1,

E
(n+1)
n+1 (z) =

H4(a+ n+ 1, c2; c1 + n+ 1, c2; z)

H4(a+ n+ 2, c2; c1 + n+ 2, c2; z)
.

We set

E
(n+1)
k (z) = 1− z2 −

uk+1z1

1− z2 −
uk+2z1

1− ...−z2 −
un+1z1

E
(n+1)
n+1 (z)

,

where 1 ≤ k ≤ n, n ≥ 1. Then the following relation

E
(n+1)
k (z) = 1− z2 −

uk+1z1

E
(n+1)
k+1 (z)

, 1 ≤ k ≤ n, n ≥ 1,

is valid.
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It is easy to see that F (n)
k (z) 6= 0 and E

(n)
k (z) 6= 0 for all indices and

z ∈ Dr,s,ε. Using the formula (1.15), for n ≥ 1 we obtain

H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
− fn(z) =

= −zn1

(
z2 +

un+1z1

E
(n+1)
n+1 (z)

)
n∏
r=1

ur

E
(n+1)
r (z)F

(n)
r (z)

.

Thus, for all z ∈ Dr,s,ε we obtain

f2n(z) <
H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
< f2n−1(z), n ≥ 1.

Next, since the fork property of approximants of branched continued fraction

(2.24) implies that for all z ∈ Dr,s,ε

lim
n→+∞

f2n(z) = lim
n→+∞

f2n−1(z) = f(z),

then also for all z ∈ Dr,s,ε,

f(z) =
H4(a, c2; c1, c2; z)

H4(a+ 1, c2; c1 + 1, c2; z)
.

Finally, by Theorem 1.3 and Theorem 4.1(B), Theorem 4.1(D) follows. �

By Theorems 3.2 and 3.5, Theorem 4.1(B),(D), and Theorem 1.3 we have

the following result.

Theorem 4.2. Let the conditions of Theorem 4.1 be satis�ed. Then the

branched continued fraction (2.26) converges uniformly on every compact subset

of the domain

Dτ ∪ Pτ ∪ Int(Rκ), (4.7)

to a function f(z) holomorphic in this domain, and, in addition, the function

f(z) is an analytic continuation of the function (2.23) in this domain, where

Dτ , Pτ , and Rκ are de�ned by (3.10), (3.34), and (4.1), respectively.

We consider the following example.
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Example 4.1. From Example 3.1 and Theorem 4.2 the branched continued

fraction (3.36) converges and represents a single-valued branch of the analytic

function (3.37) in the domain P ∪ Int(Rκ), where P and Rκ are de�ned by

(3.38) and (4.1), respectively.

Figure 4.1(a)�(d) shows the plots, where the 20th approximants of bran-

ched continued fraction (3.36) guarantees certain truncation error bounds for

function of two variables (3.37).
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Figure 4.1. The plots where the approximant f20(z) of branched contin-
ued fraction (3.36) guarantees certain truncation error bounds for the func-
tion (3.37).

The following result can be proved in much the same way as Theorem 4.1.
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Theorem 4.3. Let a, c1, c2 be real constants satisfying the inequalities

(3.22), where vk, k ≥ 1, are de�ned by (2.34), τ is a positive number. Then:

(A) The branched continued fraction (2.33) converges to a �nite value f(z) for

each z ∈ Rκ, where Rκ is de�ned by (4.1).

(B) The convergence is uniform on every compact subset of Int(Rκ), and the

function f(z) is analytic on Int(Rκ).

(C) If fn(z) denotes the nth approximant of the branched continued fraction

(2.33), then for each z ∈ Rκ

|f(z)− fn(z)| ≤

≤ |v1|(|z2|(1− z2) + τ |z1|)τn−1|z1|n

(1− z2)3(1− z2 + τ |z1|)((1− z2)2 + τ |z1|)n−2
, n ≥ 2.

(D) The function f(z) is an analytic continuation of the function (2.24) in the

domain Int(Rκ).

By Theorems 3.3 and 3.6, Theorem 4.3(B),(D), and Theorem 1.3, we have

the following result.

Theorem 4.4. Let the conditions of Theorem 4.3 be satis�ed. Then the

branched continued fraction (2.33) converges uniformly on every compact subset

of the domain (4.7) to a function f(z) holomorphic in this domain, and, in

addition, the function f(z) is an analytic continuation of the function (2.24)

in this domain, where Dτ , Pτ , and Rκ are de�ned by (3.10), (3.34), and (4.1),

respectively.

Setting a = 0 and replacing c1 by c1 − 1 in Theorem 4.1 or setting a = 0

and replacing c2 by c2 − 1 in Theorem 4.3, we have the following corollary.

Corollary 4.1. Let c be real constant satisfying the inequalities (3.23),

where wk, k ≥ 1, are de�ned by (2.37), τ is a positive number. Then:

(A) The branched continued fraction (2.36) converges to a �nite value f(z) for

each z ∈ Rκ, where Rκ is de�ned by (4.1).
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(B) The convergence is uniform on every compact subset of Int(Rκ), and the

function f(z) is analytic on Int(Rκ).

(C) If fn(z) denotes the nth approximant of the branched continued fraction

(2.36), then for each z ∈ Rκ

|f(z)− fn(z)| ≤

≤ (|z2|(1− z2) + τ |z1|)(τ |z1|)n−1

(1− z2)5(1− z2 + τ |z1|)((1− z2)2 + τ |z1|)n−3
, n ≥ 3.

(D) The function f(z) is an analytic continuation of the function (2.35) in the

domain Int(Rκ).

By Corollaries 3.1 and 3.2, Corollary 4.1(B),(D), and Theorem 1.3, we

have the following result.

Corollary 4.2. Let the conditions of Corollary 4.1 be satis�ed. Then

the branched continued fraction (2.36) converges uniformly on every compact

subset of the domain (4.7) to a function f(z) holomorphic in this domain, and,

in addition, the function f(z) is an analytic continuation of the function (2.35)

in this domain, where Dτ , Pτ , and Rκ are de�ned by (3.10), (3.34), and (4.1),

respectively.

We consider the following example.

Example 4.2. From Example 3.2, Theorem 4.1, and Theorem 1.3 the

branched continued fraction (3.39) converges and represents a single-valued

branch of the analytic function (3.40) in the domain P ∪ Int(Rκ), where P
and Rκ are de�ned by (3.38) and (4.1), respectively.

If fn(z) denotes the nth approximant of the branched continued fraction

(3.39), then for every negative real z = z0, the fork property, namely,

f2k−2(z
0) < f2k(z

0) < f2k+1(z
0) < f2k−1(z

0), k ≥ 1,

holds (here f0(z
0) = 0).
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The numerical illustration of the double power series

((1− z2)2 − 4z1)
−1/2 = H4(1, c1; 1, c2; z) =

=
∞∑

p,q=0

(1)2p+q
(1)p

zp1
p!

zq2
q!

(4.8)

and the branched continued fraction (3.39) is given in Table 4.1. Numerical

experiments also show that to compute

1√
2

= ((1 + 1/4)2 + 4(7/64))−1/2

with an error not exceeding 10−5 by the double power series (4.8), one would

need to take 57th partial sum, and that 1/
√

2 can be computed with an error

less than 10−5 by using the 5th approximant of the branched continued frac-

tion (3.39).

