ABSTRACT

Lutsiv 1.-A. Approximation of special cases of the Horn hypergeometric func-
tions Hy by branched continued fractions. — Qualifying scientific work as a
manuscript.

Thesis for the scientific degree of Doctor of Philosophy in the specialty
111 Mathematics. — Vasyl Stefanyk Carpathian National University, Ministry
of Education and Science of Ukraine. — Vasyl Stefanyk Carpathian National
University, Ministry of Education and Science of Ukraine, Ivano-Frankivsk,
2026.

The thesis is related to the problems of establishing recurrence relations of
the Horn hypergeometric series Hy, constructing the expansions of these series
and their ratios in special cases into branched continued fractions, studying
the convergence of branched continued fraction expansions, establishing the
domains of analytical continuation of the Horn hypergeometric functions Hy
and their ratios in special cases, establishing estimates of the convergence rate
and sets of numerical stability of branched continued fraction expansions.

These problems concern rational approximations of analytic functions, one
of the main sections of the analytic theory of branched continued fractions.
Branched continued fractions, one of the multidimensional generalizations of
continued fractions, were introduced into consideration by V. Ya. Skorobo-
hatko in 1966 together with N. S. Droniuk, O. I. Bobyk, and B. Y. Ptashnyk.
The analytical theory of branched continued fractions was developed in the
works of P. I. Bodnarchuk, V. Ya. Skorobogatko, D. I. Bodnar, M. S. Siavavko,
Kh. Yo. Kuchminska, M. O. Nedashkovskyi, V. Siemaszko, M. O’Donohoe,
J. Murphy, B. Verdonk, A. Cuyt, T. M. Antonova, O. M. Sus, R. [. Dmytryshyn,
O. S. Manzii, N. P. Hoenko, V. R. Hladun, O. E. Baran, and others.

The second chapter, the first of the main sections of the thesis, is devoted to
the construction of expansions of special cases of the Horn hypergeometric series
Hj into branched continued fractions. Using transformations of double power

series, new three- and four-term recurrence relations for Horn hypergeometric
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functions Hy are established. Based on these recurrence relations, in Section 2.2,

expansions of the Horn hypergeometric series Hy and their ratios in special cases

Hy(a, co;c1,90;2) Hy(a,co+ 15¢1,09;2)
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into branched continued fractions
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respectively, are constructed.
The third chapter is devoted to establishing the domains of analytic con-
tinuation of the Horn hypergeometric functions Hy and their ratios in special

cases. These domains are the domains of convergence of their expansions into
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branched continued fractions. The key role here is played by the principle of

correspondence between the formal double power series and the branched con-
tinued fraction. Approaches are considered in which the theorem on continua-
tion of convergence from an already known small domain (an open connected
set) to a larger one is used to establish the convergence criteria of branched
continued fractions.

As a result of the research in Section 3.1, convergence criteria for branched
continued fraction expansions with real coefficients were established. It was
proved that Cartesian products of two planes with cuts are convergence do-
mains of the expansions of the Horn hypergeometric functions H, and their
ratios in special cases, and, in addition, these domains are domains of ana-
lytic continuation of these functions. In particular, it was established that the

domain

_ 2, 1 _
DT—{ZE(C D2 & |:4(1+’7’)’+OO , k=1,2

is the domain of analytic continuation for the functions

Hy(a, c2; 1, c;2)
Hy(a+1,c9;01+ 1, ¢;2)

and Hy(1,co; c1,09;2),

where 7 > 0 and depends on the parameters a and c¢;, and for the ratio
Hy(a,co + 1;¢1,¢9;2)/Hy(a, co + 2;¢1,¢0 + 1;2) the domain of analytic con-

tinuation i1s the domain

1 1
P = {z €C?: 2 ¢ [8_T>+OO>’ 2 ¢ leamxz{l,l—Cb/(c2"|‘1)}7—'_oo)}7

where 7 > 0 and depends on the parameters a, ¢; and cs.