Table 4.1. Relative error of 10th partial sum of the double power series (4.8)
and 10th approximants of the branched continued fraction (3.39) for the func-
tion (3.40).

z (3.40) (4.8) (3.39)

(−1/8, 1/10) 0.873704 6.62333× 10−8 1.98945× 10−10

(1/10,−1/16) 1.17129 7.23624× 10−8 2.01913× 10−10

(−1/10,−1/100) 0.839152 1.01955× 10−5 3.27995× 10−11

(−1/10,−1/10) 1.56174 6.56397× 10−4 5.81362× 10−8

(−1/5,−1/5) 0.668153 6.5287× 10−1 1.43181× 10−9

(−1/8,−1) 0.471405 2.92301× 10+02 3.32075× 10−14

(−2,−1/4) 0.323381 9.46661× 10+08 5.42958× 10−4

(−3,−4) 0.164399 6.95343× 10+12 4.77831× 10−9

(−10,−20) 0.045596 2.12733× 10+19 2.98276× 10−14

(−100,−100) 0.0097124 8.3222× 10+28 1.78609× 10−16

In Figure 4.2(a)�(d), we can see the plots, where the 20th approximants

of the branched continued fraction (3.39) guarantees certain truncation error

bounds for function of two variables (3.40).
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Figure 4.2. The plots where the approximant f20(z) of branched contin-
ued fraction (3.39) guarantees certain truncation error bounds for the func-
tion (3.40).

Let us consider another example.

Example 4.3. From Example 3.3, Theorem 4.1, and Theorem 1.3 the

branched continued fraction (3.41) converges and represents a single-valued

branch of the analytic function (3.42) in the domain T ∪ Int(Rκ), where P
and Rκ are de�ned by (3.43) and (4.1), respectively.

In Table 4.2, we can see that the 10th approximant of the branched contin-

ued fraction (3.41) is eventually a better approximation to the function (3.42)
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than the corresponding 10th partial sum of the double power series

arctan
2
√
−z1

1− z2
= 2
√
−z1H4(1, b; 3/2, b; z) =

= 2
√
−z1

∞∑
p,q=0

(1)2p+q
(3/2)p

zp1
p!

zq2
q!
. (4.9)

Table 4.2. Relative error of 10th partial sum of the double power series (4.9)
and 10th approximants of the branched continued fraction (3.41) for the func-
tion (3.42).

z (3.42) (4.9) (3.41)

(−1/50, 1/10) 0.304496 9.2228× 10−13 3.6461× 10−16

(−1/8, 1/10) 0.665944 1.06644× 10−8 1.60922× 10−10

(−1/10,−1/100) 0.559457 2.59086× 10−6 2.59205× 10−11

(−1/5, 1/50) 0.739777 1.46368× 10−3 8.30048× 10−9

(−1/5,−1/5) 0.640522 1.91315× 10−1 1.14109× 10−9

(−1/8,−1) 0.339837 1.30864× 10+02 2.56454× 10−14

(−4,−1) 1.10715 5.94092× 10+11 2.99918× 10−4

(−3,−4) 0.605891 2.17485× 10+12 3.78678× 10−9

(−10,−20) 0.292529 7.43863× 10+18 2.27715× 10−14

(−100,−100) 0.195491 2.65535× 10+28 2.83958× 10−16

The graphical illustrations of the function of two variables (3.42) and the

branched continued fraction (3.41) are given in Figures 4.3(a)�(d).

Remark 4.1. The computations in Tables 4.1�4.2 and the plots in Fig-

ures 4.1�4.3 were performed using Wolfram Mathematica 13.0 software for

Windows 10. Processor Intel(R) Core(TM) i7-4500U CPU 2.40 GHz, Graph-

ics Card Intel(R) HD Graphics Family (113 MB), System Type 64-bit operating

system, x64-based processor.
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Figure 4.3. The plots where the approximant f20(z) of branched contin-
ued fraction (3.39) guarantees certain truncation error bounds for the func-
tion (3.40).

Next, we will prove the following results.

Theorem 4.5. Let a, c1, and c2 be real constants satisfying the inequalities

(3.44), where τ is a positive number, d0, d1, h1 and hk, k ≥ 2, are de�ned in

(2.39) and (2.40), respectively. Then:

(A) The branched continued fraction (2.38) converges to a �nite value f(z) for

each z ∈ Sκ, where

Sκ =
{
z ∈ R2 : z1 ≤ 0, z2 ≤ κ

}
, 0 < κ < min

{
1

d1
, 1

}
. (4.10)
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(B) The convergence is uniform on every compact subset of Int(Sκ), and the

function f(z) is analytic on Int(Sκ).

(C) For each z ∈ Sκ and for n ≥ 3

|f(z)− fn(z)| ≤

≤ |d0||z2|(|z2|(1− z2) + κ|z1|)(1− z2)−2(1− z2 + κ|z1|)−2(κ|z1|)n−1

(1− d1z2)((1− d1z2)(1− z2) + κ|z1|)((1− z2)2 + κ|z1|)n−3
,

where fn(z) is the nth approximant of the branched continued fraction

(2.38).

(D) The function f(z) is an analytic continuation of the function (2.25) in

the domain Int(Sκ).

Proof. We will prove (A). Let z be an arbitrary �xed point in the region

(4.10). From the inequalities (3.44) it follows that the coe�cients d1, hk, k ≥ 1,

are positive real numbers. Using inequalities from (4.10) and the relations (3.25)

and (3.27), for any n ≥ 2 we obtain

W
(n)
1 (z) = 1− d1z2 −

h1z1

W
(n)
2 (z)

≥ 1− d1z2 ≥ 1− d1κ > 0,

and for arbitraries n ≥ 3 and 2 ≤ k ≤ n− 1 we get

W
(n)
k (z) = 1− dkz2 −

hkz1

W
(n)
k+1(z)

≥ 1− z2 ≥ 1− κ > 0.

This allows us to use the formula (1.15). Therefore, for n ≥ 2 and k ≥ 1

fn+k(z)− fn(z) = d0z
n−1
1 z2

(
z2 +

hnz1

W
(n+k)
n+1 (z)

)
n−1∏
r=1

hr

W
(n+k)
r (z)W

(n)
r (z)

or the same

fn+k(z)− fn(z) =
d0z

n−1
1 z2

W
(q)
1 (z)W

(n+k)
n (z)

(
z2 +

hnz1

W
(n+k)
n+1 (z)

)
×

×
[(n−1)/2]∏
r=1

h2r−1

W
(p)
2r−1(z)W

(p)
2r (z)

[(n−2)/2]∏
r=1

h2r

W
(q)
2r (z)W

(q)
2r+1(z)

,
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where [.] denotes integer part, q = n+k, p = n, if n = 2s, and q = n, p = n+k,

if n = 2s− 1, s ≥ 1.

Now, for arbitraries m ≥ 2 and k ≥ 2 we have

d0z2

W
(m)
1 (z)

≤ |d0||z2|
1− d1z2

,

and

1

W
(m+k)
m (z)

(
z2 +

hmz1

W
(m+k)
m+1 (z)

)
≤ 1

W
(m+k)
m (z)

(
|z2|+

hm|z1|
W

(m+k)
m+1 (z)

)
≤

≤ 1

1− z2

(
|z2|+

κ|z1|
1− z2

)
.

For any m ≥ 2 we obtain

h1z1

W
(m+1)
1 (z)W

(m+1)
2 (z)

=

h1z1

W
(m+1)
2 (z)

1− d1z2 −
h1z1

W
(m+1)
2 (z)

≤

≤

h1|z1|
W

(m+1)
2 (z)

1− d1z2 +
h1|z1|

W
(m+1)
2 (z)

≤ κ|z1|
(1− d1z2)(1− z2) + κ|z1|

.

Next, for arbitraries m ≥ 3 and 2 ≤ k ≤ m− 1 we get

hkz1

W
(m+1)
k (z)W

(m+1)
k+1 (z)

=

hkz1

W
(m+1)
k+1 (z)

1− z2 −
hkz1

W
(m+1)
k+1 (z)

≤

hk|z1|
W

(m+1)
k+1 (z)

1− z2 +
hk|z1|

W
(m+1)
k+1 (z)

≤

le
κ|z1|

(1− z2)2 + κ|z1|
.

And, �nally, for any m ≥ 2 we have

hmz1

W
(m+1)
m (z)W

(m+1)
m+1 (z)

=
hmz1(

1− z2 −
hmz1

W
(m+1)
m+1 (z)

)
W

(m+1)
m+1 (z)

=

=
hmz1

1− z2 − hm + z1
≤ κ|z1|

1− z2 + κ|z1|
.
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Thus, for n ≥ 3 and k ≥ 2 we obtain

|fn+k(z)− fn(z)| ≤

≤ |d0||z2|(|z2|(1− z2) + κ|z1|)(1− z2)−2(1− z2 + κ|z1|)−2(κ|z1|)n−1

(1− d1z2)((1− d1z2)(1− z2) + κ|z1|)((1− z2)2 + κ|z1|)n−3
. (4.11)

It is obvious that for an arbitrary �xed z ∈ Sκ

|d0||z2|(|z2|(1− z2) + κ|z1|)(1− z2)−2(1− z2 + κ|z1|)−2(κ|z1|)n−1

(1− d1z2)((1− d1z2)(1− z2) + κ|z1|)((1− z2)2 + κ|z1|)n−3
→ 0

as n→ +∞. Therefore, by the arbitrariness of k it follows Theorem 4.5(A).

Next, we will prove Theorem 4.5(B). Let K denotes an arbitrary compact

subset of Int(Sκ). Then there exists an open bi-disk

Oη = {z ∈ C2 : |zk| < η, k = 1, 2}

of radius η, η > 0, such that K ⊂ Oη. Thus for n ≥ 3, k ≥ 2 and for all z ∈ K
we get

|fn+k(z)− fn(z)| <

<
|d0|η(η(1− κ) + κη)(1− κ)−2(1− κ+ κη)−2(κη)n−1

(1− d1κ)((1− d1κ)(1− κ) + κη)((1− κ)2 + κη)n−3

=
|d0|(1− κ+ κ)(1− κ)−2(1− κ+ κη)−2κn−1ηn+1

(1− d1κ)((1− d1κ)(1− κ) + κη)((1− κ)2 + κη)n−3
.

Next, for arbitrary integer numbers q, p such that q ≥ 2, p ≥ n ≥ 2, and for

all z ∈ K, we have

|fp+q(z)− fp(z)| ≤ |fp+q(z)− fn(z)|+ |fp(z)− fn(z)|.

Furthermore, since

|d0|(1− κ+ κ)(1− κ)−2(1− κ+ κη)−2κn−1ηn+1

(1− d1κ)((1− d1κ)(1− κ) + κη)((1− κ)2 + κη)n−3
→ 0

as n→ +∞, it follows Theorem 4.5(B).

Theorem 4.5(C) follows directly from (4.11) if we pass to the limit as

k → +∞.
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Next, we will prove Theorem 4.5(D). It is obvious that

H4(a, c2 + 1; c1, c2;0)

H4(a, c2 + 2; c1, c2 + 1;0)
= 1.

Then, there exists 0 < ε < 1 such that (2.25) is an analytic function in the

domain (4.5) and

Dr,s,ε ⊂ (Dr,s ∩ Int(Sκ)),

in particular,

Dr,s,1/2 ⊂ (Dr,s ∩ Int(Sκ)),

where Dr,s is de�ned by (4.6), Sκ is de�ned by (4.11), r and s are positive

numbers such that 4r = (s− 1)2 herewith s 6= 1.

Let z be an arbitrary �xed point in Dr,s,ε. It is clear that all elements of
the expansion (2.38) are positive numbers. This means that the approximants

of branched continued fraction (2.38) have the property of fork, namely

f2n(z) < f2n+2(z) < f2n+1(z) < f2n−1(z), n ≥ 1,

and, therefore, the sequences {f2n(z)} and {f2n−1(z)} converge to a �nite value
f(z).

Let n be an arbitrary natural number. Consider the following

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
− fn(z), n ≥ 1,

where (see Theorem 2.9)

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
= 1 +

d0z2

1− d1z2 −
h1z1

1− ...−dnz2 −
hnz1

V
(n+1)
n+1 (z)

,

and

V
(n+1)
n+1 (z) =

H4(a, c2 + n+ 2; c1, c2 + n+ 1; z)

H4(a, c2 + n+ 3; c1, c2 + n+ 2; z)
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Similar to (3.27) we have

V
(n+1)
k (z) = 1− dkz2 −

hkz1

V
(n+1)
k+1 (z)

, 1 ≤ k ≤ n,

where

V
(n+1)
k (z) = 1− dkz2 −

hkz1

1− dk+1z2 −
hk+1z1

1− ...−dnz2 −
cnz1

V
(n+1)
n+1 (z)

, 1 ≤ k ≤ n.

It is obvious that W (n)
k (z) 6= 0 and V (n)

k (z) 6= 0 for 1 ≤ k ≤ n and for

z ∈ Dr,s,ε. Using the formula (1.15), we get

H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
− fn(z) =

= d0z
n−1
1 z2

(
z2 +

hn+1z1

V
(n+1)
n+1 (z)

)
n−1∏
r=1

cr

V
(n+1)
r (z)W

(n)
r (z)

.

Then, for all z ∈ Dr,s,ε we have

f2n(z) <
H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
< f2n−1(z).

Next, from the fork property of approximants of branched continued fraction

(2.38) it follows that for all z ∈ Dr,s,ε

lim
n→+∞

f2n(z) = lim
n→+∞

f2n−1(z) = f(z),

and, therefore, for all z ∈ Dr,s,ε,

f(z) =
H4(a, c2 + 1; c1, c2; z)

H4(a, c2 + 2; c1, c2 + 1; z)
.

Finally, by Theorem 1.3 and Theorem 4.5(B), Theorem 4.5(D) follows. �

By Theorem 3.7, Theorem 4.5(B),(D), and Theorem 1.3, we have the fol-

lowing result.
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Theorem 4.6. Let the conditions of Theorem 4.5 be satis�ed. Then the

branched continued fraction (2.38) converges uniformly on every compact subset

of the domain

Pτ ∪ Int(Sκ),

to a function f(z) holomorphic in this domain, and, in addition, the function

f(z) is an analytic continuation of the function (2.25) in this domain, where

Pτ and Sκ are de�ned by (3.45) and (4.10), respectively.

4.2. Sets of numerical stability

We will establish an estimate of the relative rounding error produced by the

backward recurrence algorithm in computing the approximants of the branched

continued fraction expansions of Horn hypergeometric seriesH4 and their ratios

in special cases.

Let n be an arbitrary natural number. To compute the nth approximant

fn = 1 + g1,0 +
g0,1

1 + g1,1 +
g0,2

1 + ...+g1,n−2 +
g0,n−1

1 + g1,n−1 + g0,n

of the branched continued fraction

1 + g1,0 +
g0,1

1 + g1,1 +
g0,2

1 + g1,2 +
g0,3

1 + ...