In Section 3.2, convergence criteria for branched continued fractions with
complex coefficients are established. It is proved that the unions of bi-disks
and Cartesian products of cardioid domains and half-planes are the conver-
gence domains of these branched continued fractions, and, in addition, these
domains are also domains of analytic continuation of special cases of the Horn

hypergeometric functions Hy. In particular, it was established that the domain



Hyy, = Hyup UH™ is the domain of analytic continuation for the functions

Hy(a,ca + 1;¢1,¢9;2)
Hy(a+ 1,604 161,00+ 152)’

where

1 + cos(arg(z1))

H,, = {z cC?: || <

21 ’
Re(zpe~ /2 a18(21)y Y os arg(z1) |
2 2
1— 1—
HET =Lz € C?: |Zl|<u’ |22|< K |
2T 2

i is a positive number, 0 < v < 1 and 7 > 0 and depends on the parameters a
and ¢1, 0 < k < 1, and for the ratio Hy(a, co+ 1;¢1,¢0;2)/Hy(a, co +2;¢1, 00+
1;z) the domain of analytic continuation is the domain Hyw = Hupo UHSTY,

where

1 + cos(arg(z1))

Hyvo = {z cC*: || <

20 ’
Re(zze_(i/2) arg(zl)) > _%COS (arg2(2’1)) } :
1— 1—
H =zeC?: |z| < u, | 20| < " :
2T 2v

1 is a positive number, 0 < v < 1,0 < kK < 1,7 > 0 and v > 0 and depends
on the parameters a, c;, and co.

The fourth chapter is devoted to the study of the convergence rate and nu-
merical stability of expansions of special cases of the Horn hypergeometric series
H, into branched continued fractions. Approaches are considered in which the
formula for the difference of two approximants of a branched continued frac-
tion is used to find estimates of the approximation errors for these expansions,
and the periodic continued fraction is used to establish sets of their numerical
stability.

As a result, in Section 4.1, estimates of approximation errors for branched

continued fractions with real coefficients in regions (a domain which may include
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all, part, or none of its boundary) of the space R?, which are Cartesian products
of two semi-axes, are found. In particular, it is proved that for each z € R,
branched continued fraction expansions of functions Hy(a, co;c1, co;2)/Hy(a +
1,501 4+ 1,¢9;2) and Hy(1, ¢o;¢1, ¢o; Z) converge at least as fast as geometric

series with ratio
7| 21]

(1= 29)2 47|21
and it is also established that the domain D, U P, U Int(R,) is the domain of

analytic continuation of these functions, where

_ 2, 1 _
DT—{ZGC-Zk¢[4(1+T)a+OO , k=1,25,
1 1
PT:{ZECQZ,21€|:—,+OO>,ZQ¢ —,+oo)},
8T 4

Rﬁ:{ZERZ: 21 <0, z2§/<o},O</-i<1.

7 > 0 and depends on the parameters a and ¢y,

In Section 4.2, the concept of the numerical stability set of a branched con-
tinued fraction is defined and explicit formulas for relative errors of computa-
tions of approximants of expansions of special cases of the Horn hypergeometric
series H, into branched continued fractions are found and bi-disk sets of nu-
merical stability for these expansions with complex coefficients are established.

In particular, it is proved that the set

k(1 — K) 11—k 1 1
D, = C2: |z < 228 1, < , 0, u(=1
™ {ZE |21] 5 2l < —- } Fv‘€< 3> <3 )

is the numerical stability set for the expansion of ratio

Hy(a,ca + 1;¢1, 95 2)
Hy(a,co + 2;¢1,00+ 1;2)

where 7 > 0 and v > 0 and depends on the parameters a, c;, and co.
Keywords: Horn hypergeometric function Hy, branched continued frac-

tion, double power series, analytic function, approximation, continued fraction,

recurrence relation, analytic continuation, convergence, rate of convergence, set

of numerical stability, roundoft error.