(4.12)

we use the backward recurrence algorithm which consists in setting G(n)
n = 1

and computing successively, from tail to head,

G
(n)
k = 1 + g1,k +

g0,k+1

G
(n)
k+1

, n− 1 ≥ k ≥ 0,

where g1,k−1 6= 0, g0,k 6= 0, k ≥ 1. Thus,

fn = G
(n)
0 .
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For each 1 ≤ k ≤ n, let ĝ1,k−1 and ĝ0,k denote rounded values of the

elements g1,k−1 and g0,k, respectively, of a given branched continued fraction

(4.12). The number

f̂n = 1 + ĝ1,0 +
ĝ0,1

1 + ĝ1,1 +
ĝ0,2

1 + ...
+ĝ1,n−2 +

ĝ0,n−1
1 + ĝ1,n−1 + ĝ0,n

is the computed (approximate) value of the approximant fn = G
(n)
0 .

De�nition 4.1. A numerical stability set D is a set to which for any ε > 0

one can �nd δ > 0 depending only on ε and D such that, for all n ≥ 1,∣∣∣∣∣ f̂n − fnfn

∣∣∣∣∣ < ε

for every branched continued fraction (4.12) with all elements g1,k−1, g0,k ∈ D
and ĝ1,k−1, ĝ0,k ∈ D such that, for all k ≥ 1,∣∣∣∣ ĝ1,k−1 − g1,k−1g1,k−1

∣∣∣∣ < δ

and ∣∣∣∣ ĝ0,k − g0,kg0,k

∣∣∣∣ < δ.

Let {fn(z)}n≥1 and {f̂n(z)}n≥1 be the sequences of approximants and their
computed values of the branched continued fraction (2.26), respectively. We

will �nd the formula for the relative errors

f̂n(z)− fn(z)

fn(z)
, n ≥ 1.

Again, let n be an arbitrary natural number. For the branched continued

fraction (2.26), let α1, α2, and βk, 1 ≤ k ≤ n, denote the relative errors in

the rounded values ẑ1, ẑ2, and ûk, 1 ≤ k ≤ n, of z1, z2, and uk, 1 ≤ k ≤ n,

respectively, so that

ẑ1 = z1(1 + α1), ẑ2 = z2(1 + α2), ûk = uk(1 + βk), 1 ≤ k ≤ n, (4.13)
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where uk, k ≥ 1, are de�ned by (2.27). Similarly, let ε(n)k , 0 ≤ k ≤ n, denote

the relative errors in F̂ (n)
k (ẑ), the approximation to F (n)

k (z) from (3.11), (3.13)

and

F
(n)
0 (z) = 1− z2 −

u1z1

F
(n)
1 (z)

using ẑ1, ẑ2, and ûk, 1 ≤ k ≤ n. Thus,

F̂
(n)
k (ẑ) = F

(n)
k (z)(1 + ε

(n)
k ), 0 ≤ k ≤ n, (4.14)

and

F̂ (n)
n (ẑ) = F (n)

n (z) = 1, ε(n)n = 0. (4.15)

Also, let α̂1, α̂2, β̂k, 1 ≤ k ≤ n, and ε̂(n)k , 0 ≤ k ≤ n, denote the relative errors

de�ned by

z1 = ẑ1(1 + α̂1), z2 = ẑ2(1 + α̂2), uk = ûk(1 + β̂k), 1 ≤ k ≤ n,

and

F
(n)
k (z) = F̂

(n)
k (ẑ)(1 + ε̂

(n)
k ), 0 ≤ k ≤ n,

respectively.

We establish recurrence relations for relative errors ε(n)k , 0 ≤ k ≤ n − 1.

For arbitrary k, 0 ≤ k ≤ n− 1, we have

ε
(n)
k =

F̂
(n)
k (ẑ)− F (n)

k (z)

F
(n)
k (z)

=
1

F
(n)
k (z)

(
1− ẑ2 −

ûk+1ẑ1

F̂
(n)
k+1(ẑ)

)
− 1 =

=
1

F
(n)
k (z)

(
1− z2(1 + α2)−

uk+1(1 + βk+1)z1(1 + α1)

F
(n)
k+1(z)(1 + ε

(n)
k+1)

)
− 1 =

=
1

F
(n)
k (z)

− z2(1 + α2)

F
(n)
k (z)

−
uk+1(1 + βk+1)z1(1 + α1)(1 + ε̂

(n)
k+1)

F
(n)
k (z)F

(n)
k+1(z)

− 1.

It follows from (3.13) that

1

F
(n)
k (z)

= 1 +
z2

F
(n)
k (z)

+
uk+1z1

F
(n)
k (z)F

(n)
k+1(z)

.



116

Then,

ε
(n)
k =

z2

F
(n)
k (z)

− z2(1 + α2)

F
(n)
k (z)

−

− uk+1z1

F
(n)
k (z)F

(n)
k+1(z)

((1 + βk+1)(1 + α1)(1 + ε̂
(n)
k+1)− 1) =

= − z2α2

F
(n)
k (z)

− uk+1z1

F
(n)
k (z)F̂

(n)
k+1(ẑ)

(βk+1 + α1 + βk+1α1)−
uk+1z1

F
(n)
k (z)F

(n)
k+1(z)

ε̂
(n)
k+1.

Thus, for each 0 ≤ k ≤ n− 1,

ε
(n)
k = − z2α2

F
(n)
k (z)

− uk+1z1

F
(n)
k (z)F̂

(n)
k+1(ẑ)

(βk+1 + α1 + βk+1α1)−

− uk+1z1

F
(n)
k (z)F

(n)
k+1(z)

ε̂
(n)
k+1. (4.16)

Similarly, for relative errors ε̂(n)k , 0 ≤ k ≤ n− 1, one obtains

ε̂
(n)
k = − ẑ2α̂2

F̂
(n)
k (z)

− ûk+1ẑ1

F̂
(n)
k (ẑ)F

(n)
k+1(z)

(β̂k+1 + α̂1 + β̂k+1α̂1)−

− ûk+1ẑ1

F̂
(n)
k (ẑ)F̂

(n)
k+1(ẑ)

ε
(n)
k+1. (4.17)

Combining (4.16) and (4.17) with

ρ
(n)
k (z) =

−ukz1
F

(n)
k−1(z)F

(n)
k (z)

, ρ̂
(n)
k (ẑ) =

−ûkẑ1
F̂

(n)
k−1(ẑ)F̂

(n)
k (ẑ)

, 1 ≤ k ≤ n− 1, (4.18)

we obtain the following relation

εn = ε
(n)
0 =

=
n∑
k=1

(−1)k

F̃
(n)
k−1

(
z2,kα2,k +

ũkz1,k(β̃k + α1,k + β̃kα1,k)

F̃
(n)
k

)
k−1∏
r=1

ρ̃(n)r , (4.19)

where, for p = 1, 2, and 1 ≤ k ≤ n− 1,

zp,k =

ẑp if k even,zp if k odd,
αp,k =

α̂p if k even,αp if k odd,
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and

ũk =

ûk if k even,uk if k odd,
ρ̃
(n)
k =

ρ
(n)
k (z) if k even,

ρ̂
(n)
k (ẑ) if k odd,

F̃
(n)
k =

F
(n)
k (z) if k even,

F̂
(n)
k (ẑ) if k odd.

We prove the following theorem.