AHOTAIILA

Jyuie I.-A. B. Habmmxkennst crieniaJbHUX BAMAKIB MePreoMeTpudHnx (pyHK-
it [lopua H4 rijuisicrumu JaHIoropuMu Jipobamu. — KpaJiidikaliiiiHa HayKoBa
1pallsi Ha, IIpaBax PYKOIUCY.

Hucepraliisi Ha 3/100yTTs cTylneHs: JOKTOpa (ijocodil 3a cremiaabHIiCTIO
111 Maremaruka. — Kapnarcbkuii HaIlloHAJIbLHHI YHiBepcuTeT iMeHl Bacnisd
Credanuka, MinicrepcTBo ocBiTi 1 Haykn Ykpalnu. — Kaprnarcekuit Hargio-
HaJibHKI yHiBepcuTeT iMeni Bacuisa Credanuka, MinicrepcTBo ocBiTH 1 HayKn
Ykpaiuu, IBano-@pankisebk, 2026.

Huceprariiina pobora 1oB’sg3aHa, i3 3a/ja4aM1 BCTAHOBJICHHST PEKYPEHTHUX
CIIBBIJIHOIIIEHD TilepreoMeTpuyunux psjaiB ['opua Hy, 100y/10BU PO3BUHEHDb 1TAX
psiJiiB Ta TX BiJHOIIEHD Y CHeIaJbHUX BUIIAJIKAX Y MJLISICT] JAHIIOroBl jpodu,
JIOCJIJIKEHHsT 3012KHOCT1 TUIISICTHX JIAHIIOIOBUX JIPOOOBUX PO3BUHEHDL, BCTa-
HOBJIEHH O0JIacTell aHAJITUYHOIO HIPOJIOBXKEHHS IlepreoMeTpuiaHux (pyHKIi
T'oprna H, Ta ix BifHOIIEHB y CHEIlaJbHUX BHUIAJKAX, BCTAHOBJIEHHS OI[IHOK
IIIBUJIKOCT] 3012KHOCTI Ta MHOXKHUH OOYUCIIOBAJILHOI CTIHKOCTI TJIJISICTAX JIaH-
I[IOT'OBUX JPOOOBUX PO3BUHEHbD.

L1i 3a/1a4i BiIHOCATHCS JI0 PalliOHAJbLHUX HAOJMXKEHb aHAJITHIHUX (DYHK-
11 — OJIHOT'O 13 OCHOBHMX PO3/ILJIIB aHAJITHIHOI TeOpll MJIISCTUX JaHIIOIOBUX
npobiB. ['ursicTi JraHmIorosi Japodbu — ojHe i3 OaraToOBUMIPHUX y3arajgbHEHb
HelepepBHUX JIpobiB — BBejieHo 1o posrisay B. f. Ckopoborarbkom y 1966
pori pasom 3 H. C. JIpomok, O. I. Bobukom, B. I1. ITramunkom. Anasitndamna
TEOpis  TIULIACTUX  JIAHIIOIOBUX  JIpODIB  po3BUBaJiacd Y  IIpaldgx
I1. I. Bognapuyka, B. . Ckopoborarwbka, . I. Bognapa, M. C. CsBagka,
X. 1. Kyumincekoi, M. O. Hegamkoscokoro, B. Cemamika, M. O’ Tonoroe,
Hx. Mepdi, Bb. Bepmonk, A. Kaiir, T. M. Anrtonosoi, O. M. Cycnb,
P. I. Imurpummuna, O. C. Mangziit, H. II. T'oenko, B. P. I'majyna, O. €. Bapan
Ta 1H.