Theorem 4.7. Let there exists a constant α, 0 < α < 1, such that

|α1| ≤ α, |α2| ≤ α, |βk| ≤ α k ≥ 1, (4.20)

where α1, α2, and βk, k ≥ 1, are relative errors of z1, z2, and uk, k ≥ 1,

respectively, which are de�ned in (4.13), z ∈ Lκ,τ , where

Lκ,τ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2

}
, (4.21)

and

τ = sup
k≥1
{|uk|, |ûk|}, κ ∈

(
0,

1

3

)
∪
(

1

3
, 1

)
, (4.22)

uk, k ≥ 1, are de�ned by (2.27). Then:

(A) The set (4.21) forms the numerical stability set of the branched continued

fraction (2.26).

(B) If εn denotes the relative errors of nth approximant of (2.26), then

|εn| ≤
4α

(1 + κ+ |3κ− 1|)(1− α)
×

×
(

1− κ
2

+
2κ(1− κ)

1 + κ+ |3κ− 1|

(
2 +

α

1− α

))
1− ϕ(κ)n

1− ϕ(κ)
, n ≥ 1, (4.23)

where

ϕ(κ) =


2κ

1− κ
if 1 < κ <

1

3
,

1− κ
2κ

if
1

3
< κ < 1.
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Proof. We will prove Theorem 4.7(B). To do this, �rst consider the peri-

odic continued fraction

1 + κ

2
−

κ(1− κ)

2

1 + κ

2
−

κ(1− κ)

2

1 + κ

2
−

κ(1− κ)

2
1 + κ

2
− ...

, (4.24)

which is equivalent to

1 + κ

2
−

κ(1− κ)

1 + κ

1−

2κ(1− κ)

(1 + κ)2

1−

2κ(1− κ)

(1 + κ)2

1− ...

, (4.25)

since
1 + κ

2
6= 0.

Obviously that

−1

4
< −2κ(1− κ)

(1 + κ)2
,

i.e. the elements of continued fraction (4.25) satisfy the Theorem 1.1. According

to this theorem, the continued fraction (4.25) converges, and its value is

f ∗ =
1 + κ

2

(
1−

1− 2
√

1/4− 2κ(1− κ)/(1 + κ)2

2

)
=

=
1 + κ

2

(
1− 1 + κ− |1− 3κ|

2(1 + κ)

)
=

1 + κ+ |1− 3κ|
4

.

The continued fraction (4.24), as equivalent to (4.25), also converges to the



119

value f ∗. Moreover, the approximants

f ∗n =
1 + κ

2
−

κ(1− κ)

2

1 + κ

2
−

κ(1− κ)

2
1 + κ

2
− ... −

κ(1− κ)

2
1 + κ

2

, n ≥ 1,

forms a monotonically descending sequence. Indeed, we set

F (n)
n =

1 + κ

2
, n ≥ 0,

and

F
(n)
k =

1 + κ

2
−

κ(1− κ)

2

1 + κ

2
−

κ(1− κ)

2
1 + κ

2
− ... −

κ(1− κ)

2
1 + κ

2

, 0 ≤ k ≤ n− 1, n ≥ 1,

where on the right side is a �nite continued fraction with (n− k) levels. Then

F
(n)
k =

1 + κ

2
−

κ(1− κ)

2

F
(n)
k+1

, 0 ≤ k ≤ n− 1, n ≥ 1,

and

f ∗n =
1 + κ

2
−

κ(1− κ)

2

F
(n)
1

, n ≥ 1.

Let n be an arbitrary natural number. By induction on k and (4.22) we

show that

F
(n)
k >

1− κ
2

> 0, 1 ≤ k ≤ n. (4.26)
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For k = n the inequalities (4.26) are obvious. Let (4.26) hold for k = r+1,

r ≤ n− 1. Then for k = r we have

F (n)
r =

1 + κ

2
−

κ(1− κ)

2

F
(n)
r+1

>

>
1 + κ

2
−

κ(1− κ)

2
1− κ

2

>
1− κ

2
> 0,

which proves (4.26).

Now, using (1.15), (4.22), and (4.26) for n ≥ 1 we have

f ∗n+1 − f ∗n = (−1)n
(−1)n+1

(
κ(1− κ)

2

)n+1

n∏
r=1

F
(n+1)
i(r) F

(n)
i(r)

< 0,

which proves that the sequence {f ∗n}n≥1 is monotonically decreasing.
Again, let n be an arbitrary natural number and z be an arbitrary �xed

point in (4.21). We prove that

|F (n)
k (z)| > f ∗n−k, 0 ≤ k ≤ n− 1, (4.27)

where F (n)
k (z), 0 ≤ k ≤ n− 1, are de�ned by (3.11) and (3.12).

Using (3.13), (4.21), and (4.22), from (3.13) for k = n− 1 we have

|F (n)
n−1(z)| ≥ 1− |z2| −

|un||z1|
|F (n)

n (z)|
>

> 1− |z2| − |un||z1| >
1 + κ

2
− κ(1− κ)

2
>

>
1 + κ

2
−

κ(1− κ)

2
1 + κ

2

= f ∗1 .

Assuming that the inequality (4.27) is true if k = k + 1 ≤ n − 1. Then, for
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k = r from (3.13) we obtain

|F (n)
r (z)| ≥ 1− |z2| −

|ur+1||z1|
|F (n)

r+1(z)|
>

>
1 + κ

2
−

κ(1− κ)

2
f ∗n−r−1

= f ∗n−r.

Since f ∗n > f ∗ for all n ≥ 1, then |F (n)
k (z)| > f ∗ for each 0 ≤ k ≤ n − 1

and n ≥ 1. Considering z1 6= 0, we estimate the terms ρ(n)k (z), 1 ≤ k ≤ n− 1,

which are de�ned in (4.18).

For any k, 1 ≤ k ≤ n− 1, one obtains

|ρ(n)k (z)| =

∣∣∣∣∣ ukz1

F
(n)
k+1(z)F

(n)
k (z)

∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
ukz1

F
(n)
k (z)

1− z2 −
ukz1

F
(n)
k (z)

∣∣∣∣∣∣∣∣ =

=
1∣∣∣∣1− z2ukz1

F
(n)
k (z)− 1

∣∣∣∣ ≤
1

1− |z2|
|uk||z1|

|F (n)
k (z)| − 1

<

<
1

(1 + κ)(1 + κ+ |1− 3κ|)
4κ(κ− 1)

− 1

=


2κ

1− κ
if 1 < κ <

1

3
,

1− κ
2κ

if
1

3
< κ < 1,

= ϕ(κ).

Now, since ẑ = (ẑ1, ẑ2) ∈ Lκ,τ , then

|F̂ (n)
k (ẑ)| > f ∗n−k, 0 ≤ k ≤ n− 1, (4.28)

and

ρ̂
(n)
k (ẑ) < ϕ(κ), 1 ≤ k ≤ n− 1, (4.29)

where F̂ (n)
k (ẑ), 0 ≤ k ≤ n − 1, and ρ̂(n)k (ẑ), 1 ≤ k ≤ n − 1, are de�ned in

(4.14)�(4.15) and (4.18), respectively. Further, from (4.21) and (4.18) it follows

|z1,k| <
κ(1− κ)

2τ
, |z2,k| <

1− κ
2

, |ũk| ≤ τ, 1 ≤ k ≤ n.
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Thus, from (4.19) we have

|εn| ≤

≤
n∑
k=1

1

|F̃ (n)
k−1|

(
|z2,k||α2,k|+

|ũk||z1,k|(|β̃k|+ |α1,k|+ |β̃k||α1,k|)
|F̃ (n)

k |

)
k−1∏
r=1

|ρ̃(n)r |.