Hpyruit posjiiji, 1epiiuit i3 OCHOBHUX PO3JILJIB Jucepraliitnol podoru,

MPUCBSYEHO TOOYJIOBI PO3BUHEHDL CIIENiaJbHUX BUIAJIKIB TiEPreoMeTPUIHuX
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psiaiB 'opua Hy y rijuigcti Janiorosi Jpobu. BukoprcToBytoUun nepeTBOpeHHst
HOJBIHUX CTElEHEBUX PsJIB, BCTAHOBJIEHO HOBI TPHOX- Ta HOTUPHOX-UJEHHI
PEeKyPEHTHI CIiBBIJIHOIIEHHST JIjist TinepreoMerpuunnx Gyukiiii lopna Hy. Ha
OCHOBI IX PEKYPEHTHUX CIIBBIIHOIIEHD Y I1PO3/1iJi 2.2 00y I0BaHO PO3BUHE-
HHs rinepreomerpuaHux psjiiB ['opua Hy Ta X BiJ|HOIIEHb y CliEliaJbHUX BU-
maJiKax
Hy(a,co;c1,00;27) Hy(a,co + 15¢1,00;2)
Hyla+1,¢95¢1 4+ 1,¢0;2)” Hyla+ 1,0+ 15¢1,00+ 1;2)
Hy(a,co + 15¢1,c0;2)
Hy(a,co + 2;¢1,00 + 1 2)

BIJITIOBIJIHO y TIJIJISICTI JIAHITIOIOBI JpoOu

(2¢1 —a)(a+1)
ci(cp +1)
(2¢1 —a+1)(a+2) ’
CEDCEP
(2c1 —a+2)(a+3)
(Cl+2)(61+3)
-
2(a+1)
& (2¢) —a—1)(a+ 2) ’
Cl(Cl—l—l) A1
(2¢1 —a)(a+ S)Z
C(a+ )+
1—.

21
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1 —

Ta
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Tperiii po3/iiJ1 IpUCBSIYCHUIT BCTAHOBJIEHHIO 00JIacTell aHAJITUIHOIO IIPO-
JIOB2KEeHHsI rinepreoMmerpudnux Gyukuii [lopua Hy Ta X BiJIHOIIEHD y ClIeHia/ib-
Hux BunaJjkax. Lli obyacti € obyiacTsamu 301KHOCT] IXHIX PO3BUHEHD Y TJLISCTI
JIaHIorosl jgpobu. KirouoBy poJib TYT Biirpae HPUHIMI BiAIOBIIHOCTI MiXK
dopMaJBLHUM HOJABITHUM CTEIIEHEBUM PsiJIOM 1 MJLISICTHM JIAHIIOIOBUM JPOOOM.
PosryisinyTo mijixoju, y SKUX JJjisd BCTAHOBJIEHHsI O3HAK 301KHOCTI TJISICTUX
JIAHLFOI'OBUX JIPOOIB BUKOPUCTOBYETHCS TEOPEMA 1IPO 1POJIOBXKEHHsI 3012KHOCTI
13 y2Ke BiJIoMOl MaJjiol 00J1acTi J10 OLJIBIIOT.

Y pe3ysbTaTi JOCHIKEHD Y miIpo3/iail 3.1 BCTaHOBIEHO 03HAKK 3012KHOCTI
JUIs TLLJISICTUX JIQHIFOIOBUX JIPOOOBUX PO3BUHEHD 3 JIICHUMU KOeIIiEHTaMU.
JoBejieHo, 1o JjieKapToBi JOOYTKH JIBOX ILJIOIIMH 3 pPo3pizaMu € obJiacTIMu
3012KHOCT] pO3BUHEHD rinepreomerpuinnx gpyukuii l'opua Hy Ta ix BijgHOIIEHDb
y ClemjiajgbHUX BUIAJIKAX, 1, KPIM 1IHOr0, 111 00/1acTi € 00JIacTsIMU aHAJITHIHOIO
IPOJIOBXKEHHS 1UX (PYHKIIIH. 30KpeMa, BCTaHOBJIEHO, 10 00JIacTh