Using (4.28)�(4.29), we get

|εn| ≤
4α

(1 + κ+ |3κ− 1|)(1− α)
×

×
(

1− κ
2

+
2κ(1− κ)

1 + κ+ |3κ− 1|

(
2 +

α

1− α

)) n∑
k=1

ϕ(κ)k−1,

which proves Theorem 4.7(B), since

n∑
k=1

ϕ(κ)k−1 =
1− ϕ(κ)n

1− ϕ(κ)
.

Finally, we prove Theorem 4.7(A). From (4.23) it follows that there exists

a constant C such that

|εn| ≤
Cα

1− α
, n ≥ 1.

Obviously that, if

|α1| ≤ α <
ε

ε+ C
, |α2| ≤ α <

ε

ε+ C
,

and

|βk| ≤ α <
ε

ε+ C
, k ≥ 1,

then |εn| < ε, n ≥ 1, where ε is an arbitrary positive constant. This fact

proves that the conditions from De�nition 4.1 are ful�lled, which, in turn,

proves Theorem 4.7(A) �

Now, let {fn(z)}n≥1 and {f̂n(z)}n≥1 be the sequences of approximants and
their computed values of the branched continued fraction (2.38), respectively.

We will �nd the formula for the relative errors

f̂n(z)− fn(z)

fn(z)
, n ≥ 1.
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Let n be an arbitrary natural number, and let α1, α2, γ0, γ1, and βk,

1 ≤ k ≤ n, be the relative errors in the rounded values ẑ1, ẑ2, d̂0, d̂1, ĥk,

1 ≤ k ≤ n, of z1, z2, d0, d1, and hk, 1 ≤ k ≤ n, respectively, so that

ẑ1 = z1(1 + α1), ẑ2 = z2(1 + α2), (4.30)

and

d̂0 = d0(1 + γ0), d̂1 = d1(1 + γ1), ĥk = hk(1 + βk), 1 ≤ k ≤ n, (4.31)

where d0, d1, h1 and hk, k ≥ 2, are de�ned in (2.39) and (2.40), respectively.

Similarly, for 0 ≤ k ≤ n, let ε(n)k be the relative error in Ŵ (n)
k (ẑ) of computing

W
(n)
k (z) using ẑ1, ẑ2, d̂0, d̂1, and ĥk, 1 ≤ k ≤ n. And, therefore,

Ŵ
(n)
k (ẑ) = W

(n)
k (z)(1 + ε

(n)
k ), 0 ≤ k ≤ n, (4.32)

with initial conditions

Ŵ (n)
n (ẑ) = W (n)

n (z) = 1, ε(n)n = 0. (4.33)

Also, let α̂1, α̂2, γ̂0, γ̂1, β̂k, 1 ≤ k ≤ n, and ε̂(n)k , 0 ≤ k ≤ n, be the relative

errors de�ned by

z1 = ẑ1(1 + α̂1), z2 = ẑ2(1 + α̂2), d0 = d̂0(1 + γ̂0), d1 = d̂1(1 + γ̂1),

and

hk = ĥk(1 + β̂k), 1 ≤ k ≤ n, W
(n)
k (z) = Ŵ

(n)
k (ẑ)(1 + ε̂

(n)
k ), 0 ≤ k ≤ n,

respectively.

Next, we will establish the recurrence relations for ε(n)k , 0 ≤ k ≤ n − 1.

For k = 0 we have

ε
(n)
0 =

Ŵ
(n)
0 (ẑ)−W (n)

0 (z)

W
(n)
0 (z)

=
1

W
(n)
0 (z)

(
1 +

d̂0ẑ2

Ŵ
(n)
1 (ẑ)

)
− 1 =

=
1

W
(n)
0 (z)

(
1 +

d0(1 + γ0)z2(1 + α2)

W
(n)
1 (z)(1 + ε

(n)
1 )

)
− 1 =

=
1

W
(n)
0 (z)

+
d0(1 + γ0)z2(1 + α2)(1 + ε̂

(n)
1 )

W
(n)
0 (z)W

(n)
1 (z)

− 1.
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Since
1

W
(n)
0 (z)

= 1− d0z2

W
(n)
0 (z)W

(n)
1 (z)

,

then

ε
(n)
0 =

d0z2

W
(n)
0 (z)W

(n)
1 (z)

((1 + γ0)(1 + α2)(1 + ε̂
(n)
1 )− 1) =

=
d0z2

W
(n)
0 (z)Ŵ

(n)
1 (ẑ)

(γ0 + α2 + γ0α2) +
d0z2

W
(n)
0 (z)W

(n)
1 (z)

ε̂
(n)
1 . (4.34)

For k = 1 we obtain

ε
(n)
1 =

Ŵ
(n)
1 (ẑ)−W (n)

1 (z)

W
(n)
1 (z)

=
1

W
(n)
1 (z)

(
1− d̂1ẑ2 −

ĥ1ẑ1

Ŵ
(n)
2 (ẑ)

)
− 1 =

=
1

W
(n)
1 (z)

(
1− d1(1 + γ1)z2(1 + α2)−

h1(1 + β1)z1(1 + α1)

W
(n)
2 (z)(1 + ε

(n)
2 )

)
− 1 =

=
1

W
(n)
1 (z)

− d1(1 + γ1)z2(1 + α2)

W
(n)
1 (z)

− h1(1 + β1)z1(1 + α1)(1 + ε̂
(n)
2 )

W
(n)
1 (z)W

(n)
2 (z)

− 1.

Since
1

W
(n)
1 (z)

= 1 +
d1z2

W
(n)
1 (z)

+
h1z1

W
(n)
1 (z)W

(n)
2 (z)

,

then

ε
(n)
1 = − d1z2

W
(n)
1 (z)

(γ1 + α2 + γ1α2)−

= − h1z1

W
(n)
1 (z)W

(n)
2 (z)

((1 + β1)(1 + α1)(1 + ε̂
(n)
2 )− 1) =

= −d1z2(γ1 + α2 + γ1α2)

W
(n)
1 (z)

− h1z1(β1 + α1 + β1α1)

W
(n)
1 (z)Ŵ

(n)
2 (ẑ)

−− h1z1ε̂
(n)
2

W
(n)
1 (z)W

(n)
2 (z)

.

Similarly,

ε̂
(n)
1 = − d̂1ẑ2(γ̂1 + α̂2 + γ̂1α̂2)

Ŵ
(n)
1 (ẑ)

− ĥ1ẑ1(β̂1 + α̂1 + β̂1α̂1)

Ŵ
(n)
1 (ẑ)W

(n)
2 (z)

−

− ĥ1ẑ1ε
(n)
2

Ŵ
(n)
1 (ẑ)Ŵ

(n)
2 (ẑ)

. (4.35)



125

For k, 2 ≤ k ≤ n− 1, and for n ≥ 3, we have

ε
(n)
k =

Ŵ
(n)
k (ẑ)−W (n)

k (z)

W
(n)
k (z)

=
1

W
(n)
k (z)

(
1− ẑ2 −

ĥkẑ1

Ŵ
(n)
k+1(ẑ)

)
− 1 =

=
1

W
(n)
k (z)

(
1− z2(1 + α2)−

hk(1 + βk)z1(1 + α1)

W
(n)
k+1(z)(1 + ε

(n)
k+1)

)
− 1 =

=
1

W
(n)
k (z)

− z2(1 + α2)

W
(n)
k (z)

−
hk(1 + βk)z1(1 + α1)(1 + ε̂

(n)
k+1)

W
(n)
k (z)W

(n)
k+1(z)

− 1.