5 1
D,=<zeC*: z & |———, 400 |, k=1,2},
41+ 1)
jge 7 > 01 3aJieKUTh BiJi HapaMeTpiB a Ta ¢q, € 00JIaCTIO aHAJITHIHOTO IIPOJIOB-
JKEHHs Jiist (DYyHKIIIi
Hy(a, co; c1, ¢2; 2)
Hy(a+1,c0;c1 4+ 1,c0;2)

ra. Hy(1, co;¢1, 2;2),

a quist BigHotmenust Hy(a, co + 1;¢1,¢9;2)/Hy(a, co + 2;¢1, 00 + 1;2) obnactio
AHAJIITUYIHOTO MTPOJIOBXKEHHA € 00J1aCTh

1
dmax{1l,1 —a/(ca+ 1)}

Jie 7 > 01 3aJeKuTh BlJI IapaMeTpiB a, €] Ta Ca.

1
P.=3zecC?: 2 ¢ 8—T,+oo , 20 & ,+oo | g,

Y mijpo3aia 3.2 BCTaHOBJIEHO O3HAKK 301XKHOCTI JJIsi TIJLASICTUX JIAHIIOTO-
BUX JIpOOIB 3 KOMILIEKCHUME Koedimienramu. Jlosegeno, 1o o0’elHaHHSIMA
OIKpyTiB 1 JIeKapTOBUX JOOYTKIB Kap/1ioliHIX 00J1acTeil 1 MiBILJIOIIUH € 00JIacTsI-
MU 3012KHOCTI IUX IJIACTUX JIAHIFOIOBUX JIpo0iB, 1, KpIM IbOIo, I1i 00JIacTi €
TaKOXK O0JIACTSAMU AHAJITUIHOI'O HPOJOBXKEHHS CIIeIaJbHIUX BUIIAJIKIB rilep-

reomerpuyannx gynxuiit lopra Hy. 3okpema, BeranoBieno, mo obiacts Hyyj, =
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Hu, UHST, ne
1
H, = {z cC?: || < il Cos(arg(zl)),
24
Re(zge- 02060y < ¥ o (28D ) 1
2 2
1— 1—
HT =z C?: |21|<u, | 29| < " :
2T 2

W — nojarHe ducyo, 0 < v < 1 ta 7 > 01 3a/ie2KuTh BlJ| lTapaMeTpiB a Ta Cq,
0 < k < 1, € obs1acTIO AHAJITUIHOTO MPOJIOBXKEHHS JIJId (DYHKITIT

Hy(a,co+ 1;¢1,¢9;2)
Hy(a+ 1,604 161,00 + 152)°

a quist Bignotmenuss Hy(a, co + 1;¢1,¢9;2)/Hy(a, co + 2;¢1,c0 + 1;2) obractio

: K70 K,T,U
AHAJIITUIHOTO TPOJIOBXKEHHS € 00J1aCTh Hy o = Huvo UHTTY, 1e

1 + cos(arg(z1))

H,u,y,v = {Z € C2 : ‘21‘ <

20
1— 1—
HOTY =3z C: |z < u, | 20| < ~ :
2T 2v

@ — npojatue yucyio, 0 < v < 1,0 <k <1, 7> 0 1a v > 01 3aJ€KUTH BIJI
napamerpiB a, €| Ta Ca.

YerBepTuii po3iia HIPUCBIUEHUI JTOCIIXKEHHIO IIBUJIKOCTI 3012KHOCT] Ta
O0UNCTIOBAJILHIN CTIHKOCTI PO3BUHEHD CIIEIaJbHUX BUIAIKIB TiIIepreoMeTput-
Hux psijiB lopua Hy y rijuisicri jannorosi apodu. PosrisHyTo nijgxouan, y sskux
JIJIsl BHAXO/PKEHHST OIIHOK ITOXMOOK HAOJIUKEHb JIJIS ITUX PO3BUHEHb BUKOPHCTO-
By€ThCst (bopMyJia PI3HUIN JIBOX MiJIXIJIHUX JIPOOIB TJLISICTOrO JIAHIIOIOBOI'O
Jipody, a Jijisd BCTAHOBJIEHHsI MHOXKUH 1X OOYHMC/IIOBAJIbLHOI CTIKOCTI — Iepio-
IUYHAN HernepepBHuil Japio.

Y pesynbrari y migposii 4.1 3HalieH0 OIIHKKY TOXUOOK HAOJIM>KEHb JIJIsi
IJIISICTUX JIAHIIOTOBUX JIPOOIB 3 JIiicHUMEU KoedillleHTaMU y 3aMKHEHUX 00J1ac-

Tax 1pocTopy R?, Mo € JeKapToBMME J00yTKaMu JBOX MiBoceil. 30Kpema,
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JIOBEJIEHO, IO JIJIsl KOXKHOIO Z € R, 1e
RH:{ZERQZ 21 <0, ZQSK/}, 0 < k<1,

rijuisicri Jianiorosi jpobosi possunennst Gpyukuiit Hy(a, co;c1,co;2)/Hy(a +
1, co;c1+1, co52) Ta Hy(1, ¢o; €1, Co; 2) 30iratoThest IpUHARMHI TAK CAMO TITBH/TKO,
SIK PCOMETPUYHUIT PsiJl 3 YJIEHOM
7|z
(1= 2)2+7|2|
e 7 > (0 13a1exxnuTh Bl mapaMeTpiB @ Ta C1, a TAKOXK BCTAHOBJIEHO, 110 00JIaCTh

D, UP.UInt(Ry), ne

1
D.=ze€C?: & |—— 400 ), k=1,2},

41+ 1)
1 1

PT: ZE(C2: Zlg _7+OO 722¢ —, +00 )
8T 4

€ 00JIACTIO aHAJITUIHOIO MPOJAOBKEHHS MUX (PYHKITIA.

Y nigposiii 4.2 03HAUEeHO MOHSITTS MHOYKUHU OOUKC/IIOBAJILHOI CTIHKOCTI
I'JIISICTOrO JIAHITIOIOBOTO JIPO0Y Ta 3Hal1eHO siBHI (DOPMYJI BITHOCHUX IOXUOOK
o0uuc/IeHb TMiJXiIHUX JIPOOIB PO3BUHEHb CIIEiaJbHUX BUIAJKIB TIillepreomer-
puuHuX psjiiB ['opua Hy y rijscTi JJaHIIoroBl Jpobu Ta BCTaHOBJIEHO OIKPYTOBI
MHOXKHWHHI 00UUCTIOBAJILHOT CTIHKOCTI JJIsI ITUX PO3BUHEHDb 3 KOMILJIEKCHIMHU KOe-
dimienTamu. 30Kpema, JOBEIEHO, 110 MHOXKIHA,

—“(12;“), 2] < 12_—1}% ke o,% U(31),

ge 7 > 0 ta v > 01 3aJeXXUTh BlJI MapaMeTpPiB a, €] Ta Co, € MHOXKUHOIO

1
Dirw=142€C?: |z] <

O0YMCIIOBAJILHOI CTIKOCTI JIJIsi PO3BUHEHHsI BIIHOIIIEHHSI
Hy(a,ca + 1;¢1,¢o;2)
Hy(a,co + 2;¢1,00 + 1;2)

Karwuosi caosa: rinepreomerpuuna (pyukiig lopaa Hy, riiscTuit JaHIio-
ropuit Jpid, 1MOJBIHUIT cTeneHeBuil psiji, aHAJITUYHA (PYHKIsT, HAOJIMXKEHHS,
HerepepBHUil 1pib, peKypeHTHe CIIBBIIHOIICHHS, aHAJITUYHE IIPOJIOBXKEHHSI,
3012KHICTD, MBUJKICTD 3012KHOCTI, MHOXKUHA 00YUCJITOBAJIBLHOI CTIHKOCTI, 110XHU0-

Ka 3a0KPYTJICHHA.
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