Since
1

W
(n)
k (z)

= 1 +
z2

W
(n)
k (z)

+
hkz1

W
(n)
k (z)W

(n)
k+1(z)

,

then

ε
(n)
k =

z2

W
(n)
k (z)

− z2(1 + α2)

W
(n)
k (z)

−

−− hkz1

W
(n)
k (z)W

(n)
k+1(z)

((1 + βk)(1 + α1)(1 + ε̂
(n)
k+1)− 1) =

= − z2α2

W
(n)
k (z)

− hkz1

W
(n)
k (z)Ŵ

(n)
k+1(ẑ)

(βk + α1 + βkα1)−
hkz1

W
(n)
k (z)W

(n)
k+1(z)

ε̂
(n)
k+1.

Similarly, for ε̂(n)k , 2 ≤ k ≤ n− 1, and for n ≥ 3, we obtain

ε̂
(n)
k = − ẑ2α̂2

Ŵ
(n)
k (ẑ)

− ĥkẑ1

Ŵ
(n)
k (ẑ)W

(n)
k+1(z)

(β̂k + α̂1 + β̂kα̂1)−

− ĥkẑ1

Ŵ
(n)
k (ẑ)Ŵ

(n)
k+1(ẑ)

ε
(n)
k+1. (4.36)

Now, from (4.34)�(4.36) for n ≥ 3 we get the following

εn = ε
(n)
0 =

d0z2(γ0 + α2 + γ0α2)

W
(n)
0 (z)Ŵ

(n)
1 (ẑ)

+
d0z2ε̂

(n)
1

W
(n)
0 (z)W

(n)
1 (z)

=

=
d0z2(γ0 + α2 + γ0α2)

W
(n)
0 (z)Ŵ

(n)
1 (ẑ)

+

+

(
d̂1ẑ2(γ̂1 + α̂2 + γ̂1α̂2) +

ĥ1ẑ1(β̂1 + α̂1 + β̂1α̂1)

W
(n)
2 (z)

)
π
(n)
0 (z)

Ŵ
(n)
1 (ẑ)

−

−π(n)0 (z)π̂
(n)
1 (ẑ)ε

(n)
2
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and

π̂
(n)
1 (ẑ)ε

(n)
2 =

−π̂(n)1 (ẑ)

W
(n)
2 (z)

(
z2α2 +

h2z1(β2 + α1 + β2α1)

Ŵ
(n)
3 (ẑ)

)
−

− h2z1

W
(n)
2 (z)W

(n)
3 (z)

π̂
(n)
1 (ẑ)ε̂

(n)
3 =

=
n−1∑
k=2

(−1)k−1

W̃
(n)
k

(
z2,kα2,k +

h̃kz1,k(β̃k + α1,k + β̃kα1,k)

W̃
(n)
k+1

)
k−1∏
r=2

π̃(n)r ,

where

zr,k =

zr if k even,ẑr if k odd,
αr,k =

αr if k even,α̂r if k odd,
r = 1, 2,

β̃k =

βk if k even,β̂k if k odd,
h̃k =

hk if k even,ĥk if k odd,

π̃
(n)
k =

π
(n)
k (z) if k even,

π̂
(n)
k (ẑ) if k odd,

W̃
(n)
k =

W
(n)
k (z) if k even,

Ŵ
(n)
k (ẑ) if k odd,

π
(n)
0 (z) = − v0z2

W
(n)
0 (z)W

(n)
1 (z)

, (4.37)

and, for 1 ≤ k ≤ [(n− 1)/2],

π
(n)
2k (z) = − h2kz1

W
(n)
2k (z)W

(n)
2k+1(z)

, π̂
(n)
2k−1(ẑ) = − ĥ2k−1ẑ1

Ŵ
(n)
2k−1(ẑ)Ŵ

(n)
2k (ẑ)

, (4.38)

where [.] denotes integer part.

Thus, for n ≥ 3,

εn =
d0z2(γ0 + α2 + γ0α2)

W
(n)
0 (z)Ŵ

(n)
1 (ẑ)

+

+

(
d̂1ẑ2(γ̂1 + α̂2 + γ̂1α̂2) +

ĥ1ẑ1(β̂1 + α̂1 + β̂1α̂1)

W
(n)
2 (z)

)
π
(n)
0 (z)

Ŵ
(n)
1 (ẑ)

+

+
n−1∑
k=2

(−1)k

W̃
(n)
k

(
z2,kα2,k +

h̃kz1,k(β̃k + α1,k + β̃kα1,k)

W̃
(n)
k+1

)
π
(n)
0 (z)

k−1∏
r=1

π̃(n)r . (4.39)

Finally, we prove the following theorem.
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Theorem 4.8. Let there exists a constant α, 0 < α < 1, such that

|α1| ≤ α, |α2| ≤ α, |γ0| ≤ α, |γ1| ≤ α, |βk| ≤ α, k ≥ 1, (4.40)

where α1, α2, γ0, γ1, βk, k ≥ 1, are relative errors of z1, z2, d0, d1, hk, k ≥ 1,

respectively, which are de�ned in (4.30) and (4.31), z ∈ Dκ,τ,υ, where

Dκ,τ,υ =

{
z ∈ C2 : |z1| <

κ(1− κ)

2τ
, |z2| <

1− κ
2υ

}
, (4.41)

τ = max

{
sup
k∈N
|hk|, sup

k∈N
|ĥk|
}
, υ = max{d1, 1}, κ ∈ (0, 1) \ {1/3}, (4.42)

d0, d1, hk, k ≥ 1, are de�ned in (2.39) and (2.40), |d0| < υ, and v1 ≥ 0. Then:

(A) The set (4.41) forms the numerical stability set of the branched continued

fraction (2.38).

(B) If εn denotes the relative errors of nth approximant of the branched con-

tinued fraction (2.38), then

|εn| <
2|d0|(1− κ)α

1 + κ+ |1− 3κ|
×

×
(

2 + α

υ − |d0|
+

4(1− κ)

υ(1 + κ+ |1− 3κ|)− 2|d0|(1− κ)
×

×
(

3 + α

2
+

4κ(2 + α)

1 + κ+ |1− 3κ|

)
ϕ(κ)− ϕ(κ)n−1

1− ϕ(κ)

)
, n ≥ 3, (4.43)

where

ϕ(κ) =


2κ

1− κ
if 1 < κ <

1

3
,

1− κ
2κ

if
1

3
< κ < 1.

(4.44)

Proof. We will prove Theorem 4.7(B). Let n be an arbitrary natural

number that satisfy the inequality n ≥ 3 and z be an arbitrary �xed point in

the domain (4.41). We will show that

|W (n)
k (z)| > fn−k, 1 ≤ k ≤ n− 1, (4.45)
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where W (n)
k (z), 1 ≤ k ≤ n − 1, are de�ned in (3.25) and (3.26), fk, 1 ≤ k ≤

n− 1, are the approximants of the continued fraction (4.24).

From (3.27) for k = n− 1 we have

|W (n)
n−1(z)| ≥ 1− vn−1|z2| − |un−1||z1| >

1 + κ

2
− κ(1− κ)

2
>

>
1 + κ

2
−

κ(1− κ)

2
1 + κ

2

= f1.

Let (4.45) holds for k = r + 1 ≤ n− 1. Then, using the induction assumption,

for k = r from (3.27) we obtain

|W (n)
r (z)| =

∣∣∣∣∣1− drz2 − hrz1

W
(n)
r+1(z)

∣∣∣∣∣ ≥ 1− dr|z2| −
|hr||z1|
|W (n)

r+1(z)|
>

>
1 + κ

2
−

κ(1− κ)

2
fn−s−1

= fn−s,

which proves (4.45).

The sequence {fn} is monotonically descending, as is the sequence of the
equivalent continued fraction (4.24). Then fn > f, n ≥ 1, and, therefore,

|W (n)
k (z)| > f, 1 ≤ k ≤ n− 1,

where

f =
1 + κ+ |1− 3κ|

4
.

Now, we estimate the following

|W (n)
0 (z)| =

∣∣∣∣∣1 +
d0z2

W
(n)
1 (z)

∣∣∣∣∣ ≥ 1− |d0||z2|
|W (n)

1 (z)|
>

> 1− 2|d0|(1− κ)

υ(1 + κ+ |1− 3κ|)
≥ 1− |d0|

υ
. (4.46)

Next, we estimate the terms π(n)0 (z), π
(n)
2k (z), 1 ≤ k ≤ [(n − 1)/2], which
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are de�ned in (4.37) and (4.38). We have

|π(n)0 (z)| =

∣∣∣∣∣ d0z2

W
(n)
0 (z)W

(n)
1 (z)

∣∣∣∣∣ ≤
|d0||z2|
|W (n)

1 (z)|

1− |d0||z2|
|W (n)

1 (z)|

<

<
2|d0|(1− κ)

υ(1 + κ+ |1− 3κ|)− 2|d0|(1− κ)
, (4.47)

and for any k, 1 ≤ k ≤ [(n− 1)/2], we get

|π(n)2k (z)| =

∣∣∣∣∣ h2kz1

W
(n)
2k (z)W

(n)
2k+1(z)

∣∣∣∣∣ ≤
|h2k||z1|
|W (n)

2k+1(z)|

1− d2k|z2| −
|h2k||z1|
|W (n)

2k+1(z)|

<

<
κ(1− κ)

(1 + κ)
1 + κ+ |1− 3κ|

4
− κ(1− κ)

= ϕ(κ), (4.48)

where ϕ(κ) is de�ned by (4.44). Now, since ẑ ∈ Dκ,τ,υ, where Dκ,τ,υ is de�ned
by (4.41), then

|Ŵ (n)
k (ẑ)| > fn−k, 1 ≤ k ≤ n− 1, (4.49)

and, therefore,

π̂
(n)
2k−1(ẑ) < ϕ(κ), 1 ≤ k ≤

[
n− 1

2

]
, (4.50)

where Ŵ (n)
k (ẑ), 1 ≤ k ≤ n− 1, and π̂(n)2k−1(ẑ), 1 ≤ k ≤ [(n− 1)/2], are de�ned

in (4.33) and (4.38). In addition, from the conditions of this theorem it follows

|z1,k| <
κ(1− κ)

2τ
, |z2,k| <

1− κ
2υ

, |h̃k| ≤ τ, 1 ≤ k ≤ n.

Now, from (4.39) we have

|εn| ≤
|d0||z2|

|W (n)
0 (z)||Ŵ (n)

1 (ẑ)|
(|γ0|+ |α2|+ |γ0||α2|)+

+

(
|d̂1||ẑ2|(|γ̂1|+ |α̂2|+ |γ̂1||α̂2|)+
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+
|ĥ1||ẑ1|(|β̂1|+ |α̂1|+ |β̂1||α̂1)|

|W (n)
2 (z)|

)
|π(n)0 (z)|
|Ŵ (n)

1 (ẑ)|
+

+
n−1∑
k=2

|π(n)0 (z)|
|W̃ (n)

k |

(
|z2,k||α2,k|+

|h̃k||z1,k|(|β̃k|+ |α1,k|+ |β̃k|α1,k|)
|W̃ (n)

k+1|

)
k−1∏
r=1

|π̃(n)r |.

Using (4.41)�(4.50), we get

|εn| <
2|v0|(1− κ)α

1 + κ+ |1− 3κ|

(
2 + α

v − |v0|
+

4(1− κ)

v(1 + κ+ |1− 3κ|)− 2|v0|(1− κ)
×

×
(

3 + α

2
+

4κ(2 + α)

1 + κ+ |1− 3κ|

) n−1∑
k=2

ϕ(κ)k−1

)
.

Since
n−1∑
k=2

ϕ(κ)k−1 = ϕ(κ)
1− ϕ(κ)n−2

1− ϕ(κ)

then it follows (4.43), which proves Theorem 4.8(B).

Finally, we will prove Theorem 4.8(A). Let κ ∈ (0, 1) \ {1/3}. Then we

consider the function ψ(α) de�ned by the right side of (4.43). Since

lim
α→0+

ψ(α) = 0,

then for any ε > 0 there exists δε > 0 such that for any 0 < α < δε

ψ(α) < ε.

Thus, if

|α1| ≤ α < δε, |α2| ≤ α < δε, |γ0| ≤ α < δε, |γ1| ≤ α < δε,

and

|βk| ≤ α < δε k ≥ 1,

then

|εn| ≤ ψ(α) < ε, n ≥ 3,

which together with De�nition 4.1 proves Theorem 4.8(A). �
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In this chapter, the estimates of the convergence rate of branched con-

tinued fraction expansions of Horn hypergeometric series H4 and their ratios

in special cases are established, as well as, the sets of numerical stability for

these expansion. In addition, the estimates of relative rounding errors produced

by the backward recurrence algorithm in computing the approximants of the

above-mentioned expansion are founded.

The results presented in this chapter were published in [58�60,62,70,71].
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CONCLUSIONS

The thesis is devoted to classical problems of establishing recurrence relations

of the Horn hypergeometric series H4, constructing expansions of these series

and their ratios in special cases into branched continued fractions, establishing

convergence criteria of these expansions and estimates of approximation errors

for them, domains of analytical continuation of Horn hypergeometric functions

H4 and their ratios in special cases, and establishing sets of numerical stability

of branched continued expansions of these functions.

The following scienti�c results were obtained in the work:

1. New three- and four-term recurrence relations for the Horn hypergeo-

metric series H4 are established.

2. Expansions of the Horn hypergeometric series H4 and their ratios in

special cases into branched continued fractions are constructed.

3. Convergence criteria are established for expansions of Horn hypergeo-

metric functions H4 and their ratios in special cases into branched continued

fractions in the cases of real and complex parameters.

4. The domains of analytical continuation for the Horn hypergeometric

functions H4 and their ratios in special cases into branched continued fractions

in the cases of real and complex parameters are established in the space C2;

5. Truncation error bounds are established for expansions of Horn hyper-

geometric functions H4 and their ratios in special cases into branched continued

fractions in some regions in the space R2;

6. Sets of numerical stability are established for expansions of ratios of

Horn hypergeometric functions H4 in special cases into branched continued

fractions in the space C2.

The results of the thesis are a contribution to the analytical theory of con-

tinued and branched continued fractions. The proposed approaches to studying

the convergence and numerical stability of expansions of Horn hypergeometric

series H4 and their ratios in special cases into branched continued fractions

can be used to study the convergence of expansions of multiple hypergeometric
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series and their ratios into branched continued fractions, and the constructed

branched continued fraction expansions can be applied to the approximation of

analytical functions of two variables that arise in applied problems in mathe-

matics, physics, and engineering.
